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ARTICLE INFO ABSTRACT

Keywords A new generalization for the Bernstein-Kantorovich operator with a

Kantorovich operator, parameter is proposed in this study. First, we prove the Korovkin type

Voronovskaja approximation theorem, then we provide the Voronovskaja type
theorem, Bernstein theorem for our generalization, demonstrating that the order of
operators, Ordinary approximation is improved, making the approximation by our
approximation. operators better than the original Kantorovich, and finally, we provide

some numerical data for two test functions to support the study.
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1. Introduction

In his proof of the famous Weierstrass approximation theorem Sergej N. Bernstein introduced

the following polynomials [1].

Bu(f3) = Z b COf (5), &
k=0

Where by, (x) = (3)x*(1 —x)** f € €[0,1],x € [0,1],n = 1,2,3, ..., After that Kantorovich in
his works published in 1930 and 1931 defined and studied the following operator [2].

+1

k
KBA(f:) = nZ e j fod, @)

Where n = (n + 1), Moreover, it’s can be obtained by the classical Bernstein polynomials as

follows.
By (F; x) = KBy(f; x)
Where F(x) = [, f(t)dt and x € [0,1].

As for the sequence KB, (f; x) several modifications where presented. In 1983 J. Nagel study the
Kantorovich operators in second order[3] and in 2013 N.I. Mahmudov, P. Sabancigil defined the
following polynomial[4].

k
nq(f x) —ank(q;x)J < k-_li-_ci t>d L,

Also M. Mursaleen, F. Khan, A. Khan, A.Kiligman us Erkus-Srivastava multivariable polynomials
to contract a new generalized Kantorovich-type operators[5] and in 2016 C. Atakut , I

Biiytikyazict introduced the following operators[6].

k+1

By g, _L ® Bn
Lo (5) = S O Pr@nd) LL F@t

In 2018 A.M. Acu, N. Manav, D.F. Sofonea defined and studied the following generalization.
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k+1

Kna i) =+ D) Y by [ f0),
k=0 n+1

n+1

Several researcher study other operators [8,9,10,11] .in this study our goal is improve the quality

of approximation of (2) by introducing a modification based on a parameter r € N°, f € C,[0,1]

and x € [0,1] Defined as,

k+1

KBur(Fix) =11 buG) [, " fOct = 0de @)
k=0 n

7

Where and C,[0,1] = {f € C[0,1],|f| < M|¢t|? for some p > 0, M constant, t € [0,1]}.
2. Preliminary Results

Defintion2.1.for e € {0,1,2,3, ... } the e-th order moment for KB,,(f; x) defined below [12].

k+1

$ueG) =1 bui) [, " (6= 0,
k=0 7

Defintion2.2. if e € N° then the e-th order moment for KB,, -(f; x) defined by.

k+1

n —
n
Wn,e,r (X) =n z bn,k (x) Jk (t - X)redt,
k=0 7

Lemma 2.1 for e € N° the operator KB, (f; x) we get the following [13].

1- Sn.O(x) = Or
1-2
2- Spalx) = z(n_+x1)’

1
nx—x—nx2+x2+§

(n+1)2

3- Spa(x) =

)

Lemma 2.2 for x € [0,1] , e € N°and x € [0,1], then.

Wn,e,r (x) = Sn,re (x) (4)
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Proof. By the definition of W}, . -(x) and S, ;.. (x) (4) is holds.
Lemma 2.3

Forn € {1,2,3,...},re = 1 we have.

Snrens(®) = s B2 (5 4 018, e 1 (00) ~ oo 11e(2)
. ﬁmmm ©)
Where oy (3) = Sioo b (o) (22 = 2)
Moreover
10nx — 30nx? + 20nx3 —4x +3x?> —x3+1
Wh3(x) = (6)

4(n + 1)° '

Proof. From Definition 2.1 we have:

k+1

SureC) =11 ) bu() | (6= x0rede
k=0 k

n
» k+1
(t )re n
nre(x) = Uz bnk( ) I— .
. (k +1 B x)re+1 (E B x)re+1
_ n _ M
Snre(X) =1 kZo b (x) re+1 re+1

re+1

nre( ) =

L zbnkm(ﬁ-x)““_jbn,km(g-x)
k=0

By the definition of b,, , (x) we get,
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n n re+1

, n d k+1 re+l k
Sire() = ——=| = D bu@ (= =x) =) b (- -x)
n ) n

k=0

Snre(x) = n < n (k — nx) (k +1 )re+1

re+1 _x(l—)nk(x) n -

—(re+1) Z e (— - x)

n

_ Z ﬁ (k — nx) by, (x) (S _ x)”“ N zn:(re + Dby (%) (S _ x>re)
& k=0

Snre(x) = rez— 1 <x(1 x) (Z bn (%) (k = x)re+2
(x — 1 Z b i (%) (— —x Te“) — (re+1) z bn i () (Ll — x)
_ x(ln——x) (; by i (x) (S — x) + %kzzo by i (x) (S - x) )
+(re +1) zn: e (S _ x)>
k=0

re

n re+2 1
( X) re+1 nre+1(x) + (]_ x) Snﬂ”e(x) - Tesn.re—l(x)

Sr,l,re (X) =

n
~(re+ Dx(1—x) Hre1(X)

from the formula above (5) can be easily be obtained. Also, by using Lemmas 2.1 and 2.2 with
(4) we get (6).

