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Lane-Emden equations are singular initial value problems and they are 
important in mathematical physics and astrophysics. The aim of this 
present paper is presenting a new numerical method for finding 
approximate solution to Lane-Emden type equations arising in 
astrophysics based on modified Hermite operational matrix of 
integration. The proposed technique is based on taking the truncated 
modified Hermite series of the solution function in the Lane-Emden 
equation and then transferred into a matrix equation together with the 
given conditions. The obtained result is system of linear algebraic 
equation using collection points. The suggested algorithm is applied on 
some relevant physical problems as Lane-Emden type equations.   
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Introduction:  

Lane-Emden equations are initial value problems with singularity at the origin. They have 

the attention of many mathematician and physics because of their importance in many field 

such as a astrophysics and mathematical physics [1-5]. Lane-Emden problem has been 

studied by many researchers and solved using different technique. For example, authors in [6] 

solved singular Lane-Emden equation using Legender wavelets while in [7]. Bernstein 

operational matrix was used and applied Chebyshev operational matrix technique to find 

approximate solution for such problem [8]. Some other approximate solutions are used such 

as variation iteration method [9], Bifurcation technique [10] to compute numerical solution of 

linear and nonlinear Lane-Emden equation. For more studies, concerning Lane-Emden type 

equations are can see [11-13]. The collocation method has been a very important and useful 

technique to find the approximate solution of Lane-Emden equation method based on hybrid 

of the rational Bernoulli functions used in [14], collocation scheme with third degree B-spline 

suggested by [15], In [16-17], collocation method was utilized to solve system of Lane-Emden 

equation depending on Chebyshev polynomials. Moreover, orthogonal polynomial and 

wavelets establish a relation with fast approximate techniques and they are successfully used 

in many fields such as optimal control problem [18-20]. 
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The main important of this work is considering modified Hermite polynomials together 

with perational matrix of integration for solving linear singular Lane-Emden equation. 

Implementation of the suggested method reduces the original problem to a system of linear 

algebraic equations, which can easily solve with computer. 

 

The rest sections of this work are arranged as follows: Sections 2 and 3 present some 

important properties of modified Hermite polynomials with basic formulation of them. 

Section 4, devotes to the operational matrix of integration for modified Hermite polynomial 

functions with useful theorem. Section 5, summarizes the utilized of  obtained operation 

matrix to find an approximate solution of linear singular Lane-Emden equation. Illustrate 

examples are given in section 6 to demonstrate the application of operation matrix of 

integration for modified Hermite and some concluding remarks are listed in section 7. 

  

1. Modified Hermite Polynomials: Definition and Properties: 

For       , modified Hermite polynomial l  
    , can be defined by  

∑
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Expand ∑
  
    

  
 
    as a Maclurin series in   and equate coefficients, then   

    can be found 

as: 
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In particular, for    , one can obtain the first few modified Hermite polynomials 

  
       

  
         

  
              

  
                 

  
                        

where        . The five first modified Hermite polynomials are plotted in figure 1.  

    Fig.1: Graph of modified Hermite polynomials of degrees 0, 1, 2, 3, 4 and 5 
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Also, the modified Hermite polynomials satisfy recurrence relation given by 

    
          

           
                                                                                                                 (3) 

 

where          ,   
      ,   

         

The next recurrence relation connects the modified Hermite polynomials with their first 

derivative.  

  
              

                                                                                                                                          (4) 

Combining the two recurrence relations 3 and 4, yields another relation.  

 ̈ 
              

           
                                                                                                               (5) 

The polynomials   
     have the orthogonally property, that is  

∫   
 

 

  

     
       

 
     { 

      
 
   ⁄  

 
 ⁄                          

                                                             
 

The modified Hermite polynomials   
     form an orthogonal basis of the Hilbert space 

function satisfying.  

∫ |    |            
 

  

 

2. Function Approximation 

Suppose that {  
       

        
       

    }    
 [-     is the set of modified Hermite 

polynomials,       {  
       

        
       

    }  Suppose that       is arbitrary function of 

  
 [-      then. 

‖          ‖  ‖          ‖  ,                 

where       is the unique best approximation. 

