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abstract 
In this work it is shown that the Steiner system S (2, 4, 13) (the projective plane )3,2(PG  of order three) can be 

constructed from the Steiner system S (5, 6, 12), by adding a new point to its twelve points.The third contraction of S 

(5, 6, 12) with respect to the same triads defined in (Kakayee, 1990) 
43,2,1 tandttt  respectively yields four Steiner 

systems S (2, 3, 9) (the affine plane )3,2(AG  of order three), denoted by 4321 ,,
tttt

AandAAA .  In order to 

construct the same projective plane )3,2(PG  (without any isomorphic forms in case of using Singers theorem) 

considered in (Kakayee, 1990), the following procedure was used:- 

i- (9) Blocks formed from the union of all blocks of 4321 ,,
tttt

AandAAA that intersect in two points, 

ii- (4) blocks formed from the union of all blocks of 4321 ,,
tttt

AandAAA that intersect in three points 

each with a new point.    
 

Introduction
A triple (t, k, v), where v is a set of points of size v, k is a 

collection of all 
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v
 subsets of v of size k called 

blocks and an incidence relation between the points and 

blocks such that each subset of distinct points of size t 

contained in a unique block, is called a Steiner system 

and denoted by S (t, k, v) (Jónsson, 1972). 

Steiner systems S (2, 3, 9), S (2, 4, 13) and S (5, 6, 12) 

are existing and unique up to isomorphism (Linder and 

Rosa, 1980), (Witt, 1938) and (Barrau, 1908). The first 

and the second systems were constructed each from 

another geometrically (Hughes and Piper 1973). The 

third one was constructed geometrically by extending the 

first system three times (Lüneburg, 1968), conversely, 

the first system can be constructed from the third one by 

contraction (Gross, 1974). The aim of the present paper 

is to continue an investigation begun by (Kakayee, 

1990), who shows that the system S(5,6,12) on twelve 

points can be construct geometrically by deleting a point 

of the system S(2,4,13) on thirteen points, to construct 

exactly the same system S(2,4,13) considered in the 

previous research fro the system S(5,6,12) , that is a work 

converse to that done by (Kakayee, 1990). 
 

Definitions And Notations 
The definitions and notations given below are useful for 

the construction of the system. 

A triple (t, k, v), where v is a set of points, k is a set of 

lines and t is an incidence relation between points and 

lines such that: 

1- Each two distinct points determine one line, 

2- each two distinct lines intersect in one point, 

3- there are four points no three of them are collinear. 

Is called a projective plane ),2( nPG of order n , where 

2n is a positive integer. A projective plan contains 

12  nn  points and  12  nn  lines, any line 

contains 1n  points and each point lies on 1n lines 

(Hughes and Piper 1973). 

A triple (t, k, v), where v, k, t are as indicated above 

satisfying the following conditions: 

1- Each two distinct points determine one line, 

2- let l  be any line and p  be any point, lp then 

there is one line m  such that mp  and  ml // , 

3- there are three non-collinear points. 

Is called an affine plane ),2( nAG  (Hughes and Piper 

1973). Deleting any line of ),2( nPG and all its points 

gives an ),2( nAG of the same order, therefore an affine 

plane contains 
2n  points and nn 2

 lines, any line 

contains n  points, each point lies on 1n  lines and 

there are 1n  parallel classes in the affine plane and 

each parallel class has n  lines (Hughes and Piper 1973). 

Conversely, adding a new point to all the lines of each 

parallel class and a line incident with all these points 

gives a ptojective plane, this is known as Singers 

theorem (Linder and Rosa, 1980). 

- )1,1,2(),2( 2  nnnSisnPG (Jónsson, 1972), 

- ),,2(),2( 2nnSisnAG (Jónsson, 1972), 

- an thi   contraction of a Steiner system ),,( vktS with 

respect to seti   of points, ti 0  is the Steiner 

system ),,( ivikitS  derived by deleting the 

seti  of points and all the blocks that do not 

containing them, note that whenever a Steiner system 

),,( vktS exists then so does its 

)2,2,2()2(  tvtkSncontractiondt   

(Gross, 1974) and (Linder and Rosa, 1980).Finally, the 

reader is referred to the original research (Kakayee, 

1990), for different properties of the different Steiner 

systems. 
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Construction Of S (2, 4, 13) 
In this part, the Steiner system S (2, 4, 13) is constructed 

from four affine planes S (2, 3, 9) which can immediately 

be derived from the Steiner system S(5, 6, 12) by 

contraction. Considering the list of all blocks of S (5, 6, 

12) as obtained in (Kakayee, 1990), and the triads 

}3,2,1{1 t , }6,5,4{2 t , }9,8,7{3 t  and  

}12,11,10{4 t  as defined in (Kakayee, 1990). On the 

third contraction of S(5, 6, 12) with respect to the triads 

each at a time, we will be left with four Steiner systems 

S(2, 3, 9), each on nine distinct points, each with twelve 

blocks and all together have twelve distinct points as 

below: 
    

