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 The present paper is defined a new better approximation of the squared 
Bernstein polynomials. This better approximation has been built on a positive function 
𝜏 defined on the interval [0,1] which has some properties. First, the moderate uniform 
convergence theorem for a sequence of linear positive operators (the generalization of 
the Korovkin theorem) of these polynomials is improved. Then, the rate of convergence 
of these polynomials corresponding to the first and second modulus of continuity and 
Ditzian- Totik modulus of smoothness is given. Also, the quantitative Voronovskaja 
and the Grüss- Voronovskaja theorems are discussed. Finally, some numerically applied 
for these polynomials are given by choosing a test function𝑓 and two different 𝜏 
functions show the effect of the different chosen functions 𝜏.  It turns the new better 
approximation of the squared Bernstein polynomials gives us a better numerical result 
than the numerical results of both the classical Bernstein polynomials and the squared 
Bernstein polynomials. MSC 2010. 41A10, 41A25, 41A36.  
. 
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1-Introduction 
 For 𝑥 ∈ [0, 1] and a function 𝑓 ∈ 𝐶[0, 1], the 

well-known Bernstein polynomials are defined as 

𝐵!(𝑓, 𝑥) = /𝑏!,#(𝑥)
!

#$%

𝑓 1
𝑘
𝑛4
,																									(1.1) 

where  𝑏!(𝑥) = 7!#8𝑥
#(1 − 𝑥)!&#.     

 Voronovskaja showed that the polynomials 
𝐵!(𝑓, 𝑥) satisfied the property lim

!→(
𝑛{𝐵!(𝑓; 𝑥) −

𝑓(𝑥)} = )(+&))
!

𝑓′′(𝑥). So, to order of approximation of 
the polynomials 𝐵!(𝑓, 𝑥) is 𝑂(𝑛&+).  

a new modification of the sequence Bernstein 
polynomials introduced by King for 𝑓 → 𝐵!(𝑓) ∘ 𝑟!(𝑥) , 
𝑟!(𝑥) ∈ 𝐶[0,1] that is preserved two functions 1 and 	𝑥- 
as1 

	𝑉!(𝑓; 𝑥) = )*𝑛𝑘-.𝑟!(𝑥)0
"
.1 − 𝑟!(𝑥)0

!#"𝑓 3
𝑘
𝑛4 . 		

!

"$%

								(1.2) 

Where 
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𝑟!(𝑥)

= &

𝑥" ; 𝑛 = 1

−
1

2(𝑛 − 1) +
-.

𝑛
𝑛 − 1/𝑥

" +
1

4(𝑛 − 1)" ; 𝑛 = 2,3, … .
 

Morales, Garranchoa, and Raşa present a Bernstein-type 
polynomial defines for a function 𝑓 ∈ 𝐶[0,1] by2 

𝐵!,.(𝑓; 𝑥) = /𝑏!,#(𝑥)
!

#$%

𝑓 ∘ 𝜏&+ 1
𝑘
𝑛4
,			𝑥

∈ [0, 1].											(1.3) 
Ioan and Mircea define squared Bernstein 

polynomial, for 𝑄!: 𝐶[0, 1] → 𝐶[0, 1].as3 

𝑄!(𝑓; 𝑥) =
∑ 𝑏!,#-!
#$%	 (𝑥)𝑓(𝑥)
∑ 𝑏!,#-!
#$%	 (𝑥)

																													(1.4) 

 Abdul Samad and Mohammad studied about 
squared Bernstein polynomials and deduced the 
convergence of 𝑄!(𝑓; 𝑥) and calculate the recurrence 
relation for the 𝑚-th order moment4,5.  

, Long and Zeng indicate a new a modification 
of Bernstein sequence depended on 𝜆, then, Muhammad 
and Jaber give a modification and d expressed the 
Voronovaskaja-type for the 𝜆 -Bernstein sequence6. 
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2. Definitions and Results. 
 This section presents several definitions and 
lemma that help us.  
Definition 2.1.  
 The 𝑝-th order of modulus of smoothness for  
𝑟 ∈ ℝ is given by7:  

𝜔0(𝑓; 𝑟) = sup
|2|34
)562∈8

RS/(−1)0&6
0

6$%

1
𝑝
𝑗4
𝑓(𝑥 + 𝑗𝛿)SW. 

