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Abstract: 
In this paper, we study the m Compact on m Topological spaces, and we introduce a same new m separation 

axioms of m Topological spaces ),,( 210 TmTmTm  and we proof all m  separation axioms. 

are m  hereditary and m Topological  property.  
 

1- Introduction : 

 Let ),( xX  and ),( yY  be topological spaces on 

which m separation axioms ),,( 21 TTT
are 

assumed unless explicity stated [3]. A sub class 

)(xp  is called supratopology on X  if X  and 

  is closed under arbitrary union, let ),( X  is called 

a supratopological space .   

The members of
 are called supra open  sets. We called 

  asupratopology associated with x  if 
 x .let 

),( 1

X  and ),( 2

Y be asupratopological spaces. A 

function ),(),(: 21

   YXf  is an 
S -continuous 

function if the inverse image of each supra open set 

inY is a supra open set in X [1]. let E be a subset of  

X , E is called an m set with
  if TE   for all 

T  Then the class m of all m sets with
 is 

contained
 called an m  topology with

 and the 

members of m are called m  open sets. A subset B 

of  is called an m closed set if the complement of B 

is an m open sets. Thus the intersection of any family 

of m closed set and the union of finitely many m  

closed sets is an m closed set. in case m  is an m  

topology with
 on X the topological spaces ),,(  mX  

with
 be denoted by ),( mX  [5]. The m closure (resp. 

m interior) of a subset E  of X  will be denoted 

by )(ECLm (resp. )int(Em ) is the intersection of 

all m closed subset of X  containing E  (resp. is the 

union of all m open subsets of X whish is contained in 

E ).We say that a function ),(),(: mm YXf    is 

called m open function. If the image of any m  open 

set in X  is an m open set in Y , we say that f  is a 

S  - homeomorphism if and only if f  is bijective , f  

is supra open function and f  is 
S -continous [5].let P  

be any property in X  , if P  is carried by  
S -home to 

another space Y  we say P  is a topological property. Let 

A  be subset of X , A m cover of A  is a family of 

subsets of X whose union includes A . A m  sub 

cover of A m cover of A  is a sub family of so A m – 

cover of A . 
 

Lemma 1.1.  

Let ),(),(: mm YXf    be is
S -continuous function, 

then function is ms  -  continuous.  

 2- 
Tm  - space induced by m  Topology . 

Definition 2.1. 
Let ),( mX   be an m  topological space, then ),( mX   is 

called m  T – space and denoted by )( Tm  if  for  

any distinct pair of points yx,  of X  there exists one 

m open set mu in m  contains one of the points but not 

the other. 

Example 2.2. 

Let },,,{ ecbaX  and

}},,{},,,{},,{},,{},,{},{},{,{ cbaecacbaecacaX with  then  

 }},,{},,,{},,{},,{},,{},{},{,,{ cbaecacbaecacaXm    is 
0m .   

And we take
  is supratopology without empty set thus  

}},,{,{ cbaXm  is not 0m . 

Remark 2.3 

Every m open set on ),( mX   is asupraopenset on 

),( X the converse is not true. 

Example 2.4. 

let },,,{ ecbaX  ,

},,,{},,{},,{},,{},,{},{},{},{,,{ ebabaeccaaeecaX  

}},,{},,,{},,,{},,{ ecacbacbecb and

},{},,{},,{},,{},{},{},{,,{ baeccaaeecaXm  

}},,{},,,{},,{, ecacbacb  notice that each 

of },,{},,,{ ebacba is supropen set but not m open set.   

Theorem 2.5. 

An m Topological space ),( mX   is 0m - space if 

and only if for each pair of distinct points yx,  of X , 

})({})({ yclmxclm  .  

Proof :  

Sufficiency. suppose that Xyx , , yx   ,Let Xz  

such that })({xclmz   but }).({yclmz  We 

claim that }).({yclmx   for if })({yclmx   then 

}).({})({ yclmxclm   this contradiction the fact 

that }).({yclmz   consequently  cyclmx }){  to 

which y does not belong. 