Theorem 1 

A function      defined on [-     can be expanded as a finite sum of modified Hermite 

polynomials, then       ∑   
 
     

     converge uniformily to     , where     

       
     . 

3. Modified Hermite Operational Matrix of Integration 

The integration of vector   
     can be expressed as. 

∫   
             

    
 

 
                                                                                                                                   (6) 

where the matrix     is the             operational matrix of integration for modified 

Hermite polynomials. 
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The integration of   
      of order m can be obtained as follows. 

∫   
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where 
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The matrix    can be written as 
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For even   the last row will be. 
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4. Formulation of New Trial Solution via Operational Matrix of Integration: 

In the present section, a computational technique is presented to treat Lane-Emden 

equation with collocation method  together with  modified Hermite operational matrix of 

integration. 

Consider Lane-Emden type equation. 

  ̈     
 

 
  ̇                                                                                                                                         (9) 

ogether with, 

        ,   ̇                                                                                                                                          (10) 

By expanding  ̈    in modified Herimte polynomials we can get. 

 ̈                                                                                                                                                           (11) 

where the vectors    and       are [             
  and  [  

      
      

    recpectively. 

Integrating Eq. 11 from 0 to  , yields. 

 ̇      ̇     ∫            
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                                                                                                 (12) 
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where    is the operational matrix integration for modified Hermite polynomial. Then 

integrating Eq. 12, to obtain. 

             
   ∫         

 

 
                                                                                                           (13) 

Eq. 13 represents the formulation of the solution for Eq. 9. 

After substituted Eqns. 11, 12 and 13 into Eq. 9, and then applied collocation points, a 

linear set of algebraic equations is obtained with               

1. Numerical Examples:  

Three numerical examples are solved for showing the activity of the proposed method. 

Example 1 

The first standard linear Lane-Emden type is 

 ̈    
 

 
  ̇                                                                                                                                           (14) 

subject to              ̇       

Modified Hermite polynomials is used with   0, to approximate the second derivative of the 

solution, that is 

 ̈        
                                                                                                                                                     (15) 

Integrate Eq. 15 twice from   to t with boundary condition, yields 

 ̇      ̇          
                                                                                                                                 (16) 

where     * 
 

  
 +  and       [  

        
        

     

Then the solution      can be obtained by integrating Eq. 16 , 
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]                                                                                     (17) 

Now substitute the approximation of    ̈       ̇    into Eq. 14 and discretize it using collocation 

point thus one equation with one unknown coefficient can be obtained. therefore  the value  

           is obtained.  
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                                                                                       (18) 

  Figure 2 shows an identical between the obtained numerical solutions against the exact one. 
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Fig. 2: The obtained approximate solution with     and the exact         
  

 
 for example 

1. 

Example 2 

The second slandered linear singular initial Lane-Emden equation is given by 

 ̈    
 

 
  ̇            

Subject to             ̇      

exact solution       
       

 
  

here we assume  ̈    ∑      
      

   , 

By applying the same method and solve the system of equations we approximate the 

solution. Table 1 and figure 3 clarify the comparison between the numerical and exact 

solutions. 

Table 1: The obtained numerical solution with     and the exact  one for example 2.  

  
Present method 

(n=8) 
Exact 

solution 

0 1 1 

0.1 0.017453284 0.017453284 

0.2 0.017453257 0.017453257 

0.3 0.017453213 0.017453213 

0.4 0.017453151 0.017453151 

0.5 0.017453071 0.017453071 

0.6 0.017452974 0.017452974 

0.7 0.017452858 0.017452858 

0.8 0.017452725 0.017452725 

0.9 0.017452575 0.017452575 

1 0.017452406 0.017452406 
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Fig. 3:  The obtained approximate solution with     and the exact  one for example 2. 

 

Example 3 

The third standard singular Lane-Emden equation is [1] 

 ̈    
 

 
  ̇                       

subject to             ̇       

where the analytic solution is              

Let  ̈    ∑      
      

    

By applying the presented method and solve the system of equations, one can get the 

following  approximate 

      
 

   
  
     

 

   
  
     

 

   
  
     

 

   
  
     

 

    
  
                                                   (19) 

The result of Eq. 19 is             .  