The 𝑝-th order of modulus of smoothness has 
the following properties: [11] 
setting  𝑓 ∈ 𝐶9[0, 	1], and for  0 < 𝑟 < +

-
 there exist 

functions 𝑣 ∈ 𝐶95-[0, 	1]	such that 
(𝑖)	[𝑓(9) − 𝑣(9)[ ≤ :

;
𝜔-7𝑓(9); 𝑟8; 

(𝑖𝑖)	[𝑣(95+)[ ≤ <
=
𝜔+7𝑓(9); 𝑟8; 

(𝑖𝑖𝑖)	[𝑣(95-)[ ≤ :
-4&

𝜔-7𝑓(9); 𝑟8. 
The polynomials 𝐵!,.(𝑓, 𝑥) have the following 

properties2 
(i)𝐵!,.(1; 𝑥) = 1;  
(ii)𝐵!,.(𝜏; 𝑥) = 𝜏; 

(iii)𝐵!,.(𝜏-; 𝑥) = ]1 − +
!
^ (𝜏(𝑥))- + .())

!
.  

Properties of polynomial 𝑄!(𝑓; 𝑥), let’s define3 

𝑄!,>- (𝑥) =
∑ 𝑏!,#-!
#$%	 (𝑥)𝐾>

∑ 𝑏!,#-!
#$%	 (𝑥)

 

(i)  𝑄!,%- (𝑥) = 1; 

(ii)	𝑄!,+- (𝑥) = -!5+
-
𝑥 − +

;
+ 𝑜(1); 

(iii) 𝑄!,-- (𝑥) = ;!&5-!
;

𝑥- − :
+?!&

+ 𝑜(1). 
3. Main Work.  

For 𝜏 is a continuous positive function with the 
properties 𝜏(1) = 1, 𝜏(0) = 0, ∀𝑥 ∈ [0,1] and 
differentiable for infinite times. The polynomials are a 
combinate of the squared Bernstein polynomials with a 
positive function 𝜏 to get a better approximation which 
is defined as follows 

𝑆𝐵!,.(𝑓; 𝑥) = /
𝑏!,#- (𝜏(𝑥))(𝑓 ∘ 𝜏&+(𝑥))
∑ 𝑏!,#-!
#$%	 (𝜏(𝑥))

!

#$%

. 

To study the convergence of the sequence 
𝑆𝐵!,.(𝑓; 𝑥), one needs to introduce the following 
lemma.  
Lemma 3.1. 

For 𝑥 ∈ [0,1] ,  𝑒@(𝜏) = 𝜏@ , 𝑖 = 0,1,2. One get. 

(i) 𝑆𝐵!,.(𝜏%; 𝑥) = 1; 
(ii) 𝑆𝐵!,.(𝜏+; 𝑥) =

-)&+
;
𝜏(𝑥) + +

;
+ 𝑜(1); 

(iii) 𝑆𝐵!,.(𝜏-; 𝑥) =
;!&5-!

;
𝜏(𝑥)- + +

+?
+ 𝑜(1).  

Proof. 
Using the reference by the direct evaluation, one 

can get directly the proof of this Lemma. ∎ 
Theorem 3.1. 

Let 𝑓 ∈ 𝐶[0,1]. The polynomial  𝑆𝐵!,.(𝑓; 𝑥) 
converges to 𝑓 on the [0, 1] uniformly.  
Proof.  

Using the above properties in Lemma 3.1, the 
convergence of the polynomials  𝑆𝐵!(𝑓; 𝑥) to the 
function 𝑓(𝑥) is proved. ∎  
Lemma 3.2. 

Let 𝑓 ∈ 𝐶[0,1]. We have [𝑆𝐵!,.(𝑓; 𝑥)[ ≤ ‖𝑓‖. 
Since the ‖. ‖ is the sup-norm on [0, 1]. 
Proof. 

By using the properties 𝑆𝐵!,.(𝜏%; 𝑋) = 1 
We get that [𝑆𝐵!,.(𝑓; 𝑥)[ ≤ ‖𝑓 ∘ 𝜏&+(𝑥)‖𝑆𝐵!,.𝜏% =
‖𝑓‖ 
then[𝑆𝐵!,.(𝑓; 𝑥)[ ≤ ‖𝑓‖. 
Definition 3.1.  

