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In this paper, we study the m —Compact on M —Topological spaces, and we introduce a same new M —separation
axioms of M —Topological spaces (M — T,, m —T,, m —T,)and we proof all m— separation axioms.

are m — hereditary and m —Topological property.

1- Introduction :

Let (X, 7z, )and (Y,z,)be topological spaces on
which M —separation ~ axioms (T_,T,,T,) are
assumed unless explicity stated [3]. A sub class
7" < p(x) is called supratopology on X if X " and
7" is closed under arbitrary union, let (X,z") is called
a supratopological space .

The members of 7" are called supra open sets. We called
7" asupratopology associated with 7, if 7, <7 .let

(X,z;) and (Y,r;)be asupratopological spaces. A

function f:(X,z;) > (Y,z;) is an S -continuous
function if the inverse image of each supra open set
inY is a supra open set in X [1]. let E be a subset of

X ,Eiscalled an m—setwithz™ if ENT e " for all
T er” Then the class7,,of allm—sets withz " is

contained 7 “called an m— topology withz" and the
members of 7 are called M— open sets. A subset B

of X is called an m—closed set if the complement of B
is an M—open sets. Thus the intersection of any family
of M —closed set and the union of finitely many m—

closed sets is an M—closed set. in case 7, is anM—
topology with 7" on X the topological spaces (X,7,,7")

with 7" be denoted by (x,z,)[5]. The Mm—closure (resp.
M —interior) of a subset E of X will be denoted
by m—CL(E) (resp. m—int(E)) is the intersection of
all m—closed subset of X containing E (resp. is the
union of all m—open subsets of X whish is contained in
E).We say that a function f:(X,z,)—(Y,x,) is
called m—open function. If the image of any M — open
set in X isan M—open setin Y, we say that f isa

S* - homeomorphism if and only if f is bijective , f
is supra open function and f is S*-continous [5].let P

be any property in X , if P is carried by S*-home to
another space Y we say P is a topological property. Let
A be subset of X, A m—cover of A is a family of
subsets of X whose union includes A. A m— sub
cover of A m—cover of A is a sub family of so Am -
cover of A.

Lemma 1.1.
Letf:(X,z,) > (Y, )
then function is MS - continuous.

2- m—T, - space induced by m— Topology .
Definition 2.1.

Let(X,z,) bean M— topological space, then (X,z, ) is

be isS”-continuous function,

called m— T, - space and denoted by (m-T)) if for
any distinct pair of points X,y of X there exists one

M —open setU  in 7, contains one of the points but not

the other.

Example 2.2.

Let X ={a,b,c,e}and

* ={X {a}{}{a.c}.{e.a}. b.ch {a.c.er{ab,cpwith ¢ then
7o ={X.4{a}{cH{a ch{e.ak.b.ch{a.c.ehfab,c}} IS m—z-

And we take 7" is supratopology without empty set thus

7. ={X {a,b,c}}isnot M—z,.

Remark 2.3

Every m—open set on (X,7,) is asupraopenset on
(X,z") the converse is not true.

Example 2.4.
let X ={a,b,c,e},

" ={X,¢{a}.{c}{e} {e.a}.{a,.c}{c.e}.{a,b} {a,b,e},

{b,c}{e,b,c}{a,b,c}{a,c,e}}and

n ={X,¢.{a}.{c}.{e}.{e. a}.{a,c}.{c.e}.{a,b}
{b,c}{a,b,c}{a,ce}} notice that each
of{a,b, c},{a,b,e}is supropen set but not M —open set.
Theorem 2.5.

An M —Topological space (X,z,) isM—7,- space if
and only if for each pair of distinct points X,y of X,
m—cl({x}) = m—cl({y}) -

Proof :

Sufficiency. suppose that X,y € X, X # Y ,Let ze X
such that ze m—cl({x}) but z ¢ m—cl({y}).we
claim that x ¢ m—cl({y}). for if xem—cl({y}) then
m—cl({x}) c m—cl({y}). this contradiction the fact

that Z ¢ m—cl({y}). consequently x ( m-cl{y})° to
which Y does not belong.



Necessity let(x, 7 _)be anm —T_ -space and Xy eXx#y,3

M—open set U, >sxeu,0fyeu, then umC is an

m—closed set which Xeu, and yeuy . Since
m—cl({y}) is the smallest m—closed set containing
y [because m-ci(E)=Eu( m-intE)] If m_cigyy) cu cand
therefore x e m—cl({y}) The m—cl({:3) = m—cl{y) -
Definition 2.6:

Let (X,r,) be an m—topological space ,let E be a
X then the . —{(ENT,)er,\T, Iis
m — openset}, is called relative M — topology space

(M — subspace for short )

For Example.

Let X ={a,b,c,e}, " is supratopology of with empty
set and also E = {a,b,c}then

7, ={E.¢{a}{a,c}.{b,c}.{b} {a b}heNce (E,z, ) is called
relative M —sub space.