 

Necessity let ),( mX  be an Tm  -space and  ,,, yxXyx  

m open set mu
mux or

muy  then 
c

mu  is an 

m closed set which mux  and 
c

muy . Since 

})({yclm  is the smallest m closed set containing 

y  [because  ))int()( EmEEclm  ], if c

muyclm  })({ and 

therefore  })({yclmx  . The })({})({ yclmxclm  . 
 

Definition 2.6: 

Let ),( mX   be an m topological space ,let E  be a 

subset of X ,then the  mmmm TTE
E

\){     is 

}opensetm , is called relative m  topology space 

( m subspace for short ) 

For Example. 

Let },,,,{ ecbaX   is supratopology of with empty 

set and also },,{ cbaE  then 

}},{},{},,{},,{},{,,{ babcbcaaE
Em   hence ),(

EmE   is called 

relative m sub space. 

Definition 2.7. 
Let ),( mX   be any m topological space if p is any 

property in X ,then we called p is m hereditary if  its 

appear in a relative m topological space if no we say 

p  is mnon  hereditary. 

Theorem 2.8. 
Let ),( mX  be any  Tm space, then the relative 

m  topological space ),(
EmE   is 

Tm . 

Proof: 

Since mX ,( be the m topology space of 0m ,let 

Xee  21
,  an m openset Xum   such that 

mu  

containing one of 21,ee but not both, since XE  let 

Eee 21, ,
21 ee   now we have Ee 1

 ,
mue 1

 then 

Emm uuEe 1
 or Ee 2

 and mue 2 then  

Emm uuEe 2
hence is  Tm space. 

Definition  2.9 
A function ),(),(: mm YXf   is m homeomorphism 

if and only if f  is abijective , m open function and  

ms continous. 

Definition  2.10. 
Let ),(),(: mm YXf   be an m  homeomorphism, let 

p any property in X  we say that p is 
ms -topological 

property if p is appear in Y . Theorem 2.11. 

The property Tm  on m topology space is 

topological property. 

Proof: 

Let ),(),,( mm YX  be an m topological spaces 

),(),(: mm YXf    afunction be m home 

,let Yyy  21
since f is abjective , Xxx  21

  such 

that )(),( 2211 xfyxfy   since ),( mX  is 
Tm -space 

,then   one m openset mu of X  such that 

mm uxux  21 ,  or 
mm uxux  21 ,  and 

function m open. then 

mmm uxufxufxf  111 ),(),()(  hence 

),( mY   is  Tm space. 

3 - 1Tm  - space induced by m topology.  
 

Definition 3.1. 

let ),( mX   be an m topological space ,then ),( mX   is 

called m 1T -space and denoted by (
1Tm  ) if  for  

any distinct pair of points yx, of X  there exists two 

m  open sets mu , mv  in m  such that, 
mux  

mvx and 
mvy  , muy  . for example 

let },,,{ ecbaX  ,
  be asupratopology of X  with 

empty set thus 
},,{},,{},,{},,,{},,{},{},,{},{},{,,{ ebcbeacbacaebabaXm  

}},,{ eba it 1Tm  - space 

Remark 3.2. 

Every 
1Tm  - spaces is  Tm spaces but the converse 

is not true according. From example (2.2) ),( mX  is 

 Tm  spaces but not
1Tm  .     

Theorem 3.3. 

An m Topological space ),( mX   is 1m - space if 

and only  if every singleton subset of X  is m closed. 

Proof: 

Suppose X is 1m - space and Xx  we show that 

 c
x is m open,let  c

xy .then yx  ,so 

by 1m there exist an m openset  xG  s . t x xG  

but y xG hence x xG  c
x and 

}}{:{}{ c

x

c xxGx   . 

Conversely , suppose x  is m closed for every Xx  

let yx  X and yx  implies  c
yx is an m  

open set and  c
xy  is an m  open set . To show 

that ),( mX   is 1m - space, sines    cc
yx , are 

m open sets,  c
yx and  c

xy then 1m - 

space 
 

Proposition 3.4. 