The 𝑚-th order moment, where 𝑚 ∈ {0, 1, … },  
for the polynomials 𝑆𝐵!,.(. ; 𝑥) is denoted and defined 

by 𝑈!,>,.(𝑥) = 	𝑆𝐵!,.]7𝜏(𝑡) − 𝜏(𝑥)8
>; 𝑥^.	 

Lemma 3.3. 
The central moment polynomial has 
(i) 𝑈!,%,.(𝑥) = 0; 

(ii) 𝑈!,+,.(𝑥) ≃
-.())&+

-!
; 

(iii) 	𝑈!,-,.(𝑥) ≃
A+&.())B(-!.())5+)

;!&
; 

(iv)  𝑈!,:,.(𝑥) ≃
(.())&+)A-!.&())&;!.())&+B

C!'
; 

(v) 𝑈!,;,.(𝑥) ≃
(.())&+)(+-!&.'())&+-!&.&())5;!.'())&?!)&+)

+?!(
.  

Proof. 
 From Lemma 3.1 and the Definition 3.1.one gets 
the consequences result. 
Lemma 3.4. 

For 𝑥 ∈ [0,1] and 𝑛 ∈ 𝑁 then D),(,+())
D),&,+())

≤ :.&())
;!&

. 

Proof. 
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D),(,+())
D),&,+())

=

(.())&+)(+-!&.'())&+-!&.&())5;!.'())&?!.())&+)
+?!(

. -!&

(+&.()))(-!.())5+)

. 

≤ ?!.&())
C!&

= :.&())
;!&

. ∎  
Theorem. 3.2. 
For 𝑓 ∈ 𝐶-[0, 1] and for all 𝑥 ∈ [0, 1]. Then  
m𝑆𝐵!,.(𝑓; 𝑥) − 𝑓(𝑥)m

≤
71 − 𝜏(𝑥)8(2𝑛𝜏(𝑥) + 1)

4𝑛-
. n
‖𝑓EE‖
𝛼-

+
‖𝑓E‖‖𝜏EE‖

𝛼:
p. 

Proof. 
Setting Taylor's expansion gets  
𝑓(𝑦) = (𝑓 ∘ 𝜏&+)𝜏(𝑥) 
𝑓(𝑦) = (𝑓 ∘ 𝜏&+)𝜏(𝑥) + 7𝜏(𝑦) − 𝜏(𝑥)8(𝑓 ∘ 𝜏&+)E𝜏(𝑥)

+ r (𝑓 ∘ 𝜏&+)E(𝑢)(𝜏(𝑦) − 𝑢)𝑑𝑢.

.(F)

.())

 

Since   

r (𝑓 ∘ 𝜏&+)E(𝑢)(𝜏(𝑦) − 𝑢)𝑑𝑢

.(G)

.())

 

= r (𝜏(𝑦) − 𝑢)
𝑓EE(𝜏&+(𝑢))
(𝜏E(𝜏&+(𝑢)))-

𝑑𝑢

.(F)

.())

− r (𝜏(𝑦)

.(F)

.())

− 𝑢)
𝑓E(𝜏&+(𝑢))𝜏EE(𝜏&+(𝑢))

(𝜏E(𝜏&+(𝑢))):
𝑑𝑢 

Applying 𝑆𝐵!,.(𝑓; 𝑥)  on both sides, 

 m𝑆𝐵!,.(𝑓; 𝑥)m = 𝑓(𝑥) + 𝑆𝐵!,. n∫ (𝜏(𝑦) −.(F)
.())

𝑢)
H,,I.-.(J)K

(.,(.-.(J)))&
𝑑𝑢; 𝑥p − 𝐾𝐵!,.,L n∫ (𝜏(𝑦) −.(F)

.())

𝑢)
H,I.-.(J)K.,,I.-.(J)K

(.,(.-.(J)))'
𝑑𝑢; 𝑥p 

For simplicity  𝛼- = (𝜏E7𝜏&+(𝑢)8)-, 𝛼: =
(𝜏E(𝜏&+(𝑢))): 

 m𝑆𝐵!,.(𝑓; 𝑥) − 𝑓(𝑥)m ≤ 𝑆𝐵!,. ]7𝜏(𝑦) − 𝜏(𝑥)8
-; 𝑥^ ×

]MH
,,M
N&

+ MH,MM.,,M
N'