Definition 2.7.
Let (x,z,) be any M—topological space if pis any

subset of

property in X ,then we called p is M —hereditary if its
appear in a relative m—topological space if no we say
p is NON —M— hereditary.

Theorem 2.8.

Let (x,z,)be anym —T_ —space, then the relative
M — topological space (E.7p,.) IS m-T..

Proof:

Since (X, 7,, )be the M — topology space of M — 7, let
e, #6,€X,d anm—opensety <X such that u

m

containing one of €;,€, but not both, since E < X let
e.,e,€E,e #e, now we have e, e E ,e cu, then
e eEnu,=u, or e eE and €, eU,then
e, e Enu, =u, henceis m-T, —space.

Definition 2.9

A function f : (X,z,,) = (Y, 4,) is M —homeomorphism
if and only if f is abijective , m— open function and
MS — continous.

Definition 2.10.

Letf:(X,z,)—(Y,u,)be an M— homeomorphism, let
p any property in X we say that p is ms” -topological
property if P isappearin Y . Theorem 2.11.

The property mM—T onm—topology space is
topological property.

Proof:

Let(X,z,),(Y,x,)bean Mm—topological spaces

f:(X,r,)—(Y,u,) afunction be M —home

Jlety, =y, eV since f is abjective, Ix, # x, € X such
that y, = f(x),y, = f(x,) since (x,r,)is m-T, -space
tthen 3 one M —openset U, of X such that

X, €U, , X, €U or X €U,,X, €U, and
function m — open. then

f(x))e f(u, ), vx e f(u, ) X €u, hence
(Y, 4,,) is m—T, —space.

3- m—T, -spaceinduced by m — topology.

Definition 3.1.
let(X,z,) bean m—topological space ,then (X,z, ) is

called m— T, -space and denoted by (m—T, ) if for
any distinct pair of points X,y of X there exists two

m— open sets U,, V, in 7, such that xeu,

m
XeV, and yev, » Y&U, . for example
let X ={a,b,c,e},7" be asupratopology of X with

empty set thus
wn ={X.¢.{a}.{b} {a,b}{e}.{a.c} {a,b,c} {a.e}.{b.c} {b.€},

{a,b,e}}it m—T, -space

Remark 3.2.

Every m-T, - spaces is m—T, —spaces but the converse
is not true according. From example (2.2) (X,z,,)is
m—T, — spaces but notm—T, .

Theorem 3.3.

An M — Topological space (X,z,) isM—7,- space if

and only if every singleton subset of X is M — closed.
Proof:

Suppose X ism—7,- space andX € X we show that
{x)*ism —open,let y € {x}° then X # y ;50

by m — 7, there exist an M—openset G, s.t X e G,
buty ¢ G, hence X € G, < {x}°and

O3 =G, :xe {37}

Conversely , suppose {X} ismM — closed for every X € X
letx %y € X and X # yimpliesx € {y}°is an m—
open set and Yy € {X}c is anmM— open set . To show
that (X, 7, )

M —open sets, Xe& {y}C andy € {X}C then M-z, -
space

is M-z - space, sines {x|° {y} are

Proposition 3.4.
Let (X,z,,)beany m — T, — space, then any

finite set is M — closed.
By Theorem3.3 easily we get the following Proposition
Theorem 3.5.

Let(X,z,) be any m—T, —space, then the relative
M — topological space (E,rmE) ism-T,.
Proof :

since(X,z,,) be an M—topology space ofm-T, —

space, let €,6, € X, 3 two an M— open sets U, ,



Vo < X such that e, eu,,e, €U, and €, €V,
e, &V, .sinceE c X, let & #€, € E now we have
e, eE.e eu thene, e ENU, =U, and

then e, eEnv, =V thus

e,cE,€, €V, me
(E.z,,) i m-T,

Theorem 3.6.

The property m—T, -space is topological property.
Proof:

Let(X,z,,), (Y, 4,) bem—topology spaces
f:(X,z,,)—>(Y,u,). Be function is Mm— home. let

y,#Y, €Y since f is abijective, 33X, X, € X

such that 'y, = f(x),y, = f(x,) ,since (X,z,, ) is
m-—T, , 3 twoan m—opensets u_, V, of X such
that X, €U,,X, €U, and X, €V, X €V,. And
f(x)=y,=f(uy,)is
f(x,)=y,="f(v,)is m-—open
hence (Y, x,,) is m—T,.

M —open function then

M —open and

4- m—T, - space induced by m — topology .
Definition 4.1.

let(X,7,,) bean m—topological space, then (X,7,,)
is called m— T, -space and denoted by (m—T,) if for
any distinct pair of points X,y of X there exists two
disjoint M— open sets U, V
respectively. for Example

Let X ={a,b,c,e},z"is supratopology of X with
empty set

m in 7, contains then

have € €E, e eu, ten e, eENuU, =U_ .

ande, € E,e, eV, thene,eENv, =V . .Toprove

Une M Ve = @ since
Upe NV, =(ENu, JN(ENV,)=

EN(, Nv,)=ENg=¢ then(E, 7 .) is m—T, -space.

