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Abstract

A nonlinear finite element method is applied to compute the elastic-plastic thermally postbuckling
behavior of initially deflected rectangular steel plate under in-plane compression loading. Classical
first order shear deformation is assumed using nine-node isoparametric Lagrangian elements to
develop the finite element analysis procedure. The geometric and material nonlinearities are
included in the present study. Some of effects were studied in the present study such as temperature
gradient, initial imperfection, slenderness ratio, and aspect ratio. Based on this study, the main
conclusion that the ultimate strength of steel plate depends on the temperature gradient where the
ultimate strength will decrease about 11% for slenderness ratio (b/=120) and about 41% for
slenderness ratio (b/t=40) when the temperature increasing from (0.0 °C) to (100°C).

Keywords: Large Displacement, elastic-plastic analysis, finite element method, thermomechanical
loading
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1. Introduction

In recent years, considerable work has been devoted to the study of nonlinear and post buckling
responses of plates and shells subjected to combine mechanical and thermally loading. Since
rectangular plates have many applications in aircraft structures, including fuselage, wing, and other
engineering application, an understanding of their nonlinear and post buckling responses to
variation of geometric parameters and some of effects is needed to provide an investigation of the
effects of changes in these parameters on the structural response. On the other hand, the increasing
of temperature through thickness of plate and the manufacturing —induced geometric imperfections
may reduce the load-carrying capacity of steel plate structures and the post buckling analysis of
imperfect steel plates including the temperature seems more important[Szilard,1974].

Amount of effort has been devoted to the study of nonlinear and post buckling response of
laminated composite plates subjected to thermal and thermomechanical loading but little efforts
have been devoted on the steel plate.

In 1996, Ganapathi, et al. used C° shear flexible QUAD-9 plate element, stresses and
deflections in composite laminated plate due to thermal loads in the analysis. He used a formulation
based on first order shear deformation theory. The effects of various parameters, such as ply-angle,
number of layers, thickness and aspect ratios on stresses and deflections were brought out. He
noticed that the maximum displacement for angle-ply is higher than that for the cross-ply plates.

In 1998, Hause studied a comprehensive geometrically non-linear theory of doubly curved
sandwich structures constructed of anisotropic laminated face sheets with an orthotropic core under
various loadings for simply supported edge conditions is developed. He studied many of effect such
as the initial geometric imperfections, pressure, uniaxial compressive edge loads, biaxial edge
loading consisting of compressive/tensile edge loads, and thermal load. In addition, the
movability/immovability of the unloaded edges and the end-shortening were examined.

In most of the studies a finite element based approach and simply supported boundary
conditions have been considered. Therefore, there is a great need to develop a numerical analysis
and also to generate new results of post buckling response for more practical but complicated
boundary conditions which may serve as the bench mark solution.

In the present study, an ultimate strength analysis of moderately thick and thin plate
subjected to in-plane uniform edge compression mechanical loading and thermal induced loading
due to linearly varying temperature across the thickness. The mathematical formulation is based on
the first order shear deformation theory and the von-Karman type nonlinearity. The material

nonlinearity was considered in the present study. The effects of the aspect ratio (a/b), slenderness
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ratio (b/t), initial imperfection, varying of temperature gradient on the ultimate strength of

rectangular steel plate has been studied.

2. Formulation

Perfect bonding between the layers and temperature independent mechanical and thermal
properties are assumed. The displacement field at a point in the plate shown in Figure (1) is

expressed as:
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Figure (1): Differential element of a plate, (a) Stresses on cross sections and distributed lateral load
g=q(x,y), (b) Differential forces and moments. Arrows that represent forces normal to the plate mid-surface
are viewed end-on.[Cook,1995]
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v(x,y.2,0) =, (x, y,)+ 26, (x,y.1) )

w(x, y,z,t) =w, (x, y,t)
Based on the von-Karman type nonlinearity, the strain displacement relations become,
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Equation (2) displays the relation of strains with the displacements and also shows the
relation of strains with the initial imperfection. Equation (2) is rewritten in another form to be

remembered w =w+w, :
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The stress and moment resultant of a plate element having n layers of lamina subjected to in-plane

edge compressive loading and thermal loading due to temperature gradient T = (AT’ z/ h) across the

thickness can be expressed as:
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where the laminate stiffness coefficient (A,B,D) defined in terms of the reduced stiffness

coefficients (Q) for the layers k=1,2,.....,n are:

NL
Ay =LZ=IQiJ.(hL—hL_1) i.,j=1,2,60ri,j=4,5 (6)
NL 5 ) .
B; = (1/2)L2_1Q,.j (h; —h;_) i,j=1,2,60ri,j=4,5 (7)
NL 3 3 .. ..
D, = (1/3)L2_1Q,.j (hi —h;_) i,j=1,2,60rij=4,5 (8)
where
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20



Kufa Journal of Engineering, Vol.1, No.2, 2010

Cn = E/(I‘Vz)
Cpp = V.E/(I—V2)= V.E/(I—Vz)

Cyp = E/(l—"z)

an
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where G,3 is Shear modulus.
In the plate the temperature induced stress resultants due to linearly varying temperature

across the thickness are:
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where T; and T,=temperature change in the top and bottom faces, respectively; and o=thermal
expansion coefficient.

3. Finite Element Concept

The finite element method has proved to be a powerful method of analysis in many fields of
engineering. The finite element method involves dividing (or discretizing) the continuum into a
finite number of elements connected at nodal points. These elements have a simple shape (usually
rectangular or triangular) and any complex structural shape can be approximately represented by a
proper assemblage of these elements. Any difficulties due to complex loading conditions can be
simplified by assuming that the load can be applied only at the nodes of the element. The accuracy
of the method depends not only on the idealization of the continuum, but also on the properties of
the shape functions assumed to represent the deformed shapes of the element. The nine-node

Lagrangian element shown in Figure 2 is adopted in the present study. This element contains four
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nodes at the corners, four nodes at the mid-sides of the element boundaries and one node at the
center of the element. The topology order is counter-clockwise in the sequence from 1 to

9[Bathe,1996].

-L1) (1.1)

(-1-1) (1.-1)

Figure 2. Nine-node quadrilateral isoparametric
element[Bathe,1996]

The engineering components of strain can be expressed in terms of the first partial
derivatives of the displacement components. Therefore, the linear strain-nodal displacement matrix

[B] at any point within an element for five degrees of freedom per node can be written as:
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The tangent stiffness matrix can be written as:
k1=K, ]+ [k, ]+[K,] (16)
where [K 0] is the constant linear elastic stiffness matrix and can be written as:
T
x,]1=[I8,] [P]B, Jaa (17)
A

[K L] is the initial or large displacement matrix which is quadratically dependent upon displacement
u, and can be written as:
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[x.]=[[8,]'[D][B,laa+ [[B, ] [D][B, KA+ [[B, ] [D][B, ]dA (18)
and
[Kc]=£[G]TL]VV: ZZVV’”][G]da (19)
where

00 % 0 0
[G]= 00 aa—];’;’ 0 0 @

In the present study the selective integration rule has been adopted to compute the
integration of the matrices where (3x3) is used for bending and membrane energies and (2x2) for

transverse shear energies, as shown in Figure 3 [Ammash,2008].
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Figure 3. Four and nine-Gauss point position for selective integration

Material nonlinearity does not require a formulation of the basic (governing) differential equations.
The required elastic-plastic relationships between stresses and total strains may be derived from the
simple two dimensional relationships with the flow theory of plasticity being used to evaluate the
plastic components of strains. To determine whether any given combination of stresses is sufficient
to cause yield, it is necessary to define a yield criterion and a yield criterion must be able to define
the onset of the plasticity under combination of stresses. The designer must assess the integrity of
the structure with respect to strength for the determined state of stress. Most experimental
determinations of the strength of a material are based on uniaxial stress states. However, the
general practical problem involves biaxial, triaxial and other complex states of stress. The yield
criterion established by von-Mises for plates of isotropic materials is given as

follows[ Ammash,2008]:

1
f= F(G,f +0'y2 -0,0, +31:xy2 +3sz2 +3'cyz2)s 1.0 (21)

o
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where ©,is the uniaxial yield stress, 6, and o, are the direct stress components in the x and y-
directions, Tyy is the shear stress in xy-plane, T,, is the transverse shear stress in xz-section, and

T,, 1s the transverse shear stress in yz-section. Equation (21) neglects the normal stress g, .
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Figure 4. Idealizated stress-strain relationship of uniaxial loading behavior for isotropic plate [Ammash,2008]

4. Numerical Results and Discussions

A large displacement elastic-plastic behavior of steel plates under in-plane
mechanical and thermally loading with different boundary conditions, different
aspect ratios, different slenderness ratios, different values of temperature, and

various initial imperfections were studied.