^ 

≤
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛-
n
‖𝑓EE‖
𝛼-

+
‖𝑓E‖‖𝜏EE‖

𝛼:
p .∎ 

Theorem 3.3. 
Form the definition 2.1 of modulus of continuity 

and 𝑓 ∈ 𝐶[0, 1]. Then  
m𝑆𝐵!,.(𝑓; 𝑥) − 𝑓(𝑥)m ≤ 𝜆!(𝑥)𝜔+7(𝑓 ∘ 𝜏&+); 𝜆!(𝑥)8, for 
𝑥 ∈ [0, 1]. w𝑈!,-,.(𝑥) = 𝜆!(𝑥) 
Proof. 
Let 𝑓(𝑦) = (𝑓 ∘ 𝜏&+)𝜏(𝑥), the using Taylor's expansion   
𝑓(𝑦) = (𝑓 ∘ 𝜏&+)𝜏(𝑥) + 7𝜏(𝑦) − 𝜏(𝑥)8(𝑓 ∘ 𝜏&+)E𝜏(𝑥)

+ r (𝑓 ∘ 𝜏&+)E(𝑢)(𝜏(𝑦) − 𝑢)𝑑𝑢.

.(F)

.())

 

Applying 𝑆𝐵!,.(. ; 𝑥) we get  
𝑆𝐵!,.(𝑓; 𝑥) − 𝑓(𝑥)

= 𝑆𝐵!,. x r (𝑓 ∘ 𝜏&+)E(𝑢)(𝜏(𝑦)

.(F)

.())

− 𝑢)𝑑𝑢; 𝑥y 

From Definition 2.1, we have  
m𝐵!,.,L(𝑓; 𝑥) − 𝑓(𝑥)m

≤ z𝑈!,-,.(𝑥) {1 +
1
ℎz

𝑈!,-,.(𝑥)} 𝜔+((𝑓

∘ 𝜏&+); ℎ) 

≤ z𝑈!,-,.(𝑥)𝜔+7(𝑓 ∘ 𝜏&+); ℎ8 	

+ z𝑈!,-,.(𝑥)𝜔+((𝑓 ∘ 𝜏&+); ℎ) 

≤ 2z𝑈!,-,.(𝑥)𝜔+ ~(𝑓 ∘ 𝜏&+);z𝑈!,-,.(𝑥)� 

Let w𝑈!,-,.(𝑥) = 𝜆!(𝑥) 
m𝐵!,.,L(𝑓; 𝑥) − 𝑓(𝑥)m 	= 2𝜆!(𝑥)𝜔+7(𝑓 ∘ 𝜏&+); 𝜆!(𝑥)8.∎ 
Theorem 3.4. 
For 𝑓 ∈ 𝐶-[0,1], the approximation properties of 
modulus for 𝑆𝐵!,.(𝑓; 𝑥) verify 

m𝑆𝐵!,.(𝑓; 𝑥) − 𝑓(𝑥)m ≤
3
2
𝜔-((𝑓 ∘ 𝜏&+; ℎ) 
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+
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛-
~

3
2ℎ-𝛼-

𝜔-((𝑓 ∘ 𝜏&+; ℎ)

+
5. ‖𝜏EE‖
ℎ𝛼:

𝜔+((𝑓 ∘ 𝜏&+; ℎ)�. 

