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ABSTRACT: A new class of higher derivatives for harmonic univalent functions defined by a generalized fractional
integral operator inside an open unitdisk E = {& € C: |&| < 1} is the aim of this paper. The method for proving these
theorems, which are used to derive new findings on this topic, is based on Lemma 1.1, which is stated in this study.
Some of its geometric characteristics such as the Hadmared product, convex combination, and distortion bounds, were
obtained using the recent finding of coefficient bounds for the new class. The originality of attempting to create a new
class of harmonic functions, this work expands on the body of information currently accessible on the convolution of
univalent analytic function and fractional integral operator for generate new class of harmonic functions.
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1. INTRODUCTION

Let A represent the class of analytic functions £, normalized by £(0) = £'(0) — 1 = 0 inthe open unitdisk E =
{& € C: €| < 1}. As a result, functions in the class A have the form L(&) =&+ Y-, a,, £¥ . Let S be a subclass of
A which possesses univalent functions in [E. Dalia and et al. [1] introduced the generalized fractional integral operator
in complex domain, which defined as

o O (Tt By + DT M)
lep L) =§+ Zz < u(DT(an+ B +y +2) ) ad

(a,B € C,Re(a) > 0,Re(B) > 0, u = {u(0), u(1), .., uM}Lu() eCVj=0,..,n,t#0,mE Z)

Applying this operator to complex valued harmonic functions £ = y + 1), some of their geometric characteristic is
investigated. Here, y is referred as the analytic portion and i as the co-analytic portion of £. Consider Ty, the class of
complex valued harmonic mapping £ = h + g, which is defined in E and normalized by y(0) = ¥(0) = x'(0) —1 = 0.
these mappings are represented by the power series as follows:

L&) =&+ i a, & + i b, &% (1.1)

The fact that |y’ (§)] > [y’ ()| for every & € E is a necessary and sufficient condition for £ € Ty, to be locally
univalent and sense-preserving in [E(see [2]). In 1984, Clunie and Sheil-Small defined analogue classes and investigated
harmonic mappings as a generalization of analytic functions (see [3]). As a generalization of the class S, they defined the
class Sy of univalent and sense-preserving harmonic mappings and investigated the geometric characteristics of Sy
including its subclasses. Extensive studies have been conducted in this field since the publication of Clunie and Sheil-
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Small’s paper. Using several operators, authors have defined a lot subclasses for Sy ; , see ([4,5,6,7,8,9,10]) and
references within.

This study defines a new class T*(u, 7, q, @, 8, y) of Ty that consists of harmonic functions £ = y + v of the forms
(1.1) that satisfyg > 1and 0 <A < 1,

14289 (I;jgy,c(gf))q+1 + (1 — a)Eatt (15 ;VL(f))q+2

Re . pr =2 (1.2)
1+ ¢4 (Ia ML({))
we therefore have
1% L) = 148 X(©) + 10 $(©)
Let T, represent the subclass of Ty, that includes functions of the kind £,, = y + ,,, Where
O =§= D 1ale Y@ == ) bl (13)
w=2 w=1

l

and consider the subclass of T, whose functions meet condition (1.2) to be T*(u, 7, q, @, 8, ¥). For harmonic functions
L = y + 1 provided by (1.1), a sufficient condition in the next sections is derived that they must be in T*(u, 7, q, @, 8, 7).
It is then demonstrated that this condition is also required for the functions in the class W(/x, 1,q,a,f,y). For the

functions in the class W(u, 1,q,a,8,y), Hadmared product, convex combination, and distortion bounds are studied.
The following lemma was used as the way to establish our finding:

Lemma(1.1)[11]: Let A = 0,then Re(V) > a ifand only if |V — (1 + A)| < [V + (1 — A)|, where V be any complex
number.

2. COEFFICIENT BOUNDS
A sufficient coefficient condition for the function in T*(u, 7, q, a, B, y) is where we start

Theorem(2.1): Fora,B € C,Re(a) > 0,Re(B) > 0,u(j) ECVj=0,...,n,t#0,meZqg=1land0 <A< 1,let
L(&) = x(&) + (&) beafunction where y(&) and (&) were define as in equation (1.1) and satisfy

i l 1 1-2) . -
w! (W—q—Z)'+(W =) Crmakl

w=

=2 . -
+Z ((W q_z).+(W_q_1)!)D Cowb, " 1<1-2 (21

where, D¥(T,7,u) = (F(Zaflf(’;ji;i;";;v)) , then £(&) is harmonic, univalent and sense-preserving in E.

