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A new generalization for the Bernstein-Kantorovich operator with a 

parameter is proposed in this study. First, we prove the Korovkin type 

approximation theorem, then we provide the Voronovskaja type 

theorem for our generalization, demonstrating that the order of 

approximation is improved, making the approximation by our 

operators better than the original Kantorovich, and finally, we provide 

some numerical data for two test functions to support the study. 
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1. Introduction  

     In his proof of the famous Weierstrass approximation theorem Sergej N. Bernstein introduced 

the following polynomials [1]. 

𝐵𝑛(𝑓; 𝑥) = ∑𝑏𝑛,𝑘(𝑥)𝑓 (
𝑘

𝑛
)

𝑛

𝑘=0

,                                       (1)  

Where 𝑏𝑛,𝑘(𝑥) = (
𝑛
𝑘
)𝑥𝑘(1 − 𝑥)𝑛−𝑘 𝑓 ∈ 𝐶[0,1], 𝑥 ∈ [0,1], 𝑛 = 1,2,3, …, After that Kantorovich in 

his works published in 1930 and 1931 defined and studied the following operator [2]. 

𝐾𝐵𝑛(𝑓; 𝑥) = 𝜂∑𝑏𝑛,𝑘(𝑥)∫ 𝑓(𝑡)𝑑𝑡,                 (2)

𝑘+1
𝜂

𝑘
𝜂

𝑛

𝑘=0

 

Where 𝜂 = (𝑛 + 1), Moreover, it’s can be obtained by the classical Bernstein polynomials as 

follows. 

𝐵𝜂
′(𝐹; 𝑥) = 𝐾𝐵𝑛(𝑓; 𝑥) 

Where 𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

0
 and 𝑥 ∈ [0,1]. 

As for the sequence 𝐾𝐵𝑛(𝑓; 𝑥) several modifications where presented. In 1983 J. Nagel study the 

Kantorovich operators in second order[3] and in 2013 N.I. Mahmudov, P. Sabancigil defined the 

following polynomial[4]. 

𝐵𝑛,𝑞(𝑓; 𝑥) = ∑𝑝𝑛,𝑘(𝑞; 𝑥)∫ 𝑓 (
[𝑘] + 𝑞𝑘𝑡

[𝑘 + 1]
) 𝑑𝑞𝑡,

1

0

𝑛

𝑘=0

 

Also M. Mursaleen, F. Khan, A. Khan, A.Kiliçman us Erkuş-Srivastava multivariable polynomials  

to contract a new generalized Kantorovich-type operators[5] and in 2016 Ç. Atakut , İ. 

Büyükyazıcı introduced the following operators[6]. 

𝐿𝑛
𝛼𝑛,𝛽𝑛(𝑓; 𝑥) =

𝐵𝑛
𝐴(1)𝐵(𝛼𝑛𝑥)

∑ 𝑝𝑘(𝛼𝑛𝑥)∫ 𝑓(𝑡)𝑑𝑡,

𝑘+1
𝛽𝑛

𝑘
𝛽𝑛

∞

𝑘=0
 

  In 2018 A.M. Acu, N. Manav, D.F. Sofonea defined and studied the following generalization.  
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𝐾𝑛,𝜆(𝑓; 𝑥) = (𝑛 + 1)∑𝑏𝑛,𝑘(𝑥)∫ 𝑓(𝑡)𝑑𝑡,

𝑘+1
𝑛+1

𝑘
𝑛+1

𝑛

𝑘=0

 

 Several researcher study other operators [8,9,10,11] .in this study our goal is improve the quality 

of approximation of  (2)   by introducing a modification based on a parameter 𝑟 ∈ 𝑁𝑜 , 𝑓 ∈ 𝐶𝜌[0,1] 

and 𝑥 ∈ [0,1] Defined as, 

𝐾𝐵𝑛,𝑟(𝑓; 𝑥) = 𝜂∑𝑏𝑛,𝑘(𝑥)∫ 𝑓(𝑥 + (𝑡 − 𝑥)𝑟)𝑑𝑡            (3)

𝑘+1
𝜂

𝑘
𝜂

𝑛

𝑘=0

 

Where and 𝐶𝜌[0,1] = {𝑓 ∈ 𝐶[0,1], |𝑓| ≤ 𝑀|𝑡|
𝜌 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0,𝑀 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, 𝑡 ∈ [0,1]}. 

