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Abstract

In this paper , we introduce a some new separation axioms supra-T -space , supra-T,-space and supra-T,-space
(S*-T., S*-T,, S"-T, for short), and study the supra-hereditary (S"-hereditary for short) and supratopological

property (S*-topological property for short) on them.

1- Introduction :
Let X,y be any topological spaces on which separation

axioms (T ,T,,T,)are assumed unless explicitly stated
[3]. Asub class " < p(x) is called supratopology on X
if X er” and ¢ is closed under arbitrary union. (X,z")
is called a supratopological space.

The members of ¢~ are called supra open sets [1]. Let
(X,7) be a topological space and z* be a supratopology
on X , we called 7* asupratopology associated with 7
if rc 7", let E be asubset of X . The supra closure
(resp. supra interior) of E well be denoted by
S'CL(E)(respS"int(E )).  Let  (X,z")and(Y,,")be
supratopological spaces . A function f:X —Y is an

S*-continuous function if the inverse image of each

supra open set in Y is a supra open setin X .[1] . we say
that f is a supra open function if and only if the image

of any supra open set Ec X is a supra open set
f(E)cy and we say that f isa supra homoeomorphism

(S -home for short) if and only if f is bijective, f is
supra open function and f is S*-continuous [4].
The product of supratopology is

7;xy:{UUTXv§,uT€7; ’V§€7/:} [2].
L]

For example let X ={a,b,c,d},Y ={L.2}. 7, ={X {a}{b}{ab}} + »; ={v.{3.{2}} then
r;W ={X xY, X x{}, X x{2} {a} <Y {a}x1{a}x{2} . {b}x Y {o}x {0} {b} x{2} {a,b}x Y, {a,b}x {1} .{a,b}x{2}} -
={XxY,{(a),(b),(c]),(d.D}{(a?2),(b,2).(c,2),(d.2}{(a)),(a2)}{(an}
{(@2)}{(b.1),(b,2)}{(bD}{(b.2)}{(a)),(a2),(bD,(0,2)}r{(@1, (b} {(a2),b2)}}

2- S*—T - space induced by supratopology .

Definition 2.1.

A supratopological space (x,7") is called supra T -space
and denoted by (s-_7 ) if for any distinct pair of points
X,y of X there exists one supra open set u* in ¢* such

that x eu” but ygu’ or XU  but yeu’ .

Example 2.2.
Let X ={a,b,c,d} and ;* ={x {b} {a,b}{b,d}.{a,b,d}} it
is clearly (x,;7) is s* 1 -space .

Theorem 2.3.

A supratopological space (x,;*) iss*—1 if and only if
for each pair of distinct points X,y of X,

Sel({x3) = S"cl({y}) -

Proof:

Sufficiency. suppose that for each pair of distinct points
X,y € X, sel({x}) = Scl{y})- Let we X such that
we S'cl({x}) but we s*cl({y}).

We claim that x ¢ s ci({y}). for if x c s ci({y}) then
s'cl({x}) < S"cl({y}). this contradict the fact that

we S'cl({y}). Consequently x c[s cl({y}) to which

Yy does not belong .

Necessity let (x,,*) be an s+ _1 -space and
X,y € X,x#y,3supraopenset u” >xeu’ or yecy

then U™ is an supra closed set which X € U” and

ye u*c . Since s'cl({y}) is the smallest supra closed set
containing Y , s*cl({y}) cu* , and therefore

x & S'cl({y}) - Hence S7cl({x}) = S'cl({y})-

Example 2.4.

Let X ={ab,c,d},z" ={X {a}{b}{a b} {b.ct{a.c}{ab,c}}
and s-ci({a}) = S"cl({b}) then (x ") is s* _1 -space .
Definition 2.5.

Let (x,r;) be asupratopological space , E be a subset of
X, then classes 7, of all intersections of E with *-
supra open subsets of X belong to ¢* is a topology on E
it is called relative supratopology (supra-subspace )
Example 2-6:

Let x ={a,b,c,d},z; ={X {b}{a,b}{b,d} {a,b,d}} and

E ={a,b,c} then 7{ ={E {a,b}{b}} and (E,z7) is
called relative supra subtopological space .



Definition 2.7.

Let (X,zy) be any supra topological space if p is any
property in X , then we called P is S* —hereditary if
every relative supra topological space has property p .
Theorem 2.8.

Let (x,77) beany s*_T —space, then every relative
supratopological space is s* T .

Proof:

Let (E,z;) be a relative supratopological space. To
show (E,z;) is S* —T, -space, let e ,e, € E and

e =6, then g e, e X . Because (X,z") is S"-T_,
there exist a supra open set u* < X , such that u”
containing one of e e, but not both, now if e eu”,
then ¢ cE~u'=u" .If e, cu” then

e, e Enu =u" therefore (E,z;)is S*—T, —space .
Definition 2.9.

