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Lane-Emden equations are singular initial value problems and they are
important in mathematical physics and astrophysics. The aim of this

present paper is presenting a new numerical method for finding

approximate solution to Lane-Emden type equations arising in
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astrophysics based on modified Hermite operational matrix of
integration. The proposed technique is based on taking the truncated
modified Hermite series of the solution function in the Lane-Emden
equation and then transferred into a matrix equation together with the
given conditions. The obtained result is system of linear algebraic
equation using collection points. The suggested algorithm is applied on
some relevant physical problems as Lane-Emden type equations.
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Introduction:

Lane-Emden equations are initial value problems with singularity at the origin. They have
the attention of many mathematician and physics because of their importance in many field
such as a astrophysics and mathematical physics [1-5]. Lane-Emden problem has been
studied by many researchers and solved using different technique. For example, authors in [6]
solved singular Lane-Emden equation using Legender wavelets while in [7]. Bernstein
operational matrix was used and applied Chebyshev operational matrix technique to find
approximate solution for such problem [8]. Some other approximate solutions are used such
as variation iteration method [9], Bifurcation technique [10] to compute numerical solution of
linear and nonlinear Lane-Emden equation. For more studies, concerning Lane-Emden type
equations are can see [11-13]. The collocation method has been a very important and useful
technique to find the approximate solution of Lane-Emden equation method based on hybrid
of the rational Bernoulli functions used in [14], collocation scheme with third degree B-spline
suggested by [15], In [16-17], collocation method was utilized to solve system of Lane-Emden
equation depending on Chebyshev polynomials. Moreover, orthogonal polynomial and
wavelets establish a relation with fast approximate techniques and they are successfully used
in many fields such as optimal control problem [18-20].



The main important of this work is considering modified Hermite polynomials together
with perational matrix of integration for solving linear singular Lane-Emden equation.
Implementation of the suggested method reduces the original problem to a system of linear
algebraic equations, which can easily solve with computer.

The rest sections of this work are arranged as follows: Sections 2 and 3 present some
important properties of modified Hermite polynomials with basic formulation of them.
Section 4, devotes to the operational matrix of integration for modified Hermite polynomial
functions with useful theorem. Section 5, summarizes the utilized of obtained operation
matrix to find an approximate solution of linear singular Lane-Emden equation. Illustrate
examples are given in section 6 to demonstrate the application of operation matrix of
integration for modified Hermite and some concluding remarks are listed in section 7.

1. Modified Hermite Polynomials: Definition and Properties:
For n € R, modified Hermite polynomial IH3, (t), can be defined by

S, MBO _ g2t e < e, a>0 (1)
Expand Y m—o H’r‘;‘lft) as a Maclurin series in T and equate coefficients, then Hg (t)can be found
as:
_ lm/ZJ _11( (Zt)m—Zk(loga)m—k

HR(6) = m! Zk=0 K!(m—2K)! (2)

In particular, for a = 2, one can obtain the first few modified Hermite polynomials
Hi() =1
HZ(t) = 2At

HZ(t) = 4A%t%2 — 2A
HZ(t) = 8A3t3 — 12A%t
HZ(t) = 16A*t* — 48A3t? + 12A2

where A = log 2. The five first modified Hermite polynomials are plotted in figure 1.
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Fig.1: Graph of modified Hermite polynomials of degrees 0, 1, 2, 3, 4 and 5

58



Also, the modified Hermite polynomials satisfy recurrence relation given by

Hi+1 = A(2t HE (D) — 2mHZ, _; (1) (3)

where m = 1,2,..., H3(t) = 1, HZ(t) = 2At

The next recurrence relation connects the modified Hermite polynomials with their first
derivative.

HA(® = 2m AHR, (V) (4)
Combining the two recurrence relations 3 and 4, yields another relation.
HZ,(t) = 2t AHZ _,(t) + 2mA HZ,(t) (5)

The polynomials H2,(t) have the orthogonally property, that is

0 ) 1
f HZ (DHZ(De™ dt= {Zm m! A™ (/) /2 m=n
- 0 m % n

The modified Hermite polynomials HZ (t) form an orthogonal basis of the Hilbert space
function satisfying.

jw If(0)]? w(t)dt < o

