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In this paper, we present best co- approximation in weighted space. The results
considered are these of existence of functions of best co- approximation, specifications of
co-a proximal and specification co- Chebyshev subspaces.

1. INTRODUCTION

Estimates in approximation theory that (cf [ 1],
[2], [3], [4]and [5] )has recently introduced [6] and [7]
As in the case of best approximation, the theory of best
co-approximation has been developed to a from obvious
in  metric space and Banach Characterization,
Characterization of co-a proximal space by [8 ], [9] and
[10].

In a class of papers many authors have proved
many results on best co approximation in metric space
and normed space as [11] and [12]. In this paper
introduced some results on existence of functions of best
co- approximation specifications of co-a proximal and
specification co- Chebyshev subspaces.

Let X =[-1,1], W the set of all weighted
functions which as w: X = R* and L, ,, (X) the space of

all unbounded functions, 1 < p < oo with norm for f €
Lp,W (X )9

1

Ifllpw = (2 1f@ wel dx )7 < oo.

Let A be a subspace of Ly, (X), f € L,, (X), find a
function a* in A such that

If —a*llpw < IIf —ally foreverya € A
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We say thata® is best co approximation of f and
the set of best approximation of f by the functions of 4
is denoted by Pg. Clearly

P5(f) = {Naca B(f IIf — allpw)}NA
Where B(f, lIf —allpw)
Lyw (X).

As a peer to best co approximation, and the kind

denotes the closed bull in

of approximation called best co approximation which
define by.

If a* € A, then

”f - a”p,w = ”a* - a”p,w fora € A.

We say that a*is best co-approximation of f and
the set of best co-approximation of f by the functions of
¢ is denoted by Q. Clearly

Q5(f) = {NaeaB(f. If — allpw)}NA

The set A is said to be proximal (respectively co-
proximal) if Ps(f) (respectively Qs(f)) is non-empty
for each f €Ly, (X), it's said to be chebyshev
chebyshev) Ps(f)  (respectivelyQ(f))
contains exactly one element foe each f € L, ,, (X).

The function f € Ly, (X) is said to be orthogonal
to author function g € Ly, (X) and denoted byf L g if
If —gllpw < If —Bgll,w for any scalar B and f is
orthogonal to subspace A of L, ,, (X) and denoted byf L
Aif f 1 afor

(respectively
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a€A.

2. Auxiliary Lemma:
Lemma 2.1: If A is subspace of L, ,,,(X). Then
A c Qs(f) when even the diameter of A is
smaller then dist ||f — Al
5CA) < |If —Allpw ., where 6(A) is the
diameter of A.
Lemma 2.2: if A is aconvex subset of strongly locally
convex Ly, (X), then Q5(f) is a convex set.
Lemma 2.3: if A is a linear subspace
of Lyw(X) and 95(0) = {f € Ly, (X) : 0 € 95(N)}.
Then

@) (Q5(0))71is a closed set containing
0

(i) ap €95(f/) =0 €Qs(f —
ay) ie f—ay € (Q5(0)) .
(iii) fora€eA we have
(05(@) " o aeQs(a+h) ie.
he (Qs(@) .

h e
a+

Remark 2.4: If L, , (X) is unbounded functions space
and f- fixed function in Ly, (X), then the space

Lp,W(X) =1f: [-1,1] - R, ”f”p,w =

sup If@)-Fl , is complete normed space.
— lx=y|

x,y€[-1,1]
XF+Yy

3. Main Results
Theorem 3.1:

Let f€ Lpyw(X),1<p<ooand A4 is
linear subspace of unbounded functions space.
fe
Ly w(X)/A if and only if (Q5(f))_1 (0) is non-
singleton.

Proof:- By Lemma 2.3 (ii), then 0 €

(25(N) " (0).

Now, suppose g € F(f) for some f € L,,(X)/A.
Then By Lemma 2.3 (ii)

If = gllpaw #0 €(25(N)" (0)
(Qs(f)))71 (0) is not a singleton .

Then F(f) is non-empty set for some

and S0,
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Conversely: assume (95 (f ))_1 (0) is not a singleton.