Theorem 4.5.

The property m —T, -space is topological property.
Proof:

Let (X,z,),(Y,u,) be an m-—topology spaces,
since f:(X,z,)—>(Y,x,)- afunctionis M— home.
lety, =y, €Y since f is abijective, 3x,x, € X, x =X,
such that y =f(x),y,="f(x,) ., since (X,r,) Iis

m-T, , 3 two disjoint m—open sets u_, V, of

m

X ,contining the respectively. Sines M — open function
then

f(x)=y,ef(u,)=umn,

f(x,)=y, e f(v,)=V_"alos f(um), f(vm) are
m— open in Y ,sines f < is ms— continuous
u, Nv,," = f(u,)N f(v,)

=f(u, NV, )=f(g)=¢.then (v, )is M=T,.

A m-T, is m— compact if each m —open covering has

afinite M — sub covering.
Example 4.7.

Let X :{a,b,c,e},r* is supratopology of X with
empty set,

7 ={X. 44} OH o ) e} fo.a} fe.chb.ach b.c ) e.c a1t
is clearly every m—T, -space is M — compact . hence

7 ={X.${a}{oHc}{a.c}.{b.a}.{e.ap{b.a. e}, {o. c}bygh { ¢,

space .
Remark 4.2.

Every m—T, -space is m —Tl -space but the converse
is not true.

Example4.3.

Let X ={a,b,c,e}, 7" is supratopology of X with
empty set and

7, ={X, g {a}{e}{b.c}, b.al {a el {a e, cli{a,b,c} b clopdn eB’l—open cover Y . Then

(X,7") is m—z, butnotm—rz,
Theorem 4.4.
Let (X,7,,)beany m—T,space, then the relative m —

topology space (E,z,, ) is m—T, space

Proof:

Since (X,7,) bean mM—topology space of m—T,-
space, let € =€, € X, 3 two disjoint M — open sets
u,, V, ofX, such that e €u,,e, U, and

e, ev, .6 &V let EC X, e #€e,eE now we

m

2 IS M — compact if and only if is finite.
Theorem 4.8.

M — compactness is a topological property.
Proof:

Let (X,z,)be an

f:(X,7,) > (Y, ) be
show that (Y, £, ) is M —compact space. let {um }be

M — compact  space. since

function ismM— home. To

v<Uu, sine's T is

ms— continuous, f *(u, )=V, hence Vv, is M-
open sub set of X . Since X is M— compact and
kU "= 16 U |-,

thenI&Y, ) 1s m—clgmpac?space.

Theorem 4.9.
Let (X,z,) ism—compact space if and only if for

each family {H, :a eijof m—closed sets in X



satisfying ﬂHa=¢ there is a finite sub family

aci

Hal,,_.,HanWith .n H, =4
Proof :
Suppose  (X,7,) ism—compact space, let V

{Ha ‘ae i}of M — closed sets in X , NH. _ 4-then
by De Morgan's low, _{JH: SO {H:} is m—open
cover of X ,sines each H _is m—closed. But X is
FH; H, ..H, e{H.} st
X=H; UH; U..UH_ thus by De Morgan's
IOW'¢=ﬂHa‘ .
i=1
Convesrty. Let ;3 be an Mm-—open

X ’X:UGD{ by De

M- compact, hence

cover of

Morgan's low

6= x° = (JG,)* =G: - Since each G, is m—open,

{Hc}is aclass of M —closed set. hence 3GE N..NGE =g

thus by De Morgan's low, n .
X =¢° = UH

Proposition 4.10.

Any M-—closed subspace of M —compact space is
M — compact .

Proposition 4.11.

Every M- compact subset of m—T, -space is m—
closed.

Proof:

let Kbe anm-—compact subset of m-—T, -space
of X Jletx e X \ K .For each y € K, Jdisjoint m—
openU andV, of Y and X respectively. then {u, }is an

m—open cover K which to afinite sub covering
{u, X sayKis m—compact. let v, be the m-—
open of X for i =12,..,.n then V:ﬁvx. is M — open

this X \ Kism—open and K is m— closed.
Proposition 4.12.

The image of any K m — closed subset of m— compact
space is M—closed is m—T, -space under MS—
continuous.

Proof

By Proposition(4.10) K is M —compact space if
f:(X,z,) > (X,7,) is ms—continuous, then f (k)

is M— compact by (4.11) hence m—closed, m—T, -

space.
Theorem 4.13.[4]

Let(X,z, )be anm—compact,Y bem—T, -space and
f:(X,z,)— (Y,u,) Ms—continuous then f is m—
closed map.

Proof:

Let Ac X be anm—closed it ism— compact and
consequently so is f (A)since Y is m—T, -space, then
f(A) is m—closed inY .
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