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The area of Chebyshev polynomial functions plays an important role in 
mathematic with applications in computer science and engineering. New 
shifted modified Chebyshev polynomials are considered in the present 
article. An explicit expression of the definition for shifted modified 
Chebyshev polynomials with some important relations and interesting 
properties is first derived. Then new expression formulation for 
constructing shifted modified Chebyshev operation matrix of derivative 
is given. Such polynomials are used as basis functions to propose and 
analyze direct numerical technique to optimal control problem having a 
quadratic performance index, based on shifted modified Chebyshev 
polynomials together with its operation matrix of derivative, such a 
problem is reduced into an optimization  technique which can be solved 
easily using quadratic programming  algorithm. For confirming the 
validity and accuracy of the presented method some numerical examples 
are included a long with a comparison between the obtained results 
against the exact one. 
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Introduction:  

Optimal control problem is very important role in many application areas including 

economies, engineering and finance. They are a branch of optimization theory which 

concerned with minimizing post or maximizing a payout pertaining. There is an important 

and very useful method for solving optimal control problems. This method is labelled as direct 

method in which the optimal solution is obtained by direct minimization of the cost function 

subject to constraint. Therefor, three techniques by employing the direct method: state 

parameterization reducing the problem to a nonlinear optimization problem [1-11]. 

Chebyshev polynomials control and state variables are expanded by Chebyshev 

polynomials and Chebyshev spectral procedure was introduced by [12]. In 2019 A dane 

presented a technique using Chebyshev polynomials for solving linear quadratic optimal 

control system [13]. Other method based on Chebyshev polynomials can be found in [14-16]. 

In the present article, the sections are organized as follows: section 2 gives new bases 

functions called shifted modified Chebyshev polynomial with an explicit expression formula. 

Operational matrix of derivative for such polynomials is constructed in section 3 while an 

efficient approach together with the obtained operation matrix using state vector 
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parameterization is illustrated in section 4. Section 5 gives numerical examples to illustrate 

the reliability of the suggested method. Finally, some concluded remarks are discussed in 

section 6.    

1. Shifted Modified Chebyshev Polynomials: 

The recurrence relation of shifted Chebyshev polynomials is  

                     -      ,                                                           (1) 

with the initial conditions. 

            and                   

The Pascal array generates shifted modified chebyshev polynomials is  

 
   
     
      

         
              
                

 

The explicit expression of shifted modified Chebyshev polynomials can be defined as 

    (t) = ∑       
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2. Operation  Matrix  of Differentiation  for Shifted Modified Chebyshev Polynomials:  

Theorem 1  

For all      , the first  derivative  of shifted Chebyshev  polynomials interims of their shifted 

modified Chebyshev  polynomials themselves  is given as  

  ̇   (t) =                                                                                                                (3) 

where the matrix    is the operational matrix derivative defined by  
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For even  , while the matrix   is defined for odd   as 
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From the obtained matrix of derivative one conclude that 

 ̇        ∑    
   
   

     

                            for even                                         (4) 

and   

  ̇       ∑    
   
   

      

                 for odd                                         (5) 

Theorem 2 

Suppose that the function        can be expressed as a linear combination of shifted 

modified Chebyshev polynomials as  

     ∑   
 
        (t)                                                                                                (6) 

Then the derivative of      with respect to   is given by 

 ̇ (t) ∑   
   
                                                                                                          (7) 

                    

              ,        ,……, 2, 1 

3. The Suggested Design Approach: 

Suppose that the problem of a finding a control variable for a system 

 ̇                                                                                                                (8) 

where                  and                    and   is a real valued continuously 

differentiable function the aim is to find a pricewise continuous    and the related variable    

which optimize in a sense the performance index  

J = ∫  (             )  
 

 
                                                                                          (9) 

Subject to the conditions together with Eq. 8  

                                                                                                                          (10) 

where         

A new parameterization using shifted modified Chebyshev polynomials 

Step 1 

Express      as a function of            ̇          

                   ̇                                                                                           (11) 
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Step 2 

Expand       as a linear combination of shifted Chebyshev series  

       ∑   
 
       (t),            

or            M                                                                                              (12) 

Step 3 

Rewrite Eq. 11 using Eq. 12  

          (  , ∑   
 
           , ∑   

 
      ̇      

                     ,                                                                          (13) 

where       [            ]
 

  

                          

Step 4 

Substitute the approximation given in Eq. 12 and Eq. 13 into Eq. 9 

J = ∫            
 

 
     (t),           ,                                           (14) 

Thus, the problem is reduced to quadratic function of the unknown vector     

Step 5 

Replace the initial condition in Eq. 10 to be equality constraint as 

       ∑   
 
                                                                                      (15) 

The converted new problem will be  

{     }
      
                                                                                                                  (16) 

Subject to                                                                                                       (17) 

Note that Eq. 15 leads to the linear constraint, Eq. 17 

4. Numerical  Examples:  

The efficiency of the presented method is illustrated by considering two numerical 

examples. The analytical solution is given for each example to allow validation of the method 

by comparing the obtained results with the corresponding exact solution. 