Then there exists an (Q5(f) # @) € (Q(g(f))_l (0)
And so 0 € Q5(f)
ie. Qs(f) # @ for some f € Ly, (X)/A.
|
Theorem 3.2:
Let L,,(X) be the space of all monatons

unbounded function , 1 < p < oo, A4 is linear subspace
of L, (X),

fE€Lpw(X) /A and 1 € A.Then A € F(f), for each
AEA,
properties

there is an f; € Ly, (X) with the following

(1) 120 - LAD] <

If = Allpw Vf ELyyw(X)&AEA .

(i) H(F—24)=0.

(iii) fildo — 2) = llAdo — Allpw-
Proof: Assume that for every A. € A, there exist f) €
Ly, (X), satisfies the above conditions (i) ,(ii) and (iii),
then
If = Zellpw = 1f2(F) — fa(A-)] by condition (i).
Since, 1A = A@A)=1f -2+ - 2)| =
|f2(1 — A.)| by condition (ii).
fa(A — ) = [|[A4g — A|lp,w by condition (iii).
Thus, |[Ag = Allpw < |If — Acll,w for every 4- € A.
Hence, A is co- approximation of , implies A € Q5(f) .

|

Theorem 3.3:
Let A be a linear subspace of Ly, (X) with Qs(f) = @,
for every f € Ly, (X), there exist no € L, ,(X) 3 A L
£ .
Proof :- Suppose there exists some £ € Ly,,(X) such
that A L £,1i.e. a L £ for every a € A. Then
”f_ﬁ&/”p,w = ”f_O”p,wa for all f € Lp,w(X) and
for all scalars £3.
This gives
If = Ollpw <A — fllpw forall f € Ly, (X)
i.e 0€Qs(f),thus Qs(£) + @
for A € Ly, (X) , this contradiction with hypothesis.
]

Theorem 3.4:
Let M sub space of Ly, ,,(X) and f € L, ,(X) then :

@) B={go eM:

9o Ngem Ps(f) } c 9s5(f),

where
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”90 - f”p,w = {Bf +(1-
B)go: B scalar } is the

linear manifold spanned by gq and f .
(ii) For an element g, € M we
have go € Q5(f)
ifA c ?aﬁ]}_%”m) ={h €L,y 0€Ps(h)}
Proof:(i) ag €A and agy € Ps(a).
For all a €A = ag €4 and |lag —all p, <
N(Bf + (A —=p)ag) —allpy , for all a € Aand all
scalars 3 .
For all a € Aand all scalars 8
= ag €A and |lag —all pw < lIf —allyw for
allg e M
ie. ag € 95(f)
(i) A 7’5ﬁ;—aou (0),s0 0 € Ps(a) forall a €
A.
= llag — all pw < IB(f — ao) —all pw, for all
a €A.
Let a; €EA. Put a=a;—ag and f =1, we
obtain
l(ay — ao) = Oll pw < II(F — o) — (a1 —
a)ll pw < f —asll pw -
So, ag € Qs(f).
]
Theorem 3.5:
Let A be asb space of linear space Ly, (X). Then
following statements: are equivalent.
(i) A is coproximal .
(i) Ly =A4+(2s(0)7"
Proof: (i) = (ii) Let f € L,,,(X) and A coproximal ,
there is ay € A such that ay € Qs5(f) from lemma 2.3
(i)
f—ao€(Qs(0))7".
Since ag € A and f —ag € Qs(0) implies f =ay +
f—ap €A+ (Qs(0))7"
Hence f € A+ (Qs(0))7t
i.e. we obtain, Ly, (X) € A+ (Q5(0)7" ,but A+
(Qs(O)™ © Lyw®X).
Thus Ly, (X) = A+ (Qs(0)~1.
Now we need to show that (i))=>(i) , let f € L, (X) =
A+ (Qs(0)7".
Then f=ay+a,ap€A anda€ (Q9s5(0))7L.
So,0 € 95(a) = Qs(f — ao) -
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From lemma (ii), ay € Qs(a).
Hence A is coproximal
|
Theorem 3.6:
Let A be a subspace of linear space Ly, (X) . Then
following statements are equivalent:
(i) A is coproximal .