Let f:(X,z})— (Y,)7) beany S*—homeomorphic,
let p any property in X we say that pis S*-
topological property if pisappearin Y .

Theorem 2.10.

The property of S* —T_ is topological property .
Proof:

Let (X,zy),(Y,yy) be asupratopological spaces and
let f:(X,zy)—(Y,)y) bea S*— home, suppose
Y, Y, €Y suchthat y = y,. Because f is bijective,
there exist x,,x, e X such that

y, = f(x)andy, = f(x,) - But (X,z}) isa s*-T -
space , so there exist a supra open set U" such that

X, € u'andx, ¢u” or X,  u‘andx, e u”. Since f a
supra open function , so f (u*) is a supra open set of Y .
By bijectivity of f ,weget y = f(x)e f(u") and
Y, = f()e f(u) ory =f(x)e f(u’) and

y, = f(x,) e f(u") . Therefore, (Y,y;) isa

S" T —space.

Theorem 2.11.
A two supratopological spaces (X,zy),(Y,y;) are

S*—T —spacesifandonly if X xY isa S*—T —space.
Proof:

Sufficiency . Let X,y bea S*—T —spaces, let

(% Y1) (X,,¥,) € X xY and (x;, y;) # (X,,Y,) - Thus

X # X, Or y, = y,. Assume that X, # X,. Since X isa

S* —T —space, there exists a supra open set u” such
that x, eu”,x, u” or x, ¢ u”,x, € u”. Now the supra
openset u"xY e X xY ,and (x,y,)eu”xY or
(X,,Y,) eu”xY then X xY isa S*—T —space.

Necessity . let X xY isa S* —T —space . To show that
X is S*-T —space, take x,x, € X such that x = x, ,
d two points (x,y ),(x,,y ) € X xY by definition of
product . Since x, = x, then (x,y ) # (x,,y )- But

X xY is S*—T —space, so 3 asupra open set

u” e X xY suchthat (x,y)eu”,and it follow that
(X, y ) eu” or (x,,y)eu,and (x,y)gu". There
exist two supra open sets u;,u; such that u;Xu, =u.
Thus x, e ufandy e u; or X, € U;andy € u, . Because
(x,y)eu’and

(X, Y ) €U, x euandx, ¢ u;orx, e uyandx, & u;,
consequintly X is S* —T —space . similarly Y is

S" —T, —space .

3 - 5" T, - space induced by supratopology .
Definition 3.1.

A supratopological space (X,zy) is called supra T,-
space and denoted by (S* T, ) if for any distinct pair

of points X,y of X there exists two supra open sets u’,
V' in 7y suchthat X €U’ , XV’ and y V",
ygu .

Remark 3.2.

Every S*—T, - spacesis S* —T, —spaces but the
converse is not true .

Example 3.3.

Let X ={a,b,c,d},z" ={X ,{a}{b}.{a,b}.{a,b,c}} itis
clearly (X,z") is S* —T, —space but not S* T, - space .
Theorem 3.4.

Let (X,z") beany S*—T, -space, then every relative
supratopological space (E,z;) is S"—T,-.

Proof:

A supratopology space (X,z") bea S*-T,, let

Ec Xand lete,e, e X suchthat e =#e,, 3 two supra
opensets U, v'suchthat e cu® and e e E then

e, cEnu’=u" and e, ev" and ¢, € E then

e, e ENv =v".Hence (E,z;) is ST, .

Theorem 3.5.

The property of S*—T, - space is topological property.
Proof:

Let (X,zy),(Y,yv) be asupratopological spaces,

f 1 (X,7%) = (Y,y) is S"— home, to show (Y,yy) is
ST-T, .

let y, #y, eY ,since f isonto, 3x,x, € X such that
Y= f(xl)vyz = f(xz) ,since f isone-one, Yi# Y,
there exists x, # x,, since (X,z") is S -T,, 3 two



supra open sets U”, V" such that x eu’,x, ¢u" and
X €V, % eV,

Now function supra open then

f(x)e f(u’),vx e f(u’),x eu” and

f(x,) e f(v),vx, € f(V'),x, ev" hence (Y,y;) is
S" —T,-space .

Theorem 3.6.

Let (X,z%),(Y,y;) are S —T, -spaces if and only if
X xY isa S*-T, -space .