Proof: it was started to prove that £(¢) is harmonic and univalent in E, let &,,&, € E for || < |&,| < 1. Ifitis given
that &, # &,, therefore
|13($1)—£($z) _ [¥pGD-v&2)] _
xC@)-x@ED1 — x(€1)-x(&2)

1 a-2
5o (w2 ), |
w=1 (1-2) Pw

1 (1-2)
e e i)
—Zw=2 -2 lawl

L is a univalent function in E as a result.
Take note of how L is sense-preserving in E . This is due to

Too=1lbwl(E =EY)

_ _ Zlo'vo=1W|bW| >
(§1-82)-Tro=alawl(§Y -

1_23\?:2 wlaw|l —

1-—

’ o w—1 0 0 ((W 111 2)! (W(lq;t)l) )DW(F'T'H)
@O 2 1= E3,wla, € > 1 -0 ,wla,| 2 1- 55, = a|
(e M e L
> Yoy — R bl = Ep-i wiby| 2 Z5-; wiby Izl 2 [ ).

It demonstrates that if equation (2.1) holds by using the condition of equation (1.2), then
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L (1,@0) " e (1, £0) A®
Re a1 leRe(Wg))Zl
1+ ¢4 (15; y/:(.f))
Lemma(1. 1) suffices to demonstrate that

[A) — A+ DB - 1A+ (A -DBE) <0
It constructs for A(¢) and B(¢) in

4@ -+ DB@I = [1+ g0 (12,£0)" + g1 (125 £©)" — @+ (1460 (125,00)")|

a,By
- 1 2 B

— ' 1 2 . g
+ W'((W q—2)'_(w—q—1)!)D (.7 10by ¢

w=1

- A

S“ZW'((W = (W_q_1)!)Dw(r,r,u)awlflw‘q

o 1 2
£ wl ((W TR T 1)!>DW(F,T,,u)bW|$|W‘q 2.2)

Now, A(¢) and B (&) are compensate for in |A(§) + (1 — a)B(§)], then
|A(§) + (1 — b)B(S)I

1+ Z w ((W R ; — 2)!> DY (T, 7, 1)y, €%~

w=2

(o] 1 N
+WZ=1W'((W q—1)| w—q-— 2)')D (T, 7, )b, W1
o A)<1+Z(W P ”Zﬁ” (T, 7, Wb, £~ ‘I>
w=2

2 — l+z (( —q—l)' (W—;_z)!)DW(F'T'#)awfw_q
+ Z ((w q-— 1)1 (W _ ; — 2)!) DY (T,t,u)b,, EW=4

-1 1

> - - w w—q

>@2-2) Zz .((W R sV 751) D (T T a6
i (= 24 ! — ) DY by 6] 23
w=

Then compensation is made for equation (2 2) and (2.3), resulting in

14(6) — (@ + b)B(D)] —14() + (1 — b)B(E)

1 1 )
=/1+VZ:2W!<(W q—Z)I_(W q—1)!>D T, 7, Wa,|E[w1

A p—
+Zw'((w q—2)! (W—q—l)!)D (T, 7, b, |E[W~7 — (2 = 2)

oo 2 /‘l 1 _
+szzw'(<w q—l)!+(w—q—2)!>D (T a1~

) L w S|w—q
+ZW'((W q—1)| (W—q—z)!>D (F,r,/,t)bw|f|

w=1
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1-2 w
=—2(1—A)+ZZW' <(w q—2)'+(w—q—1)!)D T, wWa,

= 1 1-2
+ZZW!((w—q—Z)!+(w(—q—)l)!>Dw(F'T'H)bW <0

w=1

| 1 N C))
w: w—-q-2) (w—gq-1)

[oe]

)DW(F, T,10)a,, +

S (! A= ).
w—g—i Tw—qg-ny) " Eomby s =4

w=1
is obtained and completes the proof of Theorem(2.1).
The function is harmonic univalent
o (1-1)
L(f) =&+ Zw=2 |( 1 €S )DW(F,T,y) XWEW +