(ii) A is closed and for canonical mapping

.My: Ly, (X) - L, (X) /A such

-1
that My(Q5(0)) = L, (X) /A.
Proof :-
(i)=(ii) Let A be acoproximinal sub space of Ly, (X)

we need to prove A4 is closed and

My (Q5(0)) = Lpw(X) /A
Let a€ A, 1y € Qs(a).
Then there is a sequence {a,} in A such that a,, — a
and

”a - rO”p,w < ”a - k”p,w fork € A
Also |la, —roll < lla, —all forall n.
We obtaina,, =1y, buta, —a
Implies 1o =a € A4
Thus A c A c A implies

A=A

So, A is closed
Now ay € Qs(f) implies by lemma 2.3 (ii)
f—ao € Qs(f) , then My (f —ao) =(f —ag) + A =
f+A

(i)—(1)
Let f € Ly (x)
f +A € Lp,w(X)/A = MA(Q&(O))_l

= f+ A= My(h),where h € (Q5(0))1
= f+A=h+A,where 0 € (Qs5(0)) !
= f—h=ay€Aand 0 € Qs(f —ay)
from lemma 3.3 (ii)

= ay € Q5(f)

A is coproximinal .

Theorem 3.7:
Let A be closed sub space of the space Ly, (X). Then
the following .
(i) A isaco-Chebyshev subspace .
() Lyw(X) = AB(Q5(0))™" ,where
that  the

@ means sum
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decomposition of each f €

Ly w(X) is a unique .

(iii) A is coproximal and( Q5(0))~1 —
-1
(25(0)) " nA={0}
(iv) A is coproximinal and the
restriction mapping My /

(Q5(0)71 is injective.
Proof: (i) —(ii)) since A
coproximinal and by theorem 3.5
LywX)=A+ (95(0)71, now we show that the sum
decoposition of each f € Ly, (X) is a unique suppose
f € Lyw(X) and
f=a,+hiand f =a, +h,
Where a; ,a, €A, hy ,h, € (Qs(0)71
This gives a; — a, = h— h, Now h; € (Q5(0))7?
= 0€ Qs(hy) = a; € Qs(hy + a;) by lemma 2.3
(ii) .
ie. a; € Qs(f) similarly a, € Qs(f)
since A is co- Chebyshev a; = a, and consequently

h'l = hz

Hence Lp‘W(X) = A®( Q5071

e -1

(i)~ (iii) Lyw(X) = A®(Q5(0)) ~ =4
coproximinal.

By Theorem 3.6 suppose 0 #hE€E (95(0))_1 —
(Qs(0)™*nA
Then

-1

(95(0)

hy # hy so, 0 € Qs(hy), 0 € Qs(hy) , nowhy, h, €
(25(0) ™", hy —hy € A](0) and

-1

hi,h, € (Qa(o)) , hy — h; € A|(0) and

hy =0+ h; = (hy — hy) + h, a contradication to the
uniqueness of the sum decomposition .

Hence [(05(0)) ™ = (25(0)) " na = {0}]-

(iii)=(iv) Suppose MA/( Qs (0))_1 is not
injective , i.e there exists hy — h, € (Q(g(O))_1
hy # hy and My(h,) = My(h,) Then
0% hy,hy €(F0) —(F0) ' na a
contradiction.
(iv)=(i) Suppose f € L, (X) has two distinct best co-

aproximation in A say a; and a, then by observation
2.3 (ii)

is co-Chebyshev it is

h=hy— hy by €(Qs(0)) " ,hy€
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f—a andf—a; €(Qs (), f—a,#f—ay
But Myf — (ay) = Muf —(az) QS
f-a)—f-a)=a,—a, €A
contradiction.

,which 1s a

]
Theorem 3.8:
for a closed linear subspace A of Ly, (X) the following
statement are equivalent :-
(i) A is co-semi chebysher sub
space .
(ii) Each element f € Ly ,,(X) has

at most one some decomposition as
A+ (F0) ™
(iii) [(T-(O))'1 - (?(0))’1] NA=
{0}

MA|(5F(0))_1 is injective.
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