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Abstract:

In this work, we study the cyclicity of the composition operator C¢ induced by an automorphism mapping ¢ on U = { ze | :

\z\ <1 },and give some conditions that are necessary and (or) sufficient for the operator Cg.0C
a

and Olq are the special automorphisim of the unit ball U .

Introduction:

Let H(U) be the set of all holomorphic functions on the
unit ball U of the complex plane . If f belongs to H(U)
then by Taylor theorem one can expand the function f
about the origin as follows

f(z):zf(n)z” (zeU) If the sequence of the
n=0

coefficients {f (n)} is a square - summable sequence,

. 0 | A 2 .

i.e. 5 f(n)‘ < oo, then we say that the function f
n=0

belongs to H?> or

sz{f cH(U): §Of‘(n)2<oo}

space[1],[7].The Littlewood's principle theorem [7]
shows that if ¢ is a self map of U (i.e. ¢(U)cU) that

belongs to H(U),then the composition operator C(p

defined by :
C(pf = fop (f holomorphic on U ) takes the Hardy

H%(U) Therefore
. H? is called the Hardy

space H? into itself . Littlewood's principle also shows
that Cq, is a bounded operator on H

Recall that an operator T on a Hilbert space H is said to
be cyclic if there is a vector x in H ( called a cyclic vector
for T ) whose orbit , orb(T x) = {T "x:n= O,LZ,...} has
dense linear span in H . The operator T is supercyclic if
there is a vector x in H ( called a supercyclic vector for
T) such that the set {A,T"X: Ane | ,n=0,1,...} is dense in
H . It may happen that orbit , orb(T,x) is dense in H , in
this case T is called haypercyclic and x is a hypercyclic
vector [2],[3],[4].

In this work we prove that if peU then Ca and

p
C* are not cyclic operators where C* is the adjoint
“p “p
of C ad 4 (2)= P=Z2  we give some
o p P 1- ﬁZ

conditions that are necessary and (or) sufficient for the
operator to be cyclic . Also we prove that
p C ap© Caq Y p

p

Capocaq is cyclic if and only if Ca oCap is
cyclic .

Notations And Preliminary :

In this section we give some basic definitions and
properties that we shall use in the next section .
Definition (2.1) [7]: A linear fractional transformation is
a mapping ¢ defined on the complex plane | by
az+b where a,b,c,d are complex numbers .

v(2)= cz+d

Remarks (2.2) [6]:

1. A linear fractional transformation ¢ is constant
function if and only if ad-bc =0 .

2. every non constant linear  fractional

transformation is one — to — one and onto transformation.
We consider a linear fractional transformation
o az+b with ad-bc#0 defined on the Riemann
w =

cz+d

sphere C=IU {oo} where (p(w):% and q,(_cd) — 0 -

Notation (2.3) [7]:
1. We denote the set of all linear fractional
transformations is subject to the condition ad — bc = 0 by

Ler(C).

2. Forany g(z) = az+b < LFT(C) , we sometimes
cz+d

denote it by (”A(Z) where A is the non — singular 2x2

complex matrix, A _ a b
c d

Remarks (2.4) [7]:
1. it is easily prove that Pn oPB = Pap where O is

the composition of maps.
2. It is easily to prove that (LFT(C ),0) is a group
where go,&l =0, for all NG LFT(C).

Definition (2.5) [7]: A map ¢e LFT(C) is called

parabolic if it has a single fixed pointin C .

to be cyclic, where & P



Remark (2.6) : If Te LFT(C) is not parabolic, then T

has two fixed points a, f € C . Let Se LFT(C) that
takes o to 0 and B to oo, then the map V=So0ToS?

belongs to LFT(C) and fixes both 0 and oo, so it must
have the form V(z) = Az, A is said to be the multiplier for
T[7].

In the following definition we classify the linear
fractional transformation according to their multipliers .

Definition (2.7) [7] : Suppose that TeLFT(C) is neither
parabolic nor the identity. Let A = 1 be the multiplier of T
. Then T is called :

e Elliptic if ‘,1‘ =

e Hyperbolic if L > 0. and

o Loxodromic if T is neither elliptic nor hyperbolic .

Our interest here is in LFT(U) the subgroup of LFT(C)
consisting of self maps of the unite ball U (i.e. take U
into itself ) .

Proposition (2.8) [7] : If ¢ € LFT(U) is parabolic then ¢
has its fixed point on OU , where OU is the boundary
of U.

Theorem (2.9) [7] : Let @ be a linear fractional self map
of U

1.1f @ is hyperbolic , then it has fixed point in Uwith

the other fixed point outside U, where U is the closed
unit disc.
2.1f @ is loxodromic or elliptic , then it has a fixed point

in U and a fixed point outside U

Definition (2.10)[8]: Let ¢ be a holomorphic self map of
U . If ¢ is one — to — one and onto U then ¢ is said to be a
conformal automorphisim of U or just automorphisim .
Proposition (2.11)[6] : Let ¢ be a linear fractional self
map of U then ¢ is elliptic if and only if ¢ is
automorphisim with interior fixed point in U .

We end this section by the linear fractional

transformation _P=7 | peuU which is called
a,(2) —
1-pz

the special automorphisim of U . One can prove that a,

is automorphism and self inverse (i.e. a,

Y=a, )8l

The following theorem shows that every conformal
automorphism of U is linear fractional self map of U .
Theorem (2.12) [8] : If ¢ is a conformal automorphism of

U then there exists peU and weoU such that
(2) =Wa, (2) forall zeU .

Main Results:

In this section we show that if peU then c and

“p
C* are not cyclic operators where C* is the adjoint
“p “p
of ¢ and we study the cyclicity of where
(04

p ap® aq

(04 P and aq are the special automorphisim of the unit
ball U . Also we give an example of two non cyclic
composition operators C(p and CW which is its

composition C(DCI// is hypercyclic .

We prove the following theorem .
Theorem(3.1) : If p = 0 is interior point (peU) then

a,(2)= _EJF P has interior fixed point
-pz+1
2 2
1-y1-[p|" and exterior fixed point 1+ 1-|p]"
p p
Proof : Put ap(z) =7 that is ~-Z+p — 7 therefore
-pz+1

pz?2 —2z+ p=0. Hence ap have two fixed points

2+W 1+\/? and
W 1—\/1T Since p is interior
1. /1—\p . therefore

.Thus z; is exterior fixed point

1=

point then p\<1<

1+41-|p
= IR

N —J1-1p?
OW We prove , :1 1-|p| -1

=

Letr = \p\ , then O< r < 1 . Suppose that |22| >1, s0
DHV1—r?  then

therefore

that [1—+1—r2|>r. Since

1-V1-r? =‘1—
1-r—~1-r?>0.

This inequality implies that

—-1<r<0, this is
contradict that 0<r<1 .Thus Z, is interior fixed point .
Recall that if ¢ is a holomorphic self map of U that fixes

*
and C(p

(hypercyclic )operators [6] .
From theorem(3.1) we can get easily the following
corollary.

Corollary (3.2): If ap is a special automorphisim of U

a point qeU then Cq) are not supercyclic

(peU) then C and C* are not supercyclic
Ofp ap

(hypercyclic )operators.

Bourdon and Shapiro in [1] prove the following result :



Theorem (3.3): If o is elliptic then C¢ is cyclic if and
only if the argument of A is irrational multiple of ,
where 4 = ¢'(q).q s the interior fixed point of ¢.

We prove the following theorem.

Theorem (3.4) : If peU then C and CZ
(24
p p

are not

cyclic operators .

Proof : Suppose p # 0. Since a, is automorphism [8]

2
and has interior fixed point ﬂzl—\/l—\p\ then ¢ . is

p
p
elliptic(proposition(2.11)) .
Since
) )
, ~1+|p/? -1+ip
iy )= P LA
_pﬂ+ | 1— ,1_“3‘2
- ——|+1
p
then from

theorem (3.3), is not cyclic . We see
Ca
p
in [6, theorem(3.1.5)] that if ¢ is elliptic mapping then
C iscyclicifand only if = is cyclic .Thus ~* is
p Yoy B Ca,

not cyclic operator . A trivial case when p = 0 then

& ,(z) = - z and hence C is not cyclic. Since
p (24
p

(04 P (z) =z then X P is automorphism with fixed point

z=0.Thus ap is also elliptic , so that c* is not

%p

cyclic operator [6, theorem (3.1.5) ] .
Before we give the following theorem we need the
following proposition .

Proposition (3.5) [7]: suppose that w=e'
— 7 <G, < mwandpeU then g is

bo , where

|p| < cos(%oj

2. Parabolic if and only if 0
pl=cof %

1. Elliptic if and only if

3. Hyperbolic if and only if‘ p‘ > 003(90)
2

Theorem (3.6) : If ¢ is automorphism of U then ¢ is

elliptic (parabolic ,hyperbolic ) if and only if q)_l is
elliptic (parabolic ,hyperbolic ).
Proof : Since ¢ is automorphism then from theorem

(2.12) (p(z)zv\/ap(z) where w=eg'% < oU and
peU. From the notation (2.3) we denote ¢(z) by

¢A(Z) where A:(_ wowp
-p 1

-1 _ _1 1)
Pp —goA_l —Wawp =€ Oawp

j , therefore

If o is elliptic then || < cos[‘goj (proposition (3.5)) ,
2
0 0
and hence \wp|=|p| <COS(0] =COS( oj , that
2 2

is (p_1 is elliptic (proposition (3.5)) . By the same way

we can prove the theorem when ¢ is parabolic or
hyperbolic.

Now we give the following corollary .
Corollary (3.7) :Let ¢ be a holomorphic self map of U . If

@ s invertible  then CgD is  cyclic

(hypercyclic,supercyclic )if and only ifC(?,1 is cyclic
(hypercyclic, supercyclic) .

Proof : Since ¢ and (p_l are of the same type
(theorem(3.6)),then C¢, is cyclic
(hypercyclic,supercyclic )if and only if C(;l = C(p -1is

cyclic (hypercyclic, supercyclic) .
Bourdon and Shapiro in [1] proves that if ¢ is a
conformal automorphism of U with no fixed point in the

interior of U ,then qu is hypercyclic operator .

Corollary (3.8) : Let where

p=Wa,

erie,—ﬂ'<9§ﬂ' and pEU prZCOS(ej then
2

-1 .
Cq) and C(p are hypercyclic operators .

Proof : Since ap is automorphism then p=Wa, is

automorphism . If ¢ has fixed point in the interior of U
then ¢ is elliptic( proposition(2.11)) . This is contradict
proposition ( 3.5 ), therefore ¢ is automorphism with no
fixed point in the interior of U, so that C¢ is
hypercyclic operator [1], and by using corollary(3.7) one

can have C (;1 is also hypercyclic operator .

Now we study the cyclicity of

meapmd
co,pocaq

aq are the special automorphisim mapping , a trivial

case when p = q implies Cap oC_. Isnotcyclic since

@p

=1 ,where | is the identity operator.
Ca oC, =C
p p apoap

We prove the following proposition .
Proposition (3.9) : If pl, p2 are interior points of U

such that p,* P, then ap ooy =wa, where

oLt PP with absolute value is equal to one ,
1_b1p2

0 P2 —P1 U

1- p1§2



The matrix of ap and ap are
1 2

[ -1 pl]an d[ -1 pzj respectively, hence the matrix
— — ﬁ 1

of aploapzls
(—1 pll:—l pzlz(l—plpz m;—szJhm
- 1A-p 1 P —P, 1-Pp,
efore

- C—zs pZ_El
v o, L= PiP2)Z+pi-py _—14piPy 1-piPy
PP (P - P)z+1-Pip,  1-Pibs Pi=P2, .4

1-pp

,where W:M’ _ P27 P tis clear

1- PP 1-p1P,
that ‘W‘=1. To prove that peU, we see that

(1_p22j(1_p12j>0 since Py, P, €U, hence

therefore

2 2 2 2
L-[py"=[p,[ +[p[ [P >0
2 this inequality implies that

2 2 2
[P, +p” <L+[p]|p,

IS N (5
1-pp,|  L=pPH-Pip,

Thus

= <

peU.

Now we are ready to prove the following result .
Theorem (3.10) : Letp,q € U, p=qthen O!poaq is
1. elliptic if |g— p|+ Im(pg)< 0

2. parabolic if |q— p|+1m(pg)=0

3. hyperbolic if q—p|+ Im(pq)>0

Proof : From proposition (3.9) , o0y = wab
where \y — —1+ pq,
1-pq
b= Q—E.Let ro= 1- pq:me'g, so that
1-pq
— _mel? . .
W:fr: me " _ _ni20 _ i(20-7)
r me—lﬁ
From proposition (3.5), is elliptic if
C“PO aq
b|< cos(zez‘ ”) that is [ ‘;‘ Pl cos(ef@ =sin(g) -
o) that

9= p| <|risin(6)= Im(r)= Im{l— pg)=~Im(pg)- Thus

a— pj+Im(pg)<0-

By the same way we can prove (2) and (3) .

Corollary (3.11) : Suppose that p, g are interior points of

U,p=q.lIf ‘q_ p‘+ Im(pd)zo then C oC
g @p

is hypercyclic operator .

Proof : Since ap and aq are automorphisms then

apoa is automorphism .
From theorem (3.10) we have a oy is either parabolic

or hyperbolic , therefore ¢ oxg does not have fixed

p
point in  the interior of U . Thus
C. oC =C is hypercyclic [1, theorem
g~ "p apoaq
2.2)].

wihg(zJollowing example we give two non cyclic
composition operators C which is its
(07 (04
p q
is hypercyclic operator .
%q
Example (3.12) : If p, g are two distinct real numbers in
the interval (-1,1) then C and are non cyclic
o C

composition CapOC

q ap
composition  operators  (theorem  (3.4)) , but
C_ oC is hypercyclic operator ( corollary (3.11) ) .
% ap

We recall that if H is a Hilbert space and Ty, T, are two
operators on H , then T4, T, are similar if there is an

invertible operator S such that T, =S *1Tls [7,p.93].

Remark(3.13) [5]:If T, and T, are similar operators then
T is cyclic (supercyclic , hypercyclic ) if and only if T,
is cyclic(supercyclic , hypercyclic ) .
Now, we are in the position that we can give the
following theorem .
Theorem (3.14) : Suppose that p, g are interior fixed
points then is cyclic (supercyclic , hypercyclic
Cq oC
P %
) operator if and only if Cq oC is cyclic
qa %

(supercyclic , hypercyclic ) operator.
Proof :We see that C is invertible operator where

(24

q

_ .Since
ct =C

then
C, oC, oC_ oC_  =cC C C, oC
aq”rap Tag a aqo a, %y
similar

q
and are operators ,  thus
caq oC, P
p
is cyclic (supercyclic
operator if and only if Cy oC is cyclic (supercyclic
(24

p

hypercyclic )

, hypercyclic) operator.
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