4.1 Effect of constant temperature through thickness on the postbuckling

behavior of plate under in-plane loading
To investigate the behavior of the simply supported square thin plate under in-plane loading up to
the ultimate strength, the effect of constant temperature through thickness was studied.

Figure 5 shows the load-deflection curve of the simply supported plate obtained by using
(2x2) mesh for the quarter plate and different values of constant temperature through thickness (AT)

(0-100). This Figure reveals the finite element results obtained by the nine-node isoparametric

Lagrangian elements. From this plate, the predicted ultimate load is (1005 kN/m,973 kN/m,4Y¢£.8

kN/m,A47. 8 KN/m,ATA kN/m, 847.5 kN/m) for (AT=0, 20, 40, 60,80, and 100 °C), respectively.

From this figure can noticed that the ultimate strength of steel plate decreases about (15%) for
increasing of temperature from (0) to (100). In this example, the material properties of the analyzed
plate are (E=200 GPa, v=0.3, a=b=1.0 m, h=0.01 m, w,/h=0.0, yield stress oc,= 245 MPa,
a=1x10").

24



Kufa Journal of Engineering, Vol.1, No.2, 2010

1200
- 1000
£
Z
<
F 800
=
%
=
=
?- <
S 600 ::
3 | —
- 4
Temperature
400 —+¢ —4+— T=0
—o— T=20
' —e— T=40
200 /] P
,’I —a— T=80
ok
""" —x—  T=100
0 ) I ) I ) I ) I )
0.0 0.5 1.0 1.5 2.0 2.5

Deflection ratio ((w+w,)/h)

Figure 5. Effect of constant temperature through thickness on the large displacement
elastic-plastic analysis a square simply supported plate under in-plane compressive load

4.2 Effect of initial imperfection on the postbuckling behavior of plate under

in-plane thermomechanical loading

A simply supported rectangular plate subjected to uniform compressive load is analyzed with
different values of constant temperature through thickness (AT=0-100). The unloaded edges can be
moved in the in-plane direction but remain straight. This plate is analyzed using isoparametric
Lagrangian nine-node elements with five degrees of freedom per node and the quarter of the plate is
chosen and divided into (2x2) mesh and the thickness is divided into six layers. The plate is
analyzed with varying the magnitude of the initial deflection whose shape is also considered to be a
sinusoidal curve.

Figure 6 shows the ultimate load-temperature curve of the simply supported plate under in-
plane thermomechanical loading with different values of initial deflection ratio (w,/h) and for
different values of constant temperature through thickness (AT=0, 20,40,60,80, and 100 °C),
respectively.

In this example, the material properties of the analyzed plate are (E=200 GPa, v=0.3,
a=b=1.0 m, h=0.01 m, w,/h=0.0, yield stress g,= 245 MPa, 0c:1><10'6). From this Figure it can be
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noticed that the ultimate strength of plates under in-plane thermomechanical loading is decreasing
with increasing of initial imperfection ratio. Table 1 shows the approximate values of decrease of

the ultimate strength for many types of plates with a range of initial imperfection ratio (w,/h) (0.0-

1.0).

Table 1. The ultimate strength of a square simply supported plate under in-plane
thermomechanical loading

taking into account the initial imperfection

Temperature Ultimate strength in-plane load (KN/m°®)
dient
ATCCy | +wolH=0.0 | (v )h=0.25 | (w43, )B=0.50 | (w+wo)h=0.75 | (w-+,)/h=1.00
0 1005 963 920 873.3 859
20 967 927 882 840.7 818
40 930 892 854.7 809 790
60 896.8 864.8 833.34 789 770
80 868 838 810 768 751
847.5 785 748 734
1100
] ;_ + w/t=0.00
£ T Py — ] o w02
S 1000 = ——  Wi=0.50
g —o—  w/t=0.75
% : w/t=1.00
g 4
900
= (
800 :
700 T I T I T I T I T

60
Temperature AT

80 100

Figure 6. Effect of initial imperfection on the large displacement elastic-plastic analysis a
square simply supported plate under in-plane thermomechanical loading

4.3 Effect of constant temperature through thickness on the postbuckling

behavior of plate under in-plane loading with various slenderness ratios

The elastic-plastic large deformation behavior of a plate subjected to uniform in-plane compressive
load is also analyzed with varying the magnitude of slenderness ratios as shown in Figure 7, with
different values of temperature gradient (AT=0, 20, 40, 60, 80, and 100 °C), respectively. The
boundary condition of the plate is simple support and the in-plane displacements of the unloaded
edges are unrestrained so that little membrane stresses in the transverse direction may occur. The
quarter plate is modeled by (2x2) mesh and the thickness is divided into six layers. The material
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properties of the plates are (E=200 GPa, v=0.3, a=b=1.0 m, w,/h=0.25, yield stress g,= 245 MPa,
a=1x10%).
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Figure 7. Effect of initial imperfection on the large displacement elastic-plastic analysis a square simply
supported plate under in-plane thermomechanical loading with different values of temperature gradient .