3.Main result
Theorem 3.1 (Korovkin type theorem)
For f € C,[0,1],x € [0,1], we have.

(1) KB, (1;x) = a,(x)+1
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(2) KBn,r(t; x) = ﬁn(x) +x
(3) KBn,r(tz; x) = yn(x) + x?
Where a,,(x), B, (x) and y,,(x) goes to zero as n — oo.

Proof. By direct computation

k+1

KBTL,T(]-; x) = 772;(1=0 bn,k(x) fkn dt = 1

n

Next,

k+1

n n

KBur(653) =11y bueC) [ G+ (=07t
k=0 k
o

k+1 k+1

. aa . e
—7 xz b i (%) j dt + Z b i (x) J (t — x)"dt
k=0 k k=0 k
n n

KBy r(t;x) = x + Spr(x)
Were,
lim S, ,(x) =0
n-co
By the same above method (3) is holds.
Theorem 3.2
Let f € C,[0,1] and p > 0. If £ (x) exists and continuous on x € (0,1),then;

10x — 30x? + 20x3
4

lim n? (KBs (F(9i) = £() = ( )f’(x)- ™)

Proof. The Taylor’s expunction of f(t) about x is
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@
0= 30D (it e,

i=0
Where e(t,x) > 0ast — x.

Then,

@)
KB, (f(t);x) = f(X)KBy,(1;x) + fO(x)KB,((t — x); )+f )

+ KBn,r((t —x)%e(t, x); x),

KBy, ((t — x)%x)

takingr = 3

KBn,B (f(t): x)

= f()KBn3(1;x) + f' (X)KBn3((t — %); )+f—()KBn3((t—X)2;X)

+ KBy 3((t — x)%e(t, x); x),
By lemmas 2.1 and 2.2 and relation (5),we get.

KBy 3(f(); x) — f(x)

=f'(x) 10nx — 30nx? 4+ 20nx® — 4x + 3x? —x3 + 1 f"(x)
= 4(n+1)3

n6( )

+ KB 3((t — x)%e(t, x); x)

Tim n®(KBy,3(f(£); %) — f(x))

_ 10n3x — 30n3x?% + 20n3x3 — 4n?x + 3n%x? — n?x3 + n?
= lim f'(x)

4n3 4+ 12n2+12n+4

f”z( )llm nZTn6(x) + hm nzKBn3((t —x)%e(t, x); x)

lim n?(K,(f(£); x) — f(x))
— (%) <10x —30x2 + 20x3

2 > + liggzKBn,s((t —x)%e(t, x); x)

We take the terms T = n?KB,, 3((t — x)?(t, x); x).then
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IT| = n*KBy, 3(|(t — x)*e(t, x)|; x)

Tl<n? (0 ) b [ I =0 0lde+n ) buG) [ 16 =00 0lde
k=0 k=0

[t—x|<8 [t—x|26

Now, for € > 0 there is § > 0 such that if [t —x| <6 - |e(t,x)|]<e and if [t—x]|=>6—
le(t, x)(t — x)®| < Z|t — x| then.

n
n?|T| < en®S,¢(x) +n2Mann,k(x) f |t — x|Pdt
k=0 |t—=x|=8

n
=e0(n 1) +n?Mn Z by 1 (%) f |t — x|Pdt
k=0

|t—x|=6

Take

n
Q=0 ) but) | le—xpde
k=0

|t—x|=6

By Schwarz inequality,

1 1
k+1 2 k+1 2

n T n C
0<n?|n z by (X) f de | | m2p Z b i () f (t — x)%Pdt
k=0 E k=0 k
C

ol

1
Q = Mn2(0(n™"))2 < 0(n™"),u > 0
Then

lim n?KB, ;((t — x)?e(t,x);x) > 0
n—>oo

And 3.1 is obtained.
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4.Numerical example

in this part we gave two function to compare the approximation of this functions between

KB, (f;x) and KB, 3(f; x).
Example 4.1

Let f(x) = sin 25x then in Fig.1, we have the convergence of KB, (sin(25x) ; x) to sin 25x on

the right and convergence of KB,, 3(sin(25x) ; x) to sin 25x on the left in different value of n on

the left.
1 1
0.5 0.5
0] 0
-05 -0.5
-1 ' - - - -1 i ' - 1
0 02 04 06 08 1 0 02 04 06 08 1
X X
=3 n=4 n=J n=200 #=300 n=400
_ﬁl’)‘ ﬁ_‘-;}

Figurel: The convergence of KB, to the test function and the convergence of KB, sto the same
function.

Example 4.2

Let f(x) = 3 cos 3mx then in Fig.2, we have the convergence of KB, (3 cos 3mx ; x) to 3 cos 3mx

on the right and convergence of KB,, 3(3 cos 3mx ; x) to 3 cos 3mx on the left in different value of

n on the left.
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Figure 2: The convergence of KB, to the test function and the convergence of KB, sto the same
function.

5. Conclusion

In study interdicted a new modification of Bernstein-Kantorovich operators. some main theorems
were discussed then we highlighted some numerical data to conclude that the level of accuracy of

the new modification is improved then the original operator.
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