2. Preliminary Results 

Defintion2.1.for 𝑒 ∈ {0,1,2,3,… } the e-th order moment for 𝐾𝐵𝑛(𝑓; 𝑥) defined below [12]. 

𝑆𝑛,𝑒(𝑥) = 𝜂∑𝑏𝑛,𝑘(𝑥)∫ (𝑡 − 𝑥)𝑒𝑑𝑡,                                 

𝑘+1
𝜂

𝑘
𝜂

𝑛

𝑘=0

 

Defintion2.2. if 𝑒 ∈ 𝑁0 then the e-th order moment for 𝐾𝐵𝑛.𝑟(𝑓; 𝑥) defined by. 

𝑊𝑛,𝑒,𝑟(𝑥) = 𝜂∑𝑏𝑛,𝑘(𝑥)∫ (𝑡 − 𝑥)𝑟𝑒𝑑𝑡,                                

𝑘+1
𝜂

𝑘
𝜂

𝑛

𝑘=0

 

Lemma 2.1 for 𝑒 ∈ 𝑁0 the operator 𝐾𝐵𝑛(𝑓; 𝑥) we get the following [13]. 

1-    𝑆𝑛.0(𝑥) = 0, 

2-   𝑆𝑛.1(𝑥) =
1−2𝑥

2(𝑛+1)
, 

3-  𝑆𝑛.2(𝑥) =
𝑛𝑥−𝑥−𝑛𝑥2+𝑥2+

1

3

(𝑛+1)2
, 

Lemma 2.2 for 𝑥 ∈ [0,1] , 𝑒 ∈ 𝑁0and 𝑥 ∈ [0,1], then. 

                                              𝑊𝑛,𝑒,𝑟(𝑥) = 𝑆𝑛,𝑟𝑒(𝑥)                                              (4) 
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Proof. By the definition of 𝑊𝑛,𝑒,𝑟(𝑥) and 𝑆𝑛,𝑟𝑒(𝑥) (4) is holds. 

Lemma 2.3  

For 𝑛 ∈ {1,2,3, … }, 𝑟𝑒 ≥ 1 we have. 

𝑆𝑛,𝑟𝑒+1(𝑥) =
𝑟𝑒 + 1

𝑟𝑒 + 2

(𝑥 − 𝑥2)

𝜂
(𝑆𝑛,𝑟𝑒
′ (𝑥) + 𝑎𝑟𝑆𝑛,𝑟𝑒−1(𝑥)) −

(𝑟𝑒 + 1)𝑥

(𝑟𝑒 + 2)𝜂
𝑆𝑛,𝑟𝑒(𝑥)

+
1

𝑟𝑒 + 2
𝐻𝑟𝑒+1(𝑥)                                     (5)  

Where 𝐻𝑟𝑒+1(𝑥) = ∑ 𝑏𝑛,𝑘(𝑥) (
𝑘+1

𝜂
− 𝑥)

𝑟𝑒+1

.𝑛
𝑘=0  

Moreover 

𝑊𝑛,1,3(𝑥) =
10𝑛𝑥 − 30𝑛𝑥2 + 20𝑛𝑥3 − 4𝑥 + 3𝑥2 − 𝑥3 + 1

4(𝑛 + 1)3
 ,                                                  (6) 

Proof. From Definition 2.1 we have: 

𝑆𝑛,𝑟𝑒(𝑥) = 𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ (𝑡 − 𝑥)𝑟𝑒𝑑𝑡

𝑘+1
𝜂

𝑘
𝜂

 