Ww=g=21 w=g-11

(1-4) v Ew
_ Y, W
ZW_lW{m*%)DW(FW wt
In the case when Y.°_,|X,, (I -|:DZW 1Y | = 1, the coefficient bound(de:)ined by (2.1) should be true
w!(; 1—)DW(F,T,;1) w!(;+l;)DW(F,T,u)
0 (w—q—-2)!" (w—q—-1)! o) (w—q-2)!" (w—q—1)! <
Because Y.;;-, ) lay| J:Z;), 1 78 |by| <1
1 1
Yo a-a % W!((w—q—Z)' w-q- 1)')DW(F'T~“)| |
Y )P ) a-2) N
1 (1-2) w
oo (1-4) W!((w_ —2)! (W 1)|)D (Tr,u) Cwo o
ZW:l ’( 1 + (1-2) )DW(F )X 1 (1- Z) |YW|_ZW=2|XW| +Zw:1|Yw| =1lm
w: (w—q-2)!" (w—q-1)! TR

(2.4)

Here, it must be demonstrated that the function £,, = x + 1, must also satisfy the condition of (2.1), where y

and y,, are define by (1.3).

Theorem(2.2): Let £,, = x + §,, is provided by (1.3), £,, € T*(u,7,q, a,B,y) if and only if the coefficient in

condition (2.1) is true.

Proof: The “only if “part of the theorem is to be proven since ﬁ(y, 1,q9,a,B,7y) © T’l(u, 7,q,a,8,7).
Consequently,

L4 (1,£@)" g (12, 00) "

Re 1+ g0 (1 ;yﬁ(f)>q+l

is obtained by(1.2) or equally
o 1 1 w we
1_ZWZZW!<(W—C[—1)!+(W—q—2)!>D (FrT;H)awf a—

w - ; = 2)!) DY (T, 7, 1)b,, £¥~1

. 1
L (=g = *

w! w-q _ w! W
e —l( —2w- sz T man” ™1 = X0- "w =g =DI ,q ) DY (T, 7, )by, & q) .
w: w- w: w— -
1-X0- ZWD (T,7,wa,sv 1 -5 1WD (T, 7, by, £70
(1 - /1) - Z$=2 w! <(W(i q_f)l)' + (W _ ; _ 2)|) DW(Fl T:M)awfw_q -
(1-2) 1 o
Zw 1 + DW(F,T,H)bW fw a
Re _ ((w g—1!" wW-q— 2)!) _ >0
1-20- 2w —q— D! D¥(T, 7, wa, =1 — - 1WD (T,7,u)by, S(W a

(2.5)

The previously mentioned requirement (2.5) must be met for every values of ¢, |§| = r < 1.when selecting the

values of £on the positive real axis, since 0 < & = r < 1, must be obtained
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(=) = By w! (2 .

W-—q-D! " w-q- z)!) D (T, 7, W, ™ —

¢! 1 w we
L= W <(W q—l)'+(w—q—2)!)D (.7, wby >0 (2.6)
| ] = .
1—Y- z(WWTD (T, Wa,m™—1— 30 1(WWTD (T, 7, Wb, ¥4

It is observed that when r goes to 1; the numerator (2.6) is negative if condition (2.1) is not satisfied. The proof is
complete since contradicts the need for £,, € T*(u,7,q,a,B8,7). ®

3. CONVOLUTION (HADAMARD PRODUCT)

The class T*(u, 7, q, a, B,y) is proved to be closed under convolution in this section
For harmonic functions

Ln(§) =¢ = Th-alayl§” —Zuoalbyle” & Jm(§) =& — ER-alAw 8" — X5-11B, 18"

The convolution of £,,,(¢) and J,,(&) is given by
L * Im) (@) = Ly (§) * Im(§) = § — Ti-alanAyl§Y — Tiv-11by By 18" (3.1)
Theorem(3 1): Let £, () € TV (u,7,9,2,8,¥) and J,,(§) € T* (4,7, 9, @, B, ) then
Loy *Jm € T¥ (0,7,q,0,8,) < T¥ (,7,q,,B,), for 0 </1’ AT <1
Proof: It is intended to demonstrate that the coefficient L, * J,, meets the necessary requirement stated in
Theorem(2.2). For J,,(§) € T (u,7,q,a,B,v), it is noted that |A,,| <1and|B,| <1. Now, for the convolution

function £,,, * J,,,, itis obtained that

1 (1-4)
o omemtmen)?
Zw:Z

(1 ﬂ.”) |aW||AW| +
Wiy s )P (Tz.0)
Ty — el Ibu11B,| <
1 (1-1) 1 (a-1)
g0 WGt g o) lau | + 3 W Gg - )DW(F'W)lb <1
w=2 (1- }'l) w w=1 (1- l’) wl —= +-

giventhat 0 <" < A" <1land L, ($) € W(ﬂ, 7,q,a,8,v). Consequently, L, * J,, € W(u, 1,q,a,B,7)
T¥(w,7,9,a,8,y)-m