Let ),( mX  beany  1Tm space, then any 

finite set is m closed. 

 By Theorem3.3 easily we get the following Proposition 

Theorem 3.5. 

Let ),( mX   be any  1Tm space, then the  relative 

m  topological space ),(
EmE   is 1Tm . 

Proof :  

since ),( mX   be an m topology space  of  1Tm  

space, let Xee 21, ,   two an m  open sets mu , 



 

mv X  such that mue 1 , mue 2  and mve 2 , 

mve 1 .since XE  , let Eee  21  now we have 

Ee 1 , mue 1 then
Emm uuEe 1 and 

Ee 2
, mve 2  then 

Emm vvEe 2  thus 

),(
EmE   is  1Tm   

Theorem 3.6. 

The property 1Tm -space  is topological property. 

Proof: 

Let ),(),,( mm YX  be m topology spaces 

),(),(: mm YXf   . Be function is m  home. let 

Yyy  21  ,since f  is abijective,  Xxx  21,   

such that )(),( 2211 xfyxfy   ,since ),( mX   is  

1Tm   ,   two an m open sets 
mu , mv  of X such 

that mm uxux  21 ,  and mm vxvx  12 , . And 

m open function then )()( 11 mufyxf  is 

m open and )()( 22 mvfyxf  is m open 

hence ),( mY   is  1Tm . 

4- 
2Tm  - space induced by m topology . 

 

Definition 4.1.  

let ),( mX   be an m topological space, then ),( mX   

is called m 2T -space and denoted by ( 2Tm ) if  for  

any distinct pair of points yx, of X  there exists two 

disjoint m  open sets mu , mv  in m contains then 

respectively. for Example  

Let },,,{ ecbaX  ,
 is supratopology of X  with 

empty set  

}},,{},,{},,{,},,,{},,{},,{},,{},}{{},{,,{ acbebcbeabaeabcacbaXm  

 space . 

Remark 4.2. 

Every 2Tm  -space  is 1Tm  -space but the converse 

is not true. 

Example4.3. 

Let },,,{ ecbaX  , 
  is supratopology of X  with 

empty set and 

         },,,,,},,,{,,,,,,,},,{},{},{,,{ ebacebcbaceaeaabcbeaXm  

),( X  is 1m  but not 2m  

Theorem 4.4. 

Let ),( mX  be any 2Tm space, then the relative m  

topology space ),(
EmE   is  2Tm space  

Proof: 

Since ),( mX   be an m topology space of 2Tm -

space, let Xee  21 ,   two  disjoint m open sets 

mu , mv  of X , such that mue 1 , mue 2  and 

mve 2
, mve 1 .let XE  , Eee  21  now we 

have Ee 1 , mue 1  then 
Emm uuEe 1  

and Ee 2 , mve 2 then mEm vvEe 2 . To prove 


Emu 

Emv  since  

    mmEmEm vEuEVu   

     EvuE mm
 then ),(

EmE   is 2Tm -space. 
 

Theorem 4.5. 

The property 2Tm  -space  is topological property. 

Proof:  

Let ),(),,( mm YX   be an m topology spaces, 

since ),(),(: mm YXf   .  a function is m  home. 

let Yyy  21
,since f is abijective, Xxx  21, , 

21 xx   

such that )(),( 2211 xfyxfy   , since ),( mX   is  

2Tm  ,   two disjoint m open sets 
mu , mv  of 

X ,contining the respectively. Sines m open function 

then 

mm uufyxf  )()( 11 ,


 mm vvfyxf )()( 22 alos    mm vfuf , are 

m  open in Y  ,sine's 
1f  is ms  continuous 

   mmmm vfufvu  
  

      fvuf mm  .then ),( mY   is  2Tm . 

A 2Tm   is m compact if each m open  covering has 

afinite m sub covering. 

Example 4.7. 