The test solved example shows to clear the applicability and validity of the presented 

operation matrix method with a few terms of modified Hermite  basis functions comparing 

with other method. The obtained results are listed in both Figures and Tables. 

Table 2 and figure 4 show the comparison between numerical solution with   2 and the 

analytic one. 
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Table 2: The obtained approximate solution with     and the exact  one for example 3. 

  
Present method 

n=2 

Result in [1] 

n=4 
Exact solution 

0 1 1 1 
0.1 0.017453284 0.017453284 0.017453284 
0.2 0.017453257 0.017453257 0.017453257 
0.3 0.017453213 0.017453213 0.017453213 
0.4 0.017453151 0.017453151 0.017453151 
0.5 0.017453071 0.017453071 0.017453071 
0.6 0.017452974 0.017452974 0.017452974 
0.7 0.017452858 0.017452858 0.017452858 
0.8 0.017452725 0.017452725 0.017452725 
0.9 0.017452575 0.017452575 0.017452575 
1 0.017452406 0.017452406 0.017452406 

Fig. 4: The obtained approximate solution with   2 and the exact  one for example 3. 

Conclusion: 

An important certain linear initial value problem with singularity called Lane-Emden 

problem is treated in this work. The proposed technique is based on the application of 

modified Hermite operation matrix of integration. The idea of the proposed method 

essentially based on transforming the original Lane-Emden problem together with some 

conditions to a set of linear algebraic equations. The test-solved examples showed to clear the 

applicability and validity of the presented operation matrix method with a few terms of basis 

functions comparing with oher method. The obtained results are listed in both figures and 

tables. 

 

 

 



65 
 

 

References: 

1. Öztürk, Y., & Gülsu, M. (2014). An approximation algorithm for the solution of the Lane–

Emden type equations arising in astrophysics and engineering using Hermite 

polynomials. Computational and Applied Mathematics, 33(1), 131-145. 

2. Abdel-Salam, E. A. B., & Nouh, M. I. (2020). Conformable fractional polytropic gas 

spheres. New Astronomy, 76, 101322. 

3. Iqbal, M. K., Abbas, M., & Wasim, I. (2018). New cubic B-spline approximation for solving 

third order Emden–Flower type equations. Applied Mathematics and Computation, 331, 

 .319-333

4. Wazwaz, A. M. (2017). Solving the non-isothermal reaction-diffusion model equations in a 

spherical catalyst by the variational iteration method. Chemical Physics Letters, 679, 132-

 .136

5. Galise, G. (2019). On positive solutions of fully nonlinear degenerate Lane–Emden type 

equations. Journal of Differential Equations, 266(2-3), 1675-1697. 

6. Aminikhah, H., & Moradian, S. (2013). Numerical solution of singular Lane-Emden 

equation. ISRN Mathematical Physics, 1-9. 

7. Kumar, N., Pandey, R. K., & Cattani, C. (2012). Solution of the Lane-Emden equation using 

the bernstein operational matrix of integration. ISRN Astronomy and Astrophysics, 1-7. 

8. Sharma, B., Kumar, S., Paswan, M. K., & Mahato, D. (2019). Chebyshev Operational Matrix 

Method for Lane-Emden Problem. Nonlinear Engineering, 8(1), 1-9. 

9. Ghorbani, A., & Bakherad, M. (2017). A variational iteration method for solving nonlinear 

Lane–Emden problems. New Astronomy, 54, 1-6. 

10. Yang, Z. H., Li, Y. Z., & Zhu, Y. Computing Numerical Solutions of Lane-Emden Equation by 

Bifurcation Method. Science Foundation of Shanghai Municipal Commission of Education, 

1-7. 

11. Vanani, S. K., & Aminataei, A. (2010). On the numerical solution of differential equations of 

Lane–Emden type. Computers & Mathematics with Applications, 59(8), 2815-2820. 

12. Ullah, A., & Shah, K. (2018). Numerical analysis of Lane Emden–Fowler equations. Journal 

of Taibah University for Science, 12(2), 180-185. 

13. Parand, K., Yousefi, H., & Delkhosh, M. (2017). A numerical approach to solve Lane-Emden 

type equations by the fractional order of rational Bernoulli functions. Romanian Journal of 

Physics, 62(104), 1-24. 

