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ABSTRACT

The present paper is defined a new better approximation of the squared
Bernstein polynomials. This better approximation has been built on a positive function
T defined on the interval [0,1] which has some properties. First, the moderate uniform
convergence theorem for a sequence of linear positive operators (the generalization of
the Korovkin theorem) of these polynomials is improved. Then, the rate of convergence
of these polynomials corresponding to the first and second modulus of continuity and
Ditzian- Totik modulus of smoothness is given. Also, the quantitative Voronovskaja
and the Griiss- Voronovskaja theorems are discussed. Finally, some numerically applied
for these polynomials are given by choosing a test functionf and two different
functions show the effect of the different chosen functions 7. It turns the new better
approximation of the squared Bernstein polynomials gives us a better numerical result
than the numerical results of both the classical Bernstein polynomials and the squared
Bernstein polynomials. MSC 2010. 41A10, 41A25, 41A36.

1-Introduction

For x € [0,1] and a function f € C[0, 1], the x ;

T (%)

2 n=1

well-known Bernstein polynomials are defined as = 1

n 5 1 . B
_2(n—1)+ (n—l)x +4(n_1)2 ;o n=23, ...
(1.1

B0 =Y o (1),
k=0

where by, (x) = (})x*(1 —x)"k.
Voronovskaja showed that the polynomials
B,(f,x) satisfied the property lim n{B,(f;x) —
n—-oo

f)} = X0 f"(x). So, to order of approximation of

n
the polynomials B, (f, x) is 0(n™1).
a new modification of the sequence Bernstein
polynomials introduced by King for f = B,(f) o r,,(x) ,

1,,(x) € C[0,1] that is preserved two functions 1 and x?

as'

Lo =Y (D@ @@ (). a2
k=0

Where
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Morales, Garranchoa, and Rasa present a Bernstein-type
polynomial defines for a function f € C[0,1] by?

B (fi%) = 2 oG for (1),
k=0

€ [0,1]. (1.3)
Ioan and Mircea define squared Bernstein
polynomial, for Q,: C[0,1] - C[0, 1].as’
n 2
Qi) = Ho e )
k=0 “n,k
Abdul Samad and Mohammad studied about
squared Bernstein polynomials and deduced the

convergence of Q,(f;x) and calculate the recurrence

(1.4)

relation for the m-th order moment*”.

, Long and Zeng indicate a new a modification
of Bernstein sequence depended on A, then, Muhammad
and Jaber give a modification and d expressed the
Voronovaskaja-type for the A -Bernstein sequence’.
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2. Definitions and Results.

This section presents several definitions and
lemma that help us.
Definition 2.1.

The p-th order of modulus of smoothness for
r € Ris given by’:

wy(f;7) = sup 2( 1P~ 1(_)f(x+j5)

x+ ]6 €l
The p-th order of modulus of smoothness has
the following properties: [11]

setting f € C9[0, 1], and for 0 <r < %there exist
functions v € C9+2[0, 1] such that
. 3
O @ = v @] <20, (F@;r);
(id) [[pa+D|| < Ea)l(f(q)-r)'
(i) [0 @2 < 5w (f@57).
The polynomials B, ;(f, x) have the following

properties?
(DBn:(1;%) = 1;
(i1)Bp(1;x) = 1;
1
(iii)Bn,e (% %) = (1 = ) (2())? + =2,
Properties of polynomial Q,, (f; x), let’s define’

Y ob (OK™
Q2 (x) = N

() QZo(x) = 1;

(i) Q24 (x) = 2= x — 2 + 0(1);

(iif) an(x)—“" 2 ——— 4 0(1).

3. Main Work.

For 7 is a continuous positive function with the
properties (1) = 1,7(0) = 0,Vx € [0,1] and
differentiable for infinite times. The polynomials are a
combinate of the squared Bernstein polynomials with a
positive function 7 to get a better approximation which
is defined as follows

no2 -1
S8yt = 3 PO 071G
VAR NN )

To study the convergence of the sequence
SB,,.(f; x), one needs to introduce the following
lemma.

Lemma 3.1.

For x € [0,1], e;(t) = 7!, i = 0,1,2. One get.
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(1) SBn,T(TO;x) =1;
(il) SB,.(th;x) = 2x1

4n?+2n

(ili) SB,.(t%x) =
Proof.
Using the reference by the direct evaluation, one

T(x )2 + e +0(1)

can get directly the proof of this Lemma. m
Theorem 3.1.

Let f € C[0,1]. The polynomial SB, .(f;x)
converges to f on the [0, 1] uniformly.
Proof.

Using the above properties in Lemma 3.1, the
convergence of the polynomials SB,(f; x) to the
function f(x) is proved. m
Lemma 3.2.

Let f € C[0,1]. We have ||SB.(f; x)|| < lIfIl.
Since the ||. || is the sup-norm on [0, 1].

Proof.