𝑆𝑛,𝑟𝑒(𝑥) = 𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

[
(𝑡 − 𝑥)𝑟𝑒+1

𝑟𝑒 + 1
]
𝑘
𝜂

𝑘+1
𝜂

 

𝑆𝑛,𝑟𝑒(𝑥) = 𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0
(

 
(
𝑘 + 1
𝜂 − 𝑥)

𝑟𝑒+1

𝑟𝑒 + 1
−
(
𝑘
𝜂 − 𝑥)

𝑟𝑒+1

𝑟𝑒 + 1

)

  

𝑆𝑛,𝑟𝑒(𝑥) =
𝜂

𝑟𝑒 + 1
(∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

(
𝑘 + 1

𝜂
− 𝑥)

𝑟𝑒+1

−∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

(
𝑘

𝜂
− 𝑥)

𝑟𝑒+1

) 

By the definition of 𝑏𝑛,𝑘(𝑥) we get, 
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𝑆𝑛,𝑟𝑒
′ (𝑥) =

𝜂

𝑟𝑒 + 1
(
𝑑

𝑑𝑥
(∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

(
𝑘 + 1

𝜂
− 𝑥)

𝑟𝑒+1

−∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

(
𝑘

𝜂
− 𝑥)

𝑟𝑒+1

)) 

𝑆𝑛,𝑟𝑒
′ (𝑥) =

𝜂

𝑟𝑒 + 1
(∑

(𝑘 − 𝑛𝑥)

𝑥(1 − 𝑥)
𝑏𝑛,𝑘(𝑥) (

𝑘 + 1

𝜂
− 𝑥)

𝑟𝑒+1𝑛

𝑘=0

− (𝑟𝑒 + 1)∑𝑏𝑛,𝑘(𝑥) (
𝑘 + 1

𝜂
− 𝑥)

𝑟𝑒𝑛

𝑘=0

−∑
1

𝑥(1 − 𝑥)
(𝑘 − 𝑛𝑥)𝑏𝑛,𝑘(𝑥) (

𝑘

𝜂
− 𝑥)

𝑟𝑒+1𝑛

𝑘=0

+∑(𝑟𝑒 + 1)𝑏𝑛,𝑘(𝑥) (
𝑘

𝜂
− 𝑥)

𝑟𝑒𝑛

𝑘=0

) 

𝑆𝑛,𝑟𝑒
′ (𝑥) =

𝜂

𝑟𝑒 + 1
(

𝜂

𝑥(1 − 𝑥)
(∑𝑏𝑛,𝑘(𝑥) (

𝑘 + 1

𝜂
− 𝑥)

𝑟𝑒+2𝑛

𝑘=0

+
(𝑥 − 1)

𝜂
∑𝑏𝑛,𝑘(𝑥) (

𝑘 + 1

𝜂
− 𝑥)

𝑟𝑒+1𝑛

𝑘=0

) − (𝑟𝑒 + 1)∑𝑏𝑛,𝑘(𝑥) (
𝑘 + 1

𝜂
− 𝑥)

𝑟𝑒𝑛

𝑘=0

−
𝜂

𝑥(1 − 𝑥)
(∑𝑏𝑛,𝑘(𝑥) (

𝑘

𝜂
− 𝑥)

𝑟𝑒+2

+
𝑥

𝜂
∑𝑏𝑛,𝑘(𝑥) (

𝑘

𝜂
− 𝑥)

𝑟𝑒+1𝑛

𝑘=0

𝑛

𝑘=0

)

+ (𝑟𝑒 + 1)∑𝑏𝑛,𝑘(𝑥) (
𝑘

𝜂
− 𝑥)

𝑟𝑒𝑛

𝑘=0

) 

𝑆𝑛,𝑟𝑒
′ (𝑥) =

𝜂

𝑥(1 − 𝑥)

𝑟𝑒 + 2

𝑟𝑒 + 1
𝑆𝑛,𝑟𝑒+1(𝑥) +

1

(1 − 𝑥)
𝑆𝑛,𝑟𝑒(𝑥) − 𝑟𝑒𝑆𝑛,𝑟𝑒−1(𝑥)

−
𝜂

(𝑟𝑒 + 1)𝑥(1 − 𝑥)
𝐻𝑟𝑒+1(𝑥) 

from the formula above (5) can be easily be obtained. Also, by using Lemmas 2.1 and 2.2 with 

(4) we get (6). 