1t
A  

2t
A  3t

A  4t
A  

4   7   10 1     7     10 1    4     10 1     4     7 

4      9   11   1    8      11 1      5    11 1       5    8 

4      8   12 1     9     12 1     6    12 1      6    9 

5      9   10 2     9     10 2     5    10 2      6    7 

5      8   11 2     7     11 2     6    11 2      4    8  

5      7   12 2     8     12 2     4    12 2      5    9 

6      8   10 3     8     10  3     6    10 3      5    7 

6      7   11 3     9     11 3     4    11 3      6    8 

6      9   12 3     7     12 3     5    12 3      4    9 

4      5    6 1     2      3 1     2     3 1      2    3 

7      8    9 7     8      9 4     5     6 4      5    6 

10   11   12 10  11    12 10   11    12 7      8    9 

where, 4321 ,,
tttt

AandAAA refers to the contracted 

systems S(2, 3, 9). 
 

Construction Of The Blocks Of S(2, 4, 13) 

In this part, the blocks of S(2, 4, 13) are constructed from 

the twelve points of the four affine planes 

4321 ,,
tttt

AandAAA plus a new point (13) say, which 

is already deleted in (Kakayee, 1990), i.e. the thirteen 

points required for the construction of our Steiner system 

S(2, 4, 13) 

The deduction of a projective plane [S(2, 4, 13)] from an 

affine plane [S(2, 3, 9)] of the same order follows the 

traditional treatment (Singers theorem), if it is applied on 

any of the affine planes 4321 ,,
tttt

AorAAA using 

the suitable triads 4321 ,,, torttt  each with the new 

point (13), four isomorphic Steiner systems S(2, 4, 13) 

will be obtained, but not necessary to be the same system 

from which we begun from in (Kakayee, 1990), so, to 

avoid the isomorphic forms the procedure given below 

which depends on the intersection relation among all the 

blocks of 4321 ,,
tttt

AandAAA  is to be used. 

Obviously, the blocks of these affine planes intersect in 

0, 1, 2 or 3 points, since the blocks of S(5, 6, 12) 

intersect in 0, 2, 3 or 4 points (Mendelson, 1970) and 

(Gross, 1974), and the procedure consists of the 

following two parts: 

i- There are (9) blocks formed from the union of all 

the blocks of  4321 ,,
tttt

AandAAA that intersect 

exactly in two points, they are:  
 

1     4    7    10 2    5    9      10 3    6    8     10 

3     4    9    11 1    5     8     11 2    6    7      11 

2     4    8    12 3    5     7     12 1    6     9     12 

   ii-There are (4) blocks formed from the union of all 

blocks of 4321 ,,
tttt

AandAAA that intersect 

exactly in three points (the triads) each of which with the 

new point (13), they are: 

4      5     6     13 

7     8      9     13 

10   11    12   13 

1     2      3     13 

The number of the blocks in ( i ) and (ii) is the total 

number of the blocks (lines) of S(2, 4, 13)[ )3,2(PG ]. 

Conclusion 
In the view of the present work and the previous research 

it is clear that the two remarkable Steiner systems S (2, 4, 

13) and S (5, 5, 12) may be constructed each from 

another 

. 
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 الملخص:
هS(5, 6, 12) (هييلهاشيكيها  ي ك ا هPG)3,2()احيسي ى ها سيطك  هييلهاح  ثيءهاحةكحةيءههS(2, 4, 13)في هذي اهاحث ييهث ايكهايةكا يءهثايك هاشيكيها  ي ك ا ه

4321احةلاة يءههثكحاسيثءهاحي هاحيجيى يك هS(5, 6, 12) ييلهاح غير  هاحةكحييهحااشيكيهاط ءهجد دةهاحي هاطك ياها ةاي ه  ي هثكضكفءه &,, ttttاحيع ييدةهفي هه
(هى يزاييكهحيياه ههAG)3,2()احيسيي ى ها ف ايي هيييلهاح  ثييءهاحةكحةييءههS(2, 3, 9) ايي ها ثعييءهااشيييءها يي ك ا هه(ه ايي هاح ييىاح ها غيي ه0991)احةكةيياه يي ه

4321 &,,
tttt

AAAA.3,2(حا غى ه ا هاحيس ى ها سطك  هه(PG(هثع اياه)حي اهاحغيى ةهاحي  يكةاءهفي هه0991احيع يدهف ه)احةكةاه  ه
ه(ها ثعاكهاح   طءها   ء:Singer ك ه  ث قهاش  ءه

i- (9)4321 ىاث  ها غ ه ا هكهيلها  كدهة هاح ىاث  هه &,,
tttt

AAAA.هاح  ه    كهف هاط  كل

ii- (4ه ىاث  ها غ ه ا هكهيلها  كدهة هاح ىاث  ه)4321 &,,
tttt

AAAAهاحيجيكي  هاحةلاة يء(ههاح ي ه  ي  كهفي هةلاةيءهاطيك ه(
 يضكفكًهحةٍ هياهكهاحاط ءهاحجد دة.