By using the properties SB, ; (7% X) = 1
We get that ||SB,, . (f;)|| < IIf e T2 (x)|ISBy.7° =
Il
then”SBn,T(f; X)” < ”f”

Definition 3.1.

The m-th order moment, where m € {0, 1, ...},

for the polynomials SB,, ;(.; x) is denoted and defined

bY Uz () = SBy((x(0) = 1(0))"; x).
Lemma 3.3.
The central moment polynomial has

(1) UnO‘r(x) =0
(i) Up10(x) = 2021,

2n

(111) U (x) (1 T(x))(an(x)+1)
n,2,t -

(iV) Un,3,‘r(x) =

4n2
((x)— 1)(2n12(x)—4-nr(x)—1) .
8n3 !
(V) Un4-‘r(x) =
(t(x)-1)(12n%73(x)—12n%72(x)+4nt3(x)—6NX— 1)
16n*

Proof.

From Lemma 3.1 and the Definition 3.1.one gets
the consequences result.
Lemma 3.4.

For x € [0,1] and n € N then ===
Proof.

Upar(x) _ 37%(x)

nzr(x) 4n? ’
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ZZ‘:—:EE = |SBn,T(f; x) — f(x)| < SB,: ((T(y) — T(x))z;x) X
(T(x)—l)(12nzr3(x)—12n2124(x)+4-nr3(x)—6n'r(x)—1). ( )zn2 — (”};_'2'” n ||f'|‘|x||3‘r"||)
16n 1-7(x))(2nt(x)+1
( : : Sa- 7(x))(2nt(x) + 1) <||f”|| N ||f'||||T"||> .
ont’lx) _ 3e7C0 - 4n? a? a3 '
~ 8n? 4n? Theorem 3.3.
Theorem. 3.2.

Form the definition 2.1 of modulus of continuity

Fo|rS];E E;_[S’)” ;rzc)lc)fi)r all x € [0, 1]. Then and f € C[0, 1], Then
o (1-t@)@nt® +1) (Il [SBne (i) = £ 0] < An()a((f 77 An ). for
= 4n2 < a2 x €[0,1]. \/m = Ap(x)
Proof.

+ w> Let f(y) = (f o 771)7(x), the using Taylor's expansion
Proof, ’ FO) = (7 =T DE) + (1)~ () 0¥V
i T o o T ey -

7(x)

fO) = (et D)+ (z() — @) (f o 1) 7(x) Applying SB . (.; x) we get

(¥)
SBn(f;x) — f(x)
+ [ Geryweo - wa T
Since " =SBy J (fer™ ™)' ()
() (%)
| 0oy e - wa e x
T7(x)
i f"(r71(w)) From Definition 2.1, we have
) (J IO [Baes (320 = £
T(X 1
™) S ’Un,z,r (x) {1 + E ’Un,z,‘r (x)} wl((f
- | e» 0T h)
7(x)
R < Jinan (¢ o i)
Applying SBy, - (f;x) on both sides, + /Un,z,r(x)ah((f ot 1);h)
|SBn'T(f; X)| - f(X) * SBn'T <fTT((xy))(T(y) - <2 ’Un,Z,T(x)wl ((f ° T_l); UTL,Z,T(x)>
u) %du; x) — KBy 1 < frr(%)(r(y) - Let \/Up 2:(x) = 1,(x)
f’(r—l(u))fﬂ(r—l(u)) |BnJT'5(f; x) - f(x)| = ZAn(x)wl((f ° T_l); An(x))' u
u) )’ du; x) Theorem 3.4.

For f € C?[0,1], the approximation properties of
For simplicity a? = (r’(r‘l(u)))2,a3 - f [0,1] pp prop

L . modulus for SB), . (f; x) verify
@' W))

3
|SBn,T(f; x) — f(x)| < sz((f ° T_l; h)
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4n? 2h%q?

N (1-7(x))(2nt(x) + 1) ( 3

ST, (o h)>_
Proof.
|SB,,.-(f; x) — £ (x)|
= |SBy.(f; %)
+ S$By:(g; x)—SBy . (g; x) + g(x)
—g(x) — f(0)]
< |SBu:(f — g; X)| + |SBy (g5 x) — g(x)|
+1g(x) — fF(0)I

Using theorem 3.2

<2[f - gl +

w((f et h)

(1 —7(x))(2nz(x) + 1) <||f”||

4n? a?

N ||f’||||T”||>

a3

Forh>0,h <3 3 g € C2[0,1], and

A 5 n
If = gll < Zwo(f5 B), V' < 2wy (F5 1) Iv"ll <

— w,(f3h)

Then
|SBn,r(f; x) — f(x)|
3
< 5 @2 (fih)
(1 -7(x))(2nt(x) + 1) 3
+ 4n? <2h2a2 w2(f; 1)

L2770 h)) =
ha3 'Y ’
4. Voronovskaja-type theorem.

In this part, Quantitative Voronovskaja and
Griiss-Voronovskaja® are proved which is one of the
most important theorems to prove pointwise
convergence.