3.Main result  

Theorem 3.1 (Korovkin type theorem)  

For 𝑓 ∈ 𝐶𝜌[0,1], 𝑥 ∈ [0,1], we have. 

(1)   𝐾𝐵𝑛,𝑟(1; 𝑥) = 𝛼𝑛(𝑥) + 1 
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(2)   𝐾𝐵𝑛,𝑟(𝑡; 𝑥) = 𝛽𝑛(𝑥) + 𝑥 

(3)   𝐾𝐵𝑛,𝑟(𝑡
2; 𝑥) = 𝛾𝑛(𝑥) + 𝑥

2 

Where 𝛼𝑛(𝑥), 𝛽𝑛(𝑥) and 𝛾𝑛(𝑥) goes to zero as 𝑛 → ∞. 

Proof. By direct computation 

𝐾𝐵𝑛,𝑟(1; 𝑥) = 𝜂 ∑ 𝑏𝑛,𝑘(𝑥) ∫ 𝑑𝑡

𝑘+1

𝜂

𝑘

𝜂

𝑛
𝑘=0        = 1 

Next, 

𝐾𝐵𝑛,𝑟(𝑡; 𝑥) = 𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ (𝑥 + (𝑡 − 𝑥)𝑟)𝑑𝑡

𝑘+1
𝜂

𝑘
𝜂

 

                      = 𝜂

(

 
 
𝑥∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ 𝑑𝑡 +∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ (𝑡 − 𝑥)𝑟𝑑𝑡

𝑘+1
𝜂

𝑘
𝜂

𝑘+1
𝜂

𝑘
𝜂 )

 
 

 

𝐾𝐵𝑛,𝑟(𝑡; 𝑥) = 𝑥 + 𝑆𝑛,𝑟(𝑥) 

Were, 

 lim
𝑛→∞

𝑆𝑛,𝑟(𝑥) = 0 

By the same above method (3) is holds. 

Theorem 3.2  

Let 𝑓 ∈ 𝐶𝜌[0,1] and 𝜌 > 0. If 𝑓′′(𝑥) exists and continuous on 𝑥 ∈ (0,1),then; 

lim
𝑛→∞

𝑛2 (𝐾𝐵𝑛,3(𝑓(𝑡); 𝑥) − 𝑓(𝑥)) = (
10𝑥 − 30𝑥2 + 20𝑥3

4
)𝑓′(𝑥).         (7) 

Proof. The Taylor’s expunction of 𝑓(𝑡) about 𝑥 is  
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𝑓(𝑡) =∑
𝑓(𝑖)(𝑥)

𝑖!
(𝑡 − 𝑥)𝑖 +

2

𝑖=0

(𝑡 − 𝑥)2𝜀(𝑡, 𝑥), 

Where 𝜀(𝑡, 𝑥) → 0 as 𝑡 → 𝑥. 