4. CONVEX COMBINATION

In this section, W(,u, 7,q,a,B,v) is proved to be closed under convex combination of its member. Let the function
L, (&) be defined, for i =1,2,... by

Ly (§) = & = Ti_z]aw, [§" — Xi=1|bw,[§* (4.1)
Theorem(4.1): Foreachi = 1,2, ..., let the function £, ($), defined by (4.1) belong to the class ﬁ(u, 7,4, B,7),
then the function t;(z) which is defined by t;(§) = Xi2; C; L, (§), 0 < C; < 1, is also in the class T2 (u,7,q,a,B,7),
where ;2. C; = 1.
Proof: The definition of t;(z) allows us to write

ti(z) =z— ZSS:Z(Z?; Ci |aw,i|)ZW - Z$=1(Z§21 G |bw,i|) zv .

Furthermore, for each i = 1,2, ..., since £, (£) are in ﬁ(u, 7,4, a, B,v), therefore

L= w! ((w—;—z)! (w(:—l)w) DY (7, w524 Ci e, |) +

L= w! ((w—;—z)! (w(ix)l)l) DY (L, 7, 1) (Z21 Ci |bw,|) =
@ C (sto:z w! ((W_;_Z)! (w(:f)n!) DY (T, 7, 1)|aw,| + Zio=1 ! ((W_;_z)! + (W(:/_l)l),) DY (T, 7, 1) |by,| ) <

2o GA-H<A-21)
This completes the theorem (4.1) proof. m
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5. DISTORTION BOUNDS

The distortion bounds for functions in ﬁ(u, 7,q,a,,y) are given by the following theorem, which also provides a
covering result for this class.

Theorem(5.1): If £,, =y +,, € T2 (u, 1, q,a,B,v), given by (1.3) and |¢] = r < 1, then

q+1 E
Hu YN
A=0
1 A#1
1- Ibll)r—f a-n- : DY(T,7,1)|by| |12 < |£,(O)]
a-n[Ja-n
A=0
A#1
q+1
1_[(1 A+
A=0
1 A#1
< (1- |bl|)r+T 1-1) - ( . \‘ DY(T, 7, ) |by| |12 (5.1)
- 1a-0
A=0
A#1
Where T = [[T%50(w — A) + ((1 - D%, (w — A)) D%(T, 7, 1)
WA w#A

Proof: The left-hand side of inequality (6.1) will be proved first. Let £,, € T*(u,7,q, a, B,7); then
1L ()] = |& = =zlaw € — X-11by 1EY |

2 (1= 1b.DIS| = Zw=2(law| + |by, Dr*
> (1= 1b:DIE| — Ev=z(law| + by Dr?

%5 w-n)+

w#A
D2 (T,7,1)
- %o w-n)
1-1 © w#A 2
=(1- — >(1- —
(U= by = e S = (la |+ by Dr = (1= by r
wzA
D2(T,7,1t)
(-4, w-1)
wzA
1 (1-1) 1 (-1
2 2w W!((W‘q‘z)’+(W‘q‘1)!)DW(F‘T'#)|a |+W!((w—q—z)!+(w—q—1)!)DW(F'T,#)|b | )r?
M9 w-n)+ w=2 1-2 w 1-2 w
w=A

((1—/1) Mo, w-n)

w#A

) D2(T,7,1)

+1
nita-n+
A#1

D(IT,m)
@-DTG_,a-n
1-1 A#1 2
> — — —
> (1= by Dr = e 1 - Iby] |7
w=A
D2(T,7,1)
a-HM% -, w-4)
w#A
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a—-n+
> (1= by — a-n-|, DA, )|y | r?
|r [T ((1 — DT, - A)>
WH#*. =
A#1

[P2(T,T.1)
l -4, w-4) J
w#A

The right-hand inequality in (5.1) can be readily demonstrated using similar argument. m

6. CONCLUSION

The generalized fractional integral operator on an open unit disk is connected to a new class of harmonic univalent
analytic functions with higher derivatives was created in order to compute coefficient bounds and uses the results to
determine the Hadmared product, convex combination, and distortion bound theorems. In the future, it might be able to
get different conclusions for the same class by using another strategy rather than Lemma 1.1 or by expanding this new
class to the multivalent analytic or meromorphic functions by employing different kind of operators to arrive at new
results.
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