Theorem 4.1.
For f € C2[0, 1] we have that

SBn,T(f; X) - f(x) -

4n?

ot1)"1(x)

N =

<

1- 2 1
(1 —t(x))@nr(x) + )(f

., 1 [3t2(x)
Un,Z,T(x)w f ;§ ) ,
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where
a(f";9)

{ @O —wWw(f;v) + (v -9 (f,u)
_ Jsup

,if0<9<b—-a
v—u ’
w(f;b—a),if9b—a
is the least concave majorant.

Proof.

By the Quantitative Voronovskaja theorem®

|0, (. 2) = FGO) = £ 0O pna () =3 F/ (Dt ()| <

1 ~ [ e, 1 Un,a(x)

Hin2 (3 (£ [EeS),

applying B, ;, and using the values of U, 1(x), Uy »(x),
we get

27(x) — 1
SBn,‘r(fv x)—fx)—f'(x) —
1
- Ef”(x)Un,Z(x)
- 1(1-t(x)2nz(x)+1) [ , 1 [372(x)
=2 4n? ol f 3 Tz | ™
Theorem 4.2.

For f,g € C?[0,1], we get

‘SBH,T(fg; x) - SBn,T(f; x)SBn,T(g; x)

fr(x)g' (x)
- Un,Z,T(x)W
1(1- 2 1
<5 ETEEO D 59 0 vy st

+llglla((fg o™ tn)
HIflla((fg ot tn)
1(1-1t(x)(2nt(x) + 1)
+ Z 4n2 (x)

Proof.
Through using the decomposition formula'!,

SBn,‘r(fg; X) - SBn,‘r(f; x)SBn,‘r(g; x)
f'0)g' ()
— Up2,:(x) TR
= SBu:(fg; %) — (@) (%) = 3 Un2:(X) (fg o
71 "2(x) = f @) S (g5 %) — g(x) -
~Un22(¥)(g 2 )" 1()| = g(0) [SB (3 2) = F () —
Un2 (O 0 71| + [£ (1) —
SBn,T(f; X)] [SBn,‘r(g; x) — g(x)]
= |yal = ly2l = lysl + lyal
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from Theorem 4.1

1-t(x)2nt(x)+1) _ ((fg . rl)”;é 312(x)>

<
lyil < 2 w 42

(1= tE)Em) + 1) L1 e 04
ol < Il w<(g°,1) '3 fmj‘>

1- 2 1 1 (372
sl < lgh =T ¢ )m<g011)";§ | Zn(f))

Since,

0.6

|SBn,T(f; x) - f(x)|
< %SBnlr(f ot)"1(€e)((t)
—7(x))% x)
1
< 2 If o U2 (0)

< (1-7(x))(2nt(x) +1)
- 4n?

SBn,T(fg; x) - SBn,T(f; x)SBn,T(g; x)

If oot = L,(f5 x).

Fig.1: f = vx cos(8x),1(x) = Vx

f'(x)g'(x) black=f(x) blue= SB, , (f,x)
—Up2:(x) NEOIE red=B,.(f,x)  green=B,(f,x)
N CLULS <( fgemyh 3;;(;))
—1(x))(2nt(x T2(x 0.61
iGN + ) %((g e )>
(-t ErTE)+D) o
—-T(X ntx ~
+| ]| &R0 ((f o
0.29
" 72(x)
Tl) ;§ 34n2x )J'_In(f' x).1,(g,x). m 0
Corollary 4.1.
For f € C1[0, 1], one has -0
1-1(x))2z(x) 1—1(x))2t(x)
ISBn,r(fr x) — f(x)l < %0& ((f ° Tl)'.%). 0.4
5. Numerical examples. 0.6
To enhance the work, we took two examples in
which we applied these polynomials for different -0.81
functions and presented the results in the following

figures.

x2+2x

Fig.2: f = Vx cos(8x),t(x) = -
black=f(x) blue= SB, , (f, x)
red=B,, ;(f, x) green=B, (f, x)
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The following figures show the error result for
the two examples above, Fig.3 for Fig.1 And Fig.2 for
Ex 5.1.

0.104

0.05 1

0.4

N

-0.05+4

=-0.101

-0.15-

x242x
3

Fig.3: f = Vxcos(8x),7(x) =
blue= SB, » (f,x)

red:B‘n,’l’ (fr x) green:B‘n (fl x)

0.067
0.044

0.02

-0.02 1

-0.044

-0.061

-0.08+

x242x

Fig4:f = Vxcos(8x),7(x) =
blue= SB, » (f,x)
red:Bn,‘r (fv x) green=B, (fr x)

3
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6. Conclusion.

This paper has established the polynomials
SB,.(f,x) which are from the squared Bernstein
polynomials. Also, these polynomials have studied the
rate of convergence by the rate of modulus of
smoothness. Next, the results work is supported with a
numerical example of these polynomials which
explained the effect of the function 7(x) and the squared
to Bernstein polynomial.
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