Then, 

𝐾𝐵𝑛,𝑟(𝑓(𝑡); 𝑥) = 𝑓(𝑥)𝐾𝐵𝑛,𝑟(1; 𝑥) + 𝑓
(1)(𝑥)𝐾𝐵𝑛,𝑟((𝑡 − 𝑥); 𝑥) +

𝑓(2)(𝑥)

2!
𝐾𝐵𝑛,𝑟((𝑡 − 𝑥)

2; 𝑥)

+ 𝐾𝐵𝑛,𝑟((𝑡 − 𝑥)
2𝜀(𝑡, 𝑥); 𝑥), 

taking 𝑟 = 3 

𝐾𝐵𝑛,3(𝑓(𝑡); 𝑥)   

= 𝑓(𝑥)𝐾𝐵𝑛,3(1; 𝑥) + 𝑓
′(𝑥)𝐾𝐵𝑛,3((𝑡 − 𝑥); 𝑥) +

𝑓′′(𝑥)

2!
𝐾𝐵𝑛,3((𝑡 − 𝑥)

2; 𝑥)

+ 𝐾𝐵𝑛,3((𝑡 − 𝑥)
2𝜀(𝑡, 𝑥); 𝑥), 

By lemmas 2.1 and 2.2 and relation (5),we get. 

𝐾𝐵𝑛,3(𝑓(𝑡); 𝑥) − 𝑓(𝑥)

= 𝑓′(𝑥) (
10𝑛𝑥 − 30𝑛𝑥2 + 20𝑛𝑥3 − 4𝑥 + 3𝑥2 − 𝑥3 + 1

4(𝑛 + 1)3
) +

𝑓′′(𝑥)

2!
𝑆𝑛,6(𝑥)

+ 𝐾𝐵𝑛,3((𝑡 − 𝑥)
2𝜀(𝑡, 𝑥); 𝑥) 

lim
𝑛→∞

𝑛2(𝐾𝐵𝑛,3(𝑓(𝑡); 𝑥) − 𝑓(𝑥))

= lim
𝑛→∞

𝑓′(𝑥) (
10𝑛3𝑥 − 30𝑛3𝑥2 + 20𝑛3𝑥3 − 4𝑛2𝑥 + 3𝑛2𝑥2 − 𝑛2𝑥3 + 𝑛2

4𝑛3 + 12𝑛2 + 12𝑛 + 4
)

+
𝑓′′(𝑥)

2!
lim 𝑛2
𝑛→∞

𝑇𝑛,6(𝑥) + lim
𝑛→∞

𝑛2𝐾𝐵𝑛,3((𝑡 − 𝑥)
2𝜀(𝑡, 𝑥); 𝑥) 

lim
𝑛→∞

𝑛2(𝐾𝑛(𝑓(𝑡); 𝑥) − 𝑓(𝑥))

= 𝑓′(𝑥) (
10𝑥 − 30𝑥2 + 20𝑥3

4
) + lim 𝑛2

𝑛→∞
𝐾𝐵𝑛,3((𝑡 − 𝑥)

2𝜀(𝑡, 𝑥); 𝑥) 

We take the terms 𝑇 = 𝑛2𝐾𝐵𝑛,3((𝑡 − 𝑥)
2𝜀(𝑡, 𝑥); 𝑥).then 
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|𝑇| = 𝑛2𝐾𝐵𝑛,3(|(𝑡 − 𝑥)
2𝜀(𝑡, 𝑥)|; 𝑥) 

|𝑇| ≤ 𝑛2 (𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ |(𝑡 − 𝑥)6𝜀(𝑡, 𝑥)|𝑑𝑡

|𝑡−𝑥|<𝛿

+ 𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ |(𝑡 − 𝑥)6𝜀(𝑡, 𝑥)|𝑑𝑡

|𝑡−𝑥|≥𝛿

) 

Now, for 𝜖 > 0 there is 𝛿 > 0 such that if |𝑡 − 𝑥| < 𝛿 → |𝜀(𝑡, 𝑥)| < 𝜖  and if |𝑡 − 𝑥| ≥ 𝛿 →

|𝜀(𝑡, 𝑥)(𝑡 − 𝑥)6| ≤ 𝑍|𝑡 − 𝑥|𝜌 then. 