Let },,,{ ecbaX  ,
  is supratopology of X  with 

empty set, 

}},,{},,,{,},,,{},,{},,{},,{},,{},}{{},{,,{ aceecbcabceacabcacbaXm   It 

is clearly every 2Tm  -space is m  compact . hence 

2Tm  is m  compact if and only if is finite. 

Theorem 4.8. 
m  compactness is a topological property. 

Proof: 

Let ),( mX  be an m compact space. since 

),(),(: mm YXf   be  function is m  home. To 

show that ),( mY   is  m compact space. let  mu be 

of an m open  cover Y . Then 
 muY 

,sine's f  is 

ms  continuous,   mm vuf 1 hence mv  is m  

open sub set of X . Since X is m  compact and 


n

i

mi
vx

1


 ,

  
n

i

m

n

i

m ii
uvfxfy

11 











   

then ),( mY   is m compact space. 

Theorem 4.9. 

Let ),( mX   is m compact space if and only if for 

each family  iH  : of m closed sets in X  



 

satisfying 


 



i

H  ,there is a finite sub family 

n
HH  ,...,

1
with 

 



n

i
i

H
1

. 

Proof : 

Suppose ),( mX   is m compact space, let   

 iH  : of m closed sets in X  , 


 H .then 

by De Morgan's low, 



cHX 

,so }{ cH  is m open 

cover of X ,sines each H is m closed. But X  is 

m compact, hence  }{.....,
21

cccc HHHH
n    s.t 

ccc

n
HHHX   ...

21
thus by De Morgan's 

low, 
n

i
I

H
1

 
. 

Convesrty. Let }{ G  be an m open  cover of 

X , 


GX   by De Morgan's low 








 ccc GGX  )(
. Since each G is  m open, 

}{ cH
is aclass of m closed set. hence   cc

n
GG ...,

1

, 

thus by De Morgan's low, 


n

i

c

I
HX

1

 
. 

Proposition  4.10. 
Any m closed subspace of m compact space is 

m compact  . 

Proposition 4.11. 

Every m compact subset of 2Tm  -space is m  

closed. 

 

 

 

 

 

Proof: 

let K be an m compact subset of 2Tm  -space 

of X ,let KXx \ .For each Ky ,  disjoint m  

open yu and xv ofY and X  respectively. then }{ yu is an 

m open  cover K which to afinite sub covering 
n

iyi
u 1}{   ,say K is m compact. let 

ixv  be the m  

open of X for ni ,..,.2,1  then 


n

i

xi
vV

1


is m open 

of X and niuv
iy

n

i

,.....2,1,
1




 implies that KXvx \  

this KX \ is m open and K is m closed. 

Proposition 4.12. 

The image of any K m closed subset of m  compact 

space is m closed is 2Tm  -space under ms  

continuous. 

Proof 

By Proposition(4.10) K  is m compact space  if 

),(),(: mm XXf    is ms continuous, then )(Kf  

is m  compact by (4.11) hence m closed, 2Tm  -

space. 

Theorem 4.13.[4] 

Let ),( mX  be an m compact,Y be 2Tm  -space and 

),(: mXf   ),( mY  ms continuous then f is m  

closed map.  
 

Proof: 

Let XA be an m closed it is m compact and 

consequently so is )(Af since Y  is 
2Tm  -space, then 

)(Af  is m closed inY .  
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 mحول الفضاءات التبولوجيه
 رنا بهجت ياسين

 قسم الرياضيات ، كلية التربية للبنات ،جامعة تكريت ،تكريت ،العراق
 ( 7002، تاريخ القبول:   /   /  7002) تاريخ الاستلام:   /    /

 الملخص
 m علدى الفضداءات التبولوجيد mلدبع  بدديايات الف د    تعريفا جديدداوقدمنا mعلى الفضاءات التبولوجيةmفي هذا البحث درسنا تراص  

),,( 210 TmTmTm    وبرهنا بان ك  بديايات الفmتحقق ال فة الوراثيةm وال فة التبولوجيةm 