Proof:

Sufficiency . Let X,Y bea S*—T, -spaces, let

(%, Y1), (%o, ¥,) € XY and (x,¥;) # (X,,Y,) - Thus
X #X, Or y, = y,. Assume that x = x,.Since X isa

S" T, -space , there exists two supra open sets u”, V"
suchthat X, eu”,X, U” andr x, ¢ V", x, € V" . Now
the supra open sets u* xY,v*xY e X xY, and

(%, y2) €U X but (x,y,) e v'xY and (x,,y,) e v’ xY
but (x,,y,) gu”x X then X xY isa S"-T, - space.
Necessity . let X xY isa S*—T — space . To show that
X is S”-T, -space , take x,x, € X suchthat x = x, ,
3 two points (x,,y ),(x,,y ) € X xY by definition of
product . Since X, # X, then (x,y)#(x,,y)- But

X xY is §" T, -space , so 3 atwo supra open sets
u',v" e X xY suchthat (x,y)eu*, (x,,y)eu" and
(%, Y) e V" (%,Y) & v'. Now there exist two supra open
sets U, , U, such that U; XU, = U, and

X, €U,y €U, ,since (x,y)eu’, (x,y)eu" and
(G y) eV’ (x,y) eV’ then X €U, X, ¢ U, and

X, €V;,X, £V, then (X,7})

is 5* —T,-space .Simarly (Y,yy) is S*—T,- space.

4- s* 7, - space induced by supratopology .

Definition 4.1
A supratopological space (X,z; ) is called supra T, -

space and denoted by (S*—T, ) if for any distinct pair
of points X,y of X there exists disjoint two supra open
sets U™, V' in 7° suchthat Xe U and y e V" .

Example 4.2.
Let X ={a,b,c,d},

Let X ={a,b,c,d,e}.

" ={X {a,b,c},{b,c,d},{a,b,c,d}} itis clearly (X,z")
is S* —T,-space but not S* —T, - space .

Theorem 4.5.:

Let (X,zy) beany S*—T, -space , then every relative
supratopological space (E,z;) is S*—T, -space .
Proof:

Let (X,zy) be arelative supratopological space and let
e,e, € E suchthat € #€,.Since Ec X, s0

e.,e, € X .But (X,z}) is S* T, -space, thus there
exist two disjoint supraopen sets U", V" in X , such
that g eu’, e, ev' and u" V" = ®. Thus
eecEnu ez, e, e ENV ez, and
(Enu’)N(EnvV’)=d. Hence (E,z;) is ST, -
space.

Theorem 4.6.

The property of S* —T, -space is topological property.
Proof:

Let (X,zy),(Y,y) be asupratopological spaces and let
f:(X,7}) = (Y,%) beaS” — home, suppose

Y., Y, €Y suchthat y, #y,. Because f are one-one
and onto , then f*(y,) = f *(y,),But (X,z}) isa
S* —T, -space , so there exist two supra open sets u,

V'on X suchthat f*(y,) eu’, f(y,) ev'and
uwnv =o .

Weget y, e f(v'),y, € f(u"). Since supraopen
function then f(u") , f(v") are supra open sets.
Therefore (Y,,7) is S*—T, -space..

Theorem 4.7.

A two supratopological space (X,zy),(Y,y;) are
S"—T, -spaces ifand only if X xY isa §"-T, -
space .

Proof:

Sufficiency . Let X,Y bea ST, -spaces, let

(%, Y1) (%, Y,) € X xY and (x,y,) # (X, ,) - Thus
X # X, Or y, #y, . Assume that x = x,.Since X isa

S* —T, -space , there exists two supra open sets U, V"
suchthat x, eu”,x, ¢u”and X, €V',X, €V and
u”"nv"* =dd . Now the supra open sets

u"x X,v'xY e XxY,and (x,y,)eu’xX but

o ={X {2} {Hc}{a.c}.{b.a,d} {b.d,a}{d,a}.{b.a} {d 2. chefb, g, P AY Bt 43, y,) e v* Y but

itis clear that (X,z}) is S*—T, -space .

Remark 4.3.
Every ST, -space is S" —T,-space but the converse is
not true .

Example 4.4.

(%, Y,) gU"x X and (u"x X) N (v' xY) =@ then

X xY is §*—T, -space .

Necessity . let X xY isa S*-T, - space . To show that
X is S*-T, -space, take X;,X, € X such that

X, # X, , 3 two points (x,y ),(x,,y)e X xY by



definition of product. Since X; # X, then

(X, Y ) #(X,,y ). But X xY is $"—T, -space, so
3 atwo supraopensets u*,v- e X xY such that
(x,y)eu’, (% y)eu and (x,y) eV,
(X,y¥) €V and u*~v " =d. Now there exist two
supra open sets u;,u; such that u’ xu; =u , and

x eu,yeu; since (X,y)eu ,(X,y)eu
and (X,,y )€V, (X,Y )&V suchthat

V, XV, =V then X, € U;,X, & U, and

X, €V, X &V, then (X,r}) is S'—T, -

space .Similarly (Y,y,) is S*-T, - space .
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