𝑛2|𝑇| ≤ 𝜖𝑛2𝑆𝑛,6(𝑥) + 𝑛
2𝑀𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ |𝑡 − 𝑥|𝜌𝑑𝑡

|𝑡−𝑥|≥𝛿

 

             = 𝜖𝑂(𝑛−1) + 𝑛2𝑀𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ |𝑡 − 𝑥|𝜌𝑑𝑡

|𝑡−𝑥|≥𝛿

 

Take 

𝑄 = 𝑛2𝑍𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ |𝑡 − 𝑥|𝜌𝑑𝑡

|𝑡−𝑥|≥𝛿

 

By Schwarz inequality,  

𝑄 ≤ 𝑛2

(

 
 
𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ 𝑑𝑡

𝑘+1
𝐶

𝑘
𝐶 )

 
 

1
2

(

 
 
𝑀2𝜂∑𝑏𝑛,𝑘(𝑥)

𝑛

𝑘=0

∫ (𝑡 − 𝑥)2𝜌𝑑𝑡

𝑘+1
𝐶

𝑘
𝐶 )

 
 

1
2

 

𝑄 = 𝑀𝑛2(𝑂(𝑛−𝜌))
1
2 ≤ 𝑂(𝑛−𝜇), 𝜇 > 0 

Then  

lim
𝑛→∞

𝑛2𝐾𝐵𝑛,3((𝑡 − 𝑥)
2𝜀(𝑡, 𝑥); 𝑥) → 0  

And 3.1 is obtained. 
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   4.Numerical example  

in this part we gave two function to compare the approximation of this functions between 

𝐾𝐵𝑛(𝑓; 𝑥) and 𝐾𝐵𝑛,3(𝑓; 𝑥). 

Example 4.1 

Let 𝑓(𝑥) = sin 25𝑥 then in Fig.1, we have the convergence of 𝐾𝐵𝑛(sin(25𝑥) ; 𝑥) to sin 25𝑥 on 

the right and convergence of 𝐾𝐵𝑛,3(sin(25𝑥) ; 𝑥) to sin 25𝑥 on the left in different value of 𝑛 on 

the left.    

 

Figure1: The convergence of 𝐾𝐵𝑛 to the test function and the convergence of 𝐾𝐵𝑛,3to the same 

function. 

 

Example 4.2  

Let 𝑓(𝑥) = 3 cos 3𝜋𝑥 then in Fig.2, we have the convergence of 𝐾𝐵𝑛(3 cos 3𝜋𝑥 ; 𝑥) to 3 cos 3𝜋𝑥 

on the right and convergence of 𝐾𝐵𝑛,3(3 cos 3𝜋𝑥 ; 𝑥) to 3 cos 3𝜋𝑥 on the left in different value of 

𝑛 on the left.  
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Figure 2: The convergence of 𝐾𝐵𝑛 to the test function and the convergence of 𝐾𝐵𝑛,3to the same 

function. 

5. Conclusion 

In study interdicted a new modification of Bernstein-Kantorovich operators. some main theorems 

were discussed then we highlighted some numerical data to conclude that the level of accuracy of 

the new modification is improved then the original operator. 
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 كونتروفج -برنستين التقريب بواسطة مؤثر معدل من نوع 

حسن  مصطفى كامل شهاب، وامل خليل  

 قسم الرياضيات، كلية العلوم، جامعة البصرة

 المستخلص 

معامل أولا عثبت المبرهنة من عوع  عنروفج بالاعنماد على  اك-برعشةةةناينفي هذا الدراسةةةة المةدمة سةةةو  عةدم جعميم جديد لم  ر  

مثبنين ان رجبةة النةةارب قةد الني جخص الم  ر الجةديةد عنةد الةةالةة الخةا ةةةةة    فروعفسةةةةكيةا م ععطي المبرهنةة من عوع    كوروفكن

من الم  ر الأ ةلي في النهاية بعد الرسةومات النةريبية سةو  جعطى    أفضةليجعل النةريب بواسةطة الم  ر الجديد   مماجةسةنت  

 لندعيم هذا الدراسة. 
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