14. Doha, E. H., Bhrawy, A. H., Hafez, R. M., & Van Gorder, R. A. (2014). Jacobi rational-Gauss 

collocation method for Lane-Emden equations of astrophysical significance. Nonlinear 

Analysis-Modelling and Control, 19(4), 537550-. 

15. Parsaeitabar Z., Nazem A. R. (2017). A Third-degree B-spline Collocation Scheme for 

Solving a Class of the Nonlinear Lane-Emden Type Equations. Iranian Journal of 

Mathematical Sciences and Informatics, 12(2), 15-34. 

16. Jafari, R., Ezzati, R., & Maleknejad, K. (2018). Numerical Solution of Lane-Emden Type 

Equation by Using Hybrid Third Kind Chebyshev Polynomials and Block-Pulse Functions 

Operational Matrix of Differentiation. Journal of Mathematical Extension, 12(2), 15-32.   

17. Singh, R., Garg, H., & Guleria, V. (2019). Haar wavelet collocation method for Lane–Emden 

equations with Dirichlet, Neumann and Neumann–Robin boundary conditions. Journal of 

Computational and Applied Mathematics, 346, 150-161. 



66 
 

18. Salih, A. A., & Alrawy, S. S. (2020). Shifted modified chebyshev direct method for solving 

quadratic optimal control problem. Samarra Journal of Pure and Applied Science, 2(1), 67-

 .75

19. Shihab, S. N., & Sarhan, M. A. (2014). New Operational Matrices of Shifted Fourth 

Chebyshev wavelets. Elixir International Journal-Applied Mathematics, 69(1), 23239-

23244. 

 Delphi, M., & SHIHAB, S. (2019). Operational Matrix Basic Spline Wavelets of Derivative .20

for linear Optimal Control Problem. Electronics Science Technology and Application, 6(2), 

 .18-24

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



67 
 

Samarra J. Pure Appl. Sci., 2020; 2 (2): 57-67                                                                                    Bushra E. & Suha SH. 

 
Samarra Journal of Pure and Applied Science 

www.sjpas.com 
 

ISSN:2663-7405 

إمدن عثر طريقة مصفوفة عمليات هيرميث المعدلة-الحل التقريثي لمشكلة ليه  
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، سهي وجية شهاب
*
  

 (alrawy1978@yahoo.com) انجبيؼت انخكُىنىجيت، بغذاد، انؼشاقلسى انؼهىو انخطبيميت، 
         انبحث يسخم يٍ سسبنت يبجسخيش انببحث الاول                                                                  

 معلومات الثحث:  الخلاصة:

هي يشبكم راث ليًت يبذئيت يفشدة وهي يهًت في انفيضيبء  إيذٌ-يؼبدلاث نيٍ

انشيبضيت وانفيضيبء انفهكيت. انهذف يٍ هزِ انبحث هى حمذيى طشيمت ػذديت جذيذة 

إيذٌ انُبشئت في انفيضيبء انفهكيت ػهى -لإيجبد حم حمشيبي نًؼبدلاث َىع نيٍ

ػهى أخز سهسهت  أسبط يصفىفت هيشييج انًؼذنت نهخكبيم. حؼخًذ انخمُيت انًمخشحت

إيذٌ، ثى َمههب إنى يؼبدنت -نيٍ هيشيج انًؼذنت يٍ ألخطبع انحم في يؼبدنت

يصفىفت يغ انششوط انًحذدة. انُخيجت انخي حى انحصىل ػهيهب هي َظبو انًؼبدنت 

انجبشيت انخطيت ببسخخذاو َمبط انجًغ. يخى حطبيك انخىاسصييت انًمخشحت ػهى 

 إيذٌ.-يثم يؼبدلاث َىع نيٍ بؼض انًشكلاث انًبديت راث انصهت

 13/13/0101 حأسيخ الاسخلاو:

 13/12/0101حأسيخ انمبـــىل: 

 الكلمات المفتاحية:

طشيمت انخجًيغ، يؼبدنت نيٍ إيذٌ، 
وظيفت هيشييج انًؼذنت، يصفىفت 

انخشغيم نهخكبيم، يشكهت انميًت الأونيت 
 انًفشدة.

 

 

 