Proof. 
m𝑆𝐵!,.(𝑓; 𝑥) − 𝑓(𝑥)m

= m𝑆𝐵!,.(𝑓; 𝑥)
+ 𝑆𝐵!,.(𝑔; 𝑥)−𝑆𝐵!,.(𝑔; 𝑥) + 𝑔(𝑥)
− 𝑔(𝑥) − 𝑓(𝑥)m 

≤ m𝑆𝐵!,.(𝑓 − 𝑔; 𝑥)m + m𝑆𝐵!,.(𝑔; 𝑥) − 𝑔(𝑥)m
+ |𝑔(𝑥) − 𝑓(𝑥)| 

Using theorem 3.2 

≤ 2‖𝑓 − 𝑔‖ +
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛-
n
‖𝑓EE‖
𝛼-

+
‖𝑓E‖‖𝜏EE‖

𝛼:
p 

For ℎ > 0, ℎ ≤ +
-
	 ∋ 𝑔 ∈ 𝐶-[0, 1], and 

 ‖𝑓 − 𝑔‖ ≤ :
;
𝜔-(𝑓; 	ℎ), ‖𝑣E‖ ≤

<
=
𝜔+(𝑓; ℎ)			‖𝑣EE‖ ≤

:
-=&

𝜔-(𝑓; ℎ) 
Then  

m𝑆𝐵!,.(𝑓; 𝑥) − 𝑓(𝑥)m

≤
3
2
𝜔-(𝑓; ℎ)

+
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛-
~

3
2ℎ-𝛼-

𝜔-(𝑓; ℎ)

+
5‖𝜏EE‖
ℎ𝛼:

𝜔+(𝑓; ℎ)� .∎ 

4. Voronovskaja-type theorem. 
In this part, Quantitative Voronovskaja and 

Grüss-Voronovskaja8 are proved which is one of the 
most important theorems to prove pointwise 
convergence. 
Theorem 4.1. 

For 𝑓 ∈ 𝐶-[0, 1] we have that  

�𝑆𝐵!,.(𝑓; 𝑥) − 𝑓(𝑥) −
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛-
(𝑓

∘ 𝜏+)EE𝜏(𝑥)�

≤
1
2
𝑈!,-,.(𝑥)𝜔� x𝑓EE;

1
3
�3𝜏

-(𝑥)
4𝑛- y, 

where  
𝜔6(𝑓##; 𝜗)

≔ :sup
(𝜗 − 𝑢)𝜔(𝑓; 𝑣) + (𝑣 − 𝜗)𝜔(𝑓, 𝑢)

𝑣 − 𝑢 , if	0 ≤ 𝜗 ≤ 𝑏 − 𝑎

𝜔(𝑓; 𝑏 − 𝑎), if	𝜗𝑏 − 𝑎
, 

is the least concave majorant. 
Proof.  

By the Quantitative Voronovskaja theorem8 
�𝐿!,(𝑓, 𝑥) − 𝑓(𝑥) − 𝑓E(𝑥)𝜇!,+(𝑥) −

+
-
𝑓′′(𝑥)𝜇!,-(𝑥)� ≤

+
-
𝜇!,-(𝑥)𝜔� 1𝑓′′;

+
:z

O),(())
O),&())

4, 

 applying 𝐵!,., and using the values of  𝑈!,+(𝑥), 𝑈!,-(𝑥), 
we get 

�𝑆𝐵!,.(𝑓, 𝑥) − 𝑓(𝑥) − 𝑓E(𝑥)
2𝜏(𝑥) − 1

2𝑛

−
1
2
𝑓′′(𝑥)𝑈!,-(𝑥)�

≤
1
2
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛-
𝜔� x𝑓EE;

1
3
�3𝜏

-(𝑥)
4𝑛- y .∎ 

Theorem 4.2. 
For  𝑓, 𝑔 ∈ 𝐶-[0,1], we get 

�𝑆𝐵!,.(𝑓𝑔; 𝑥) − 𝑆𝐵!,.(𝑓; 𝑥)𝑆𝐵!,.(𝑔; 𝑥)

− 𝑈!,-,.(𝑥)
𝑓E(𝑥)𝑔E(𝑥)
[𝜏E(𝑥)]-

� 

≤
1
2
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛-
𝜔�((𝑓𝑔 ∘ 𝜏&+)EE; 𝑡!)

+ ‖𝑔‖𝜔�((𝑓𝑔 ∘ 𝜏&+)EE; 𝑡!) 
+‖𝑓‖𝜔�((𝑓𝑔 ∘ 𝜏&+)EE; 𝑡!)

+
1
4
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛-
(𝑥). 

