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The area of Chebyshev polynomial functions plays an important role in
mathematic with applications in computer science and engineering. New
shifted modified Chebyshev polynomials are considered in the present
article. An explicit expression of the definition for shifted modified
Chebyshev polynomials with some important relations and interesting
properties is first derived. Then new expression formulation for
constructing shifted modified Chebyshev operation matrix of derivative
is given. Such polynomials are used as basis functions to propose and
analyze direct numerical technique to optimal control problem having a
quadratic performance index, based on shifted modified Chebyshev
polynomials together with its operation matrix of derivative, such a
problem is reduced into an optimization technique which can be solved

Orthogonal function. easily using quadratic programming algorithm. For confirming the
validity and accuracy of the presented method some numerical examples
are included a long with a comparison between the obtained results
against the exact one.

Introduction:

Optimal control problem is very important role in many application areas including
economies, engineering and finance. They are a branch of optimization theory which
concerned with minimizing post or maximizing a payout pertaining. There is an important
and very useful method for solving optimal control problems. This method is labelled as direct
method in which the optimal solution is obtained by direct minimization of the cost function
subject to constraint. Therefor, three techniques by employing the direct method: state
parameterization reducing the problem to a nonlinear optimization problem [1-11].

Chebyshev polynomials control and state variables are expanded by Chebyshev
polynomials and Chebyshev spectral procedure was introduced by [12]. In 2019 A dane
presented a technique using Chebyshev polynomials for solving linear quadratic optimal
control system [13]. Other method based on Chebyshev polynomials can be found in [14-16].

In the present article, the sections are organized as follows: section 2 gives new bases
functions called shifted modified Chebyshev polynomial with an explicit expression formula.
Operational matrix of derivative for such polynomials is constructed in section 3 while an
efficient approach together with the obtained operation matrix using state vector
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parameterization is illustrated in section 4. Section 5 gives numerical examples to illustrate
the reliability of the suggested method. Finally, some concluded remarks are discussed in
section 6.

1. Shifted Modified Chebyshev Polynomials:
The recurrence relation of shifted Chebyshev polynomials is

Ms,1(t) = (2t —1)Ms,,-Ms,,_4, vn=>1 (1)
with the initial conditions.

Msy(t) = 2 and Msq(t) = 2t —1

The Pascal array generates shifted modified chebyshev polynomials is

2

-1 2

-1 -4 4

2 0 -12 8

-1 8 8 =32 16

-1 -10 20 40 —-80 32

2 0 —48 32 144 -—-192 64

The explicit expression of shifted modified Chebyshev polynomials can be defined as

Ms,, (t) = z,[ﬁ]o(—nk (") @t-1)™*, me N )

2. Operation Matrix of Differentiation for Shifted Modified Chebyshev Polynomials:
Theorem 1

Forallm > 1, the first derivative of shifted Chebyshev polynomials interims of their shifted
modified Chebyshev polynomials themselves is given as

Ms,, (=D M s (t) (3)

where the matrix D is the operational matrix derivative defined by

0 0000 0--0
100 0 0 O0--0
0 4 0 0 0 O0--0
306 0O0O0-0
D=|0 8 0 8 0 0:-0
5010 0 10 0 ---0
0 12 0 12 0 12 ---0
0 2m 0 2m 0 2m--- 2m/

For even m, while the matrix D is defined for odd m as
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0 0000 O0--0
1000 0 0 -0
040 00 O0--0
306 00 0--0
D=0 8 0 8 0 0 -0
5010 0 10 0 ---0
0 12 0 12 0 12 ---0
lm 0 2m 0 m O ...m-

From the obtained matrix of derivative one conclude that

Ms () = 2m Y™} Ms; (t) for even m (4)
i=odd

and

Ms(t) = 2m¥™Z3 Ms; (t) + mMsy(t) forodd m (5)
i even

Theorem 2

Suppose that the function x(t) can be expressed as a linear combination of shifted
modified Chebyshev polynomials as
x(t) = XiZoSi Ms; (1) (6)

Then the derivative of x(t) with respect to t is given by
x ()= X"t Msi(t) (7)
Pt = 2(m—1)Sp1
tT—l = tT‘+1 + ZTS‘,-, = (m - 2) yusanan ) 2, 1

3. The Suggested Design Approach:
Suppose that the problem of a finding a control variable for a system

x(@) = f(t,x(t),u(t)) (8)

where u(t): [0,1] = R™ and x(t): [0,1] = R™ and f is a real valued continuously
differentiable function the aim is to find a pricewise continuous u* and the related variable x*
which optimize in a sense the performance index

J= [ L(t,x(0),u(®))dt 9)

Subject to the conditions together with Eq. 8
X(0) =xo (10)

where x, € R™

A new parameterization using shifted modified Chebyshev polynomials
Step 1

Express u(t) as a function of t , x(t) ,x" (t)

u(t) = o(t,x(t),x (1) (11)
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Step 2

Expand x(t) as alinear combination of shifted Chebyshev series
Xm(t) = Do Msg (t), m =12, .....