Example 1 

The aim is to obtain the optimal control which minimize  

                 
 

 
∫           

 
                                                                              (18) 

when          ̇                                                                                        (19) 

                                                                                                                        (20) 

       = 0.1929092978 
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This example contains state variable      and control variable     . Here      

approximated by Shifted modified Chebyshev polynomials of unknown parameters, then      

can be obtained from Eq. 19. By substituting the conditions from Eq. 20 in      and 

substituting      and      in Eq. 18 to find optimal value    

In this approach, the state variable       and control variable      are approximate by  

      ∑          
 
                                                                                            (21) 

where        is shifted modified Chebyshev polynomials, the control variable is found from 

Eq. 19 using the shifted modified Chebyshev  operational matrix of derivative, yields 

                                                               (22) 

The expression for   is obtained by substitution Eq. 21 and Eq. 22 into Eq. 18,  

            [
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]                             (23) 

The following additional equation can be obtained using Eq. (20) 

                                                                                                         (24) 

The reduced problem is to minimize Eq. 23 subjects to Eq. 24. Standard quadratic 

programming method is used to obtain the optimal values          as follows 

                              

Table 1 lists the optimal functional values,    for different values of   together with the 

exact error. 

Table 1 optimal functional values for Example 1 

N The optimal value 
Exact Error 

 |           | 

2 0.1943 -0.0014 
3 0.1929 0.0000 
4 0.1929 0.0000 

A good approximation is obtained when     with the optimal values are 

                                                       

Figure 1 plots the obtained approximate solution           for     against the analytic one 

given by 
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Fig. 1: the approximate solution     ,     for     and the exact solution of example 1 

Example 2 

   ∫      

 
                                                                                                      (25) 

Subject to   ̇                                                                                                        (26) 

                                                                                                                          (27) 

In this example there is state variable       and control variable     . Here      

approximated by Shifted modified Chebyshev polynomials with unknown parameters and 

     can be obtained by Eq. 26. Then by substituting the condition from Eq. 27 in      and 

substituting      and      in Eq. 25 to find optimal value    . 

Now the state variable      and control variable       are approximate by 

      ∑   
 
      

  (t) 

We have numerical results obtained by table 2 

Table 2: Numerical results for example 2 

N The optimal value 
Exact Error 

 |           | 

2 0.7618 -0.0003 
3 0.7616 -0.0001 
4 0.7616 -0.0001 

Figure 2 plots the obtained approximate solution           for     against the analytic one 

given by 
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Fig. 2: the approximate solution     ,      for     and the exact solution of example 2 

 

Discussion  

New and efficient algorithm for solving special class of optimal control problem called 

quadratic optimal control problem is presented. The approximated solution is based on state 

parameterization using new basis function, named shifted modified Chebyshev polynomials. 

First, an optimization problem               dimension space is reduced to one 

dimensional optimization problem. The obtained reduced problem can be solved easily. 

Illustrative examples are included to show the accuracy of the proposed method.  
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 المحسنح المزاحح لحل مسائل السيطرج المثلى الترتيعيح  طريقح مثاشرج لشيثيشف

انعام علوان صالح
 

، سهى نجية شهاب
*
  

‏(alrawy1978@yahoo.com) قسى‏انعهىو‏انرطثٍقٍح،‏انجايعح‏انركنىنىجٍح،‏تغذاد،‏انعزاق

 ‏‏‏‏‏‏‏‏انثحس‏يسرم‏ين‏رسانح‏ياجسرٍز‏انثاحس‏الاول‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏‏

 معلوماخ الثحث:  الخلاصح:

يهًا ‏نهثحىز‏فً‏انزٌاضٍاخ‏‏دورا ‏يساحح‏دوال‏يرعذداخ‏حذود‏شٍثٍشف‏ذهعة‏

‏دوال‏ ‏دراسح ‏ذى ‏انثحس، ‏هذا ‏فً ‏وانهنذسح. ‏انحاسثاخ ‏عهىو ‏فً ‏انرطثٍقاخ يع

شٍثٍشف‏انًحسنح‏انًشاحح‏انجذٌذج.‏ذى‏اشرقاق‏صٍغح‏صزٌحح‏نرعزٌف‏يرعذداخ‏

‏نًشرقاخ‏ ‏انعًهٍاخ‏انجذٌذج ‏شى‏كىند‏يصفىفح ‏انًشاحح ‏شٍثٍشف‏انًحسنح حذود

رخذيد‏كذوال‏اساسٍح‏لاقرزاح‏وذحهٍم‏اسهىب‏عذدي‏يرعذداخ‏انحذود‏انًقذيح‏اس

‏تالاعرًاد‏ ‏ذزتٍعً. ‏اداء ‏يعايم ‏ذًرهك ‏انرً ‏انًصهى ‏انسٍطزج ‏يسائم ‏نحم يثاشز

عهى‏يرعذداخ‏حذود‏شٍثٍشف‏انًحسنح‏يع‏يصفىفح‏انعًهٍاخ‏نهًشرقح،‏شى‏اخرشال‏

يٍح‏يسانح‏انسٍطزج‏انًصهى‏انى‏يسانح‏ايصهٍه‏ويًكن‏حهها‏تسهىنح‏تاسرخذاو‏خىارس

‏تعض‏الايصهح‏ ‏حم ‏ذى ‏انًقرزحح. ‏انطزٌقح ‏ودقح ‏قاتهٍح ‏نرأكٍذ ‏انرزتٍعٍح. انثزيجح

‏انعذدٌح‏يع‏انًقارنح‏تٍن‏اننرائج‏انرً‏حصهنا‏عهٍها‏يع‏انحم‏انحقٍقً.

‏11/11/2121‏ذأرٌخ‏الاسرلاو:

 10/12/2121ذأرٌخ‏انقثـــىل:‏

 الكلماخ المفتاحيح:

انًطىرج‏‏يرعذداخ‏حذود‏شٍثٍشف
انًشاحح،‏يسأنح‏انسٍطزج‏انًصهى،‏

أيصهح‏عذدٌح،‏‏يصفىفح‏انعًهٍاخ،
‏انذوال‏انًرعايذج

 