Proof. 
 Through using the decomposition formula11, 

𝑆𝐵!,.(𝑓𝑔; 𝑥) − 𝑆𝐵!,.(𝑓; 𝑥)𝑆𝐵!,.(𝑔; 𝑥)

− 𝑈!,-,.(𝑥)
𝑓E(𝑥)𝑔E(𝑥)
[𝜏E(𝑥)]-

 

= 𝑆𝐵!,.(𝑓𝑔; 𝑥) − (𝑓𝑔)(𝑥) −
+
-
𝑈!,-,.(𝑥)(𝑓𝑔 ∘

𝜏&+)EE𝜏(𝑥) − 𝑓(𝑥) �𝑆𝐵!,.(𝑔; 𝑥) − 𝑔(𝑥) −
+
-
𝑈!,-,.(𝑥)(𝑔 ∘ 𝜏+)EE𝜏(𝑥)� − 𝑔(𝑥) �𝑆𝐵!,.(𝑓; 𝑥) − 𝑓(𝑥) −

+
-
𝑈!,-,.(𝑥)(𝑓 ∘ 𝜏+)EE𝜏(𝑥)� + �𝑓(𝑥) −

𝑆𝐵!,.(𝑓; 𝑥)��𝑆𝐵!,.(𝑔; 𝑥) − 𝑔(𝑥)�  
= |𝛾+| − |𝛾-| − |𝛾:| + |𝛾;| 
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from Theorem 4.1  

|𝛾$| ≤
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛" 𝜔6J(𝑓𝑔 ∘ 𝜏$)##;
1
3
-3𝜏

"(𝑥)
4𝑛" M 

|𝛾/| ≤ ‖𝑓‖
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛/ 𝜔?@(𝑔 ∘ 𝜏0)11;
1
3
D3𝜏

/(𝑥)
4𝑛/ E 

|𝛾2| ≤ ‖𝑔‖
.1 − 𝜏(𝑥)0(2𝑛𝜏(𝑥) + 1)

4𝑛/ 𝜔?@(𝑓 ∘ 𝜏0)11;
1
3
D3𝜏

/(𝑥)
4𝑛/ E. 

Since, 
m𝑆𝐵!,.(𝑓; 𝑥) − 𝑓(𝑥)m

≤
1
2
𝑆𝐵!,.(𝑓 ∘ 𝜏+)EE𝜏(𝜖)(𝜏(𝑡)

− 𝜏(𝑥))-; 𝑥) 

≤
1
2
‖𝑓 ∘ 𝜏+‖𝑈!,-,.(𝑥) 

≤
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛-
‖𝑓 ∘ 𝜏+‖ ≔ 𝐼!(𝑓; 	𝑥). 

�𝑆𝐵!,.(𝑓𝑔; 𝑥) − 𝑆𝐵!,.(𝑓; 𝑥)𝑆𝐵!,.(𝑔; 𝑥)

− 𝑈!,-,.(𝑥)
𝑓E(𝑥)𝑔E(𝑥)
[𝜏E(𝑥)]-

� 

≤
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛!
𝜔12(𝑓𝑔 ∘ 𝜏")##;

1
3
83𝜏

!(𝑥)
4𝑛!

9

+ ‖𝑓‖
(1 − 𝜏(𝑥))(2𝑛𝜏(𝑥) + 1)

4𝑛!
𝜔12(𝑔 ∘ 𝜏")##;

1
3
83𝜏

!(𝑥)
4𝑛!

9 

+‖𝑔‖ ($;<(=))("!<(=)>$)
?!!

𝜔6 O(𝑓 ∘

𝜏$)##; $
@
P@<!(=)

?!!
Q+𝐼!(𝑓, 𝑥). 𝐼!(𝑔, 𝑥).∎ 

Corollary 4.1. 
  For 𝑓 ∈ 𝐶+[0, 1], one has 

P𝑆𝐵!,#(𝑓, 𝑥) − 𝑓(𝑥)P ≤
A1 − 𝜏(𝑥)B2𝜏(𝑥)

√𝑛
𝜔$ ](𝑓 ∘ 𝜏%$);

A1 − 𝜏(𝑥)B2𝜏(𝑥)
√𝑛

`. 

5. Numerical examples. 
To enhance the work, we took two examples in 

which we applied these polynomials for different 
functions and presented the results in the following 
figures. 