or x,(t) = ATMs(t) (12)
Step 3

Rewrite Eq. 11 using Eq. 12
Un() = @ (t, Xito o Msi(t) , Zito ax Msi(t)

Uy, (t) = (t,ATM s(t), ATDM s(t)) (13)
where AT =[ay a;, ...,am]T

Ms(t) = [Msy,Msy, ..., Msy,]

Step 4

Substitute the approximation given in Eq. 12 and Eq. 13 into Eq. 9
J=[ L (t, ATMs (t), p(t), A'M s(t), ATDMs(t) ) d ¢t (14)

Thus, the problem is reduced to quadratic function of the unknown vector AT
Step 5

Replace the initial condition in Eq. 10 to be equality constraint as

xn(0) = Xxoax Msk(0) = xo (15)
The converted new problem will be

i a{AT HA} (16)

Subjectto Fa = b (17)

Note that Eq. 15 leads to the linear constraint, Eq. 17

4. Numerical Examples:

The efficiency of the presented method is illustrated by considering two numerical
examples. The analytical solution is given for each example to allow validation of the method
by comparing the obtained results with the corresponding exact solution.

Example 1

The aim is to obtain the optimal control which minimize

J=3Jg(x* + u?)dt (18)
when u(t) = x(t) + x(t) (19)
x(0) = 1 (20)

Jexact = 0.1929092978
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This example contains state variable x(t)and control variable u(t). Here x(t)
approximated by Shifted modified Chebyshev polynomials of unknown parameters, then u(t)
can be obtained from Eq. 19. By substituting the conditions from Eq. 20 in x(t) and
substituting x(t) and u(t) in Eq. 18 to find optimal value J*

In this approach, the state variable x(t) and control variable u(t) are approximate by

x(t) =Y ,a; Ms;(t) (21)

where Ms;(t) is shifted modified Chebyshev polynomials, the control variable is found from
Eqg. 19 using the shifted modified Chebyshev operational matrix of derivative, yields
u(t) = (ag + a;)Msy(t) + (a; + 4a,)Ms,(t) + a,Ms,(t) (22)

The expression for J is obtained by substitution Eq. 21 and Eq. 22 into Eq. 18,

8 4 —6.6666] [ %o
] = lay a; a,] 4 4.6666 —0.2001]| %1 (23)
—6.6666 —0.2001 11.06621L4a:

The following additional equation can be obtained using Eq. (20)
2a0 - al - az = 1 (24‘)

The reduced problem is to minimize Eq. 23 subjects to Eq. 24. Standard quadratic
programming method is used to obtain the optimal values a; a; a, as follows
a, = 0.3877,a, = —3.583,a, = 0.1337

Table 1 lists the optimal functional values, ] for different values of n together with the
exact error.

Table 1 optimal functional values for Example 1

_ Exact Error
N The optimal value | ] J |
exact — Jopp

2 0.1943 -0.0014
3 0.1929 0.0000
4 0.1929 0.0000

A good approximation is obtained when n = 4 with the optimal values are
ap = 0.3978,a,; = —0.4161,a, = 0.1490,a; = —0.0286,a, = 0.0055

Figure 1 plots the obtained approximate solution x(t), u(t) for n = 4 against the analytic one
given by

—_ 223 3 223 -V2t
x(t) = —e2V242,2-3 € + (1 n —e2\/7+2\/5—3) €

Vi i _
and u(t) = 2 s (V24 DeVo(1 - ) (V2 - e ™
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Fig. 1: the approximate solution x(t),u(t) for n = 4 and the exact solution of example 1

Example 2

J =[x+ ud)dt (25)
Subjectto x = u (26)
x(0)=1 (27)

In this example there is state variable x(t) and control variable u(t). Here x(t)
approximated by Shifted modified Chebyshev polynomials with unknown parameters and
u(t) can be obtained by Eq. 26. Then by substituting the condition from Eq. 27 in x(t) and
substituting x(t) and u(t) in Eq. 25 to find optimal value J*.

Now the state variable x(t) and control variable u(t) are approximate by

x(t) =Xioa Mi (t)
We have numerical results obtained by table 2

Table 2: Numerical results for example 2

_ Exact Error
N  The optimal value | ] ) |
exact — Jopp

2 0.7618 -0.0003
3 0.7616 -0.0001
4 0.7616 -0.0001

Figure 2 plots the obtained approximate solution x(t), u(t) for n = 4 against the analytic one
given by
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Fig. 2: the approximate solution x(t), u(t) for n = 4 and the exact solution of example 2

Discussion

New and efficient algorithm for solving special class of optimal control problem called

quadratic optimal control problem is presented. The approximated solution is based on state
parameterization using new basis function, named shifted modified Chebyshev polynomials.
First, an optimization problem (n+ 1) X (n+ 1) dimension space is reduced to one
dimensional optimization problem. The obtained reduced problem can be solved easily.
[llustrative examples are included to show the accuracy of the proposed method.
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