Figure 8 shows the decreasing percentage at ultimate strength of steel plate under in-plane
thermomechanical loading with varying the magnitude of the slenderness ratios. This Figure shows
that the decreasing percentage increases with the slenderness ratio decreasing such as the decreasing
percentage at ultimate strength for plate with slenderness ratio (b/t=120) about (11%) for

temperature gradient (AT=100 °C) and the decreasing percentage at ultimate strength for plate with

slenderness ratio (b/t=40) about gradient (41%) for temperature (AT=100°C).
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Figure 8. Decreasing percentage and temperature curve of a simply supported plate under
in-plane thermomechanical loading with different values of slenderness ratios
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4.4 Effect of constant temperature through thickness on the postbuckling

behavior of plate under in-plane loading with various aspect ratios

Figure 9 shows the relationship between the decreasing percentage at the ultimate strength and with
the aspect ratio (a/b) with slenderness ratio (b/t=100). Different values of temperature were
considered in the present study such as (AT=0, 20, 40, 60, 80, and 100 °C), respectively. The
boundary condition of the plate is simple support and the in-plane displacements of the unloaded
edges are unrestrained so that little membrane stresses in the transverse direction may occur. The
quarter plate is modeled by (2x2) mesh and the thickness is divided into six layers. The material
properties of the plates are (E=200 GPa, v=0.3, h=0.01 m, w,/h=0.25, yield stress g,= 245 MPa,
a=1x10).
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Figure 9. Decreasing percentage and aspect ratio curve of a simply supported plate under in-plane
thermomechanical loading

4.5 Effect of varying temperature through thickness on the postbuckling

behavior of plate under in-plane loading
To investigate the behavior of the simply supported square thin plate under in-plane loading up to
the ultimate strength, the effect of varying temperature through thickness was studied.

Figure 10 shows the load-deflection curve of the simply supported plate obtained by using
(2x2) mesh for the quarter plate and different cases of varying temperature through thickness (AT).
First case takes constant temperature through thickness with temperature (AT=100 °C) but second

case takes varying temperature through thickness with temperature at top face (AT=0 °C) and at
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bottom face (AT=100 °C). So, the third case takes varying temperature through thickness with
temperature at top face (AT=100 C°) and at bottom face (AT=0 °C). This figure reveals the finite
element results obtained by the nine-node isoparametric Lagrangian elements. From this plate, the
predicted ultimate load is (846 kN/m, 441.3 kN/m, and 1200 kN/m), for ((T-T)=(100-100) °C, (0-
100) C°, and (100-0) C°), respectively. In this example, the material properties of the analyzed plate
are (E=200 GPa, v=0.3, a=b=1.0 m, h=0.01 m, w,/h=0.0, yield stress o,= 245 MPa, Oc:1><10'6).

1200
. Temperature
(T: -T)
—4— const.temp.(100 -100)

—— varying temp.(0 -100)

1100
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—&— varying temp.(100 -0)
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Deflection ratio (w+w,)/h)

Figure 10. Effect of varying temperature through thickness on the large displacement elastic-plastic
analysis a square simply supported plate under in-plane compressive load

5. Conclusion

The results of the present approach (two-dimensional layered approach) associated with the finite
element method show that this approach is suitable to carry out the large displacement elastic-
plastic analysis of steel plates under in-plane thermomechanical loading. Conventional first order
shear deformation is assumed using nine-node isoparametric Lagrangian elements to develop the
finite element analysis procedure. The geometric and material nonlinearities are included in the
present study. Some of effects were studied in the present study such as temperature gradient,
initial imperfection, slenderness ratio, and aspect ratio. Based on this study, the main conclusion
that the ultimate strength of steel plate depends on the temperature gradient where the ultimate

strength will decrease with increasing the temperature gradient from (AT=0 °C) to (AT=100) about
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11% for slenderness ratio (b/t=120) and about 41% for slenderness ratio (b/t=40). The ultimate

strength analysis of plate depends on the varying of temperature gradient through thickness.
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