 
Fig.1: 𝑓 = √𝑥 cos(8𝑥) , 𝜏(𝑥) = √𝑥 

black=𝑓(𝑥)                   blue= 𝑆𝐵!,=,(𝑓, 𝑥) 
red=𝐵!,<(𝑓, 𝑥)         green=𝐵!(𝑓, 𝑥) 

 
Fig.2: 𝑓 = √𝑥 cos(8𝑥) , 𝜏(𝑥) = )&5-)

:
 

black=𝑓(𝑥)            blue= 𝑆𝐵!,),(𝑓, 𝑥) 
red=𝐵!,.(𝑓, 𝑥)         green=𝐵!(𝑓, 𝑥) 
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The following figures show the error result for 
the two examples above, Fig.3 for Fig.1 And Fig.2 for 
Ex 5.1. 

 
 

Fig.3: 𝑓 = √𝑥 𝑐𝑜𝑠(8𝑥) , 𝜏(𝑥) = )&5-)
:

  
                 blue= 𝑆𝐵!,),(𝑓, 𝑥) 

red=𝐵!,.(𝑓, 𝑥)         green=𝐵!(𝑓, 𝑥) 
 

 
 

     Fig.4:𝑓 = √𝑥 𝑐𝑜𝑠(8𝑥) , 𝜏(𝑥) = )&5-)
:

                   
                 blue= 𝑆𝐵!,),(𝑓, 𝑥) 

red=𝐵!,.(𝑓, 𝑥)         green=𝐵!(𝑓, 𝑥) 

 
6. Conclusion. 

This paper has established the polynomials 
𝑆𝐵!,.(𝑓, 𝑥) which are from the squared Bernstein 
polynomials. Also, these polynomials have studied the 
rate of convergence by the rate of modulus of 
smoothness. Next, the results work is supported with a 
numerical example of these polynomials which 
explained the effect of the function 𝜏(𝑥) and the squared 
to Bernstein polynomial. 
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 ةEعDE.:لا Cیا:Aن.ب دو7ح ةد7ع:9ل 5/.قت ل2فأ ءاIب ,ت هنا *Eح .ةEعDE.:لا Cیا:Aن.ب دو7ح تاد7ع:9ل 7ی7ج 5/.قت ل2فأ 0/.عت ,ت *()لا ا%ه يف

Lم ةلاد ىلع دا9:علااRة)ج τ ةف.ع9لا Lاهلو ]0,1[ ة.:فلا LعZ لا[R9لا براق:لا ة/._ن ناه.ب ,ت ،لاوأ .صاI:_, 9لل ل7ع9لا:cلcلا تلا[eE9لا ةRة/._ن( ة)ج 

 را.9:سلاا لماعم لا9ع:سا ةeساRب دو7(لا تاد7ع:م براقت ل7عم ءاeعإ ,ت  ,ث . τ ةلا7لا ىلع ة97:ع9لا ةEعDE.:لا Cیا:Aن.ب دو7(لا تاد7ع:9لا )ةل7ع9لا hCفرRك

 ,ا.Eخأو ,اcvEفRنو.ف س.wE و يh9لا اcvEفRنو.ف تا/._ن ا9ه ECت._ن C t./uع أe]لا را7قم ةAقاIم ,ت ،اq2أو .ةمRعIلا لماع9ل pتRت -انا:یدو يناnلاو لولأا

 τ ل EC:فل:]م EC:لادو ة7حاو f را):خا ةلاد راE:خا C t./uع τ ةلا7لا ىلع ة97:ع9لا ةEعDE.:لا Cیا:Aن.ب دو7(لا تاد7ع:م ىلع ةqد7علا تاقE)e:لا ZعL ءاeعأ ,ت

 جئا:Iلا Cم ل2فأ ةqد7ع جئا:ن اeEIعت ةEعDE.:لا Cیا:Aن.ب دو7ح تاد7ع:9ل 5/.قت ل2فأ نأ EC)ی *()لا ة9Eهأ نأ .5/.ق:لا ةع.س ىلع τ ةلا7لا ه%ه .Eثأت ناDEو

 .ةEعDE.:لا Cیا:Aن.ب دو7ح تاد7ع:مو ةqداE:علاا Cیا:Aن.ب دو7ح تاد7ع:م Cم لاhل ةqد7علا

 


