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abstract
In this work it is shown that the Steiner system S (2, 4, 13) (the projective plane PG(2, 3) of order three) can be

constructed from the Steiner system S (5, 6, 12), by adding a new point to its twelve points.The third contraction of S
(5, 6, 12) with respect to the same triads defined in (Kakayee, 1990) t, t, t,and t, respectively yields four Steiner
systems S (2, 3, 9) (the affine plane AG(2, 3) of order three), denoted by A't, A2 A% and A“. In order to
construct the same projective plane PG(2, 3) (without any isomorphic forms in case of using Singers theorem)
considered in (Kakayee, 1990), the following procedure was used:-

i- (9) Blocks formed from the union of all blocks of All , A2 , A® and A" that intersect in two points,

Ii- (4) blocks formed from the union of all blocks of A't, A2, A

each with a new point.

Introduction
A triple (t, k, v), where v is a set of points of size v, k is a

collection of all [V]/(kj subsets of v of size k called
t t

blocks and an incidence relation between the points and
blocks such that each subset of distinct points of size t
contained in a unique block, is called a Steiner system
and denoted by S (t, k, v) (Jonsson, 1972).

Steiner systems S (2, 3, 9), S (2, 4, 13) and S (5, 6, 12)
are existing and unique up to isomorphism (Linder and
Rosa, 1980), (Witt, 1938) and (Barrau, 1908). The first
and the second systems were constructed each from
another geometrically (Hughes and Piper 1973). The
third one was constructed geometrically by extending the
first system three times (LUneburg, 1968), conversely,
the first system can be constructed from the third one by
contraction (Gross, 1974). The aim of the present paper
is to continue an investigation begun by (Kakayee,
1990), who shows that the system S(5,6,12) on twelve
points can be construct geometrically by deleting a point
of the system S(2,4,13) on thirteen points, to construct
exactly the same system S(2,4,13) considered in the
previous research fro the system S(5,6,12) , that is a work
converse to that done by (Kakayee, 1990).

Definitions And Notations

The definitions and notations given below are useful for
the construction of the system.

A triple (t, k, v), where v is a set of points, k is a set of
lines and t is an incidence relation between points and
lines such that:

1- Each two distinct points determine one line,

2- each two distinct lines intersect in one point,

3- there are four points no three of them are collinear.

Is called a projective plane PG(2, n) of order N, where

N> 2is a positive integer. A projective plan contains

n+n+1 points and n?+n+1 lines, any line

% and A" that intersect in three points

contains N+1 points and each point lies on N+ 1lines
(Hughes and Piper 1973).

A triple (t, k, v), where v, k, t are as indicated above
satisfying the following conditions:

1- Each two distinct points determine one line,

2- let | be any line and P be any point, p & | then

there is one line M suchthat pem and |/ m,

3- there are three non-collinear points.

Is called an affine plane AG(2, n) (Hughes and Piper
1973). Deleting any line of PG(2, n)and all its points
gives an AG(2, n)of the same order, therefore an affine

plane contains n? points and n®+n lines, any line
contains N points, each point lies on N+1 lines and
there are N+1 parallel classes in the affine plane and
each parallel class has N lines (Hughes and Piper 1973).
Conversely, adding a new point to all the lines of each
parallel class and a line incident with all these points
gives a ptojective plane, this is known as Singers
theorem (Linder and Rosa, 1980).

- PG(2,n)is S(2,n+1,n* + n+1)(Jonsson, 1972),

- AG(2,n)is S(2,n,n?) (Jénsson, 1972),

-an i —th contraction of a Steiner system S(t, k, v) with

respect to | —Set of points, 0<i<t is the Steiner
system S(t—i,k—i,v—i)derived by deleting the
I —set of points and all the blocks that do not
containing them, note that whenever a Steiner system
S(t, Kk, V) exists then ) does its
(t—2)—nd contraction S(2,k —t+2,v—t+2)
(Gross, 1974) and (Linder and Rosa, 1980).Finally, the
reader is referred to the original research (Kakayee,
1990), for different properties of the different Steiner
systems.
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Construction Of S (2, 4, 13)

In this part, the Steiner system S (2, 4, 13) is constructed
from four affine planes S (2, 3, 9) which can immediately
be derived from the Steiner system S(5, 6, 12) by
contraction. Considering the list of all blocks of S (5, 6,
12) as obtained in (Kakayee, 1990), and the triads
t,={L23 t,={456} t,={7,89 and
t, ={10, 11, 12} as defined in (Kakayee, 1990). On the
third contraction of S(5, 6, 12) with respect to the triads
each at a time, we will be left with four Steiner systems
S(2, 3, 9), each on nine distinct points, each with twelve
blocks and all together have twelve distinct points as
below:

A tq At 2 A ts At 4

4 7 10 1 7 101 4 10 |1 4 7
4 911 |18 111 5 11 |1 5 8
4 812 |1 9 121 6 12 |1 6 9
5 910 |2 9 10]2 5 10 |2 6 7
5 811 |2 7 1|2 6 11 |2 4 8
5 712 |2 8 12|12 4 12 |2 5 9
6 810 |3 8 103 6 10 |3 5 7
6 711 |3 9 11|3 4 11 |3 6 8
6 912 |3 7 12|3 5 12 |3 4 9
4 5 6 1 2 3|1 2 3 1 2 3
7 8 9 7 8 914 5 6 4 5 6
10 11 12 1011 12 )10 11 12 |7 8 9

where, A't, A? A%and A" refers to the contracted
systems S(2, 3, 9).

Construction Of The Blocks Of S(2, 4, 13)

In this part, the blocks of S(2, 4, 13) are constructed from
the twelve points of the four affine planes
A'l, A? ASand A" plus a new point (13) say, which
is already deleted in (Kakayee, 1990), i.e. the thirteen
points required for the construction of our Steiner system
S(2, 4,13)

The deduction of a projective plane [S(2, 4, 13)] from an
affine plane [S(2, 3, 9)] of the same order follows the
traditional treatment (Singers theorem), if it is applied on
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any of the affine planes A't, A2, A® or A" using
the suitable triads t, t,, t;,0r t, each with the new

point (13), four isomorphic Steiner systems S(2, 4, 13)
will be obtained, but not necessary to be the same system
from which we begun from in (Kakayee, 1990), so, to
avoid the isomorphic forms the procedure given below
which depends on the intersection relation among all the

blocks of A'l, A2, A% and A“ is to be used.

Obviously, the blocks of these affine planes intersect in
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the blocks of A't, A2 A% and A"that intersect
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1 4 7 10|12 5 9 10

3 6 8 10

3 49 1115 8 11 |2 6 7 11

2 4 8 123 5 7 121 6 9 12
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blocks of A'l,A2? A% and A“that intersect

exactly in three points (the triads) each of which with the
new point (13), they are:

4 5 6 13
7 8 9 13
10 11 12 13
1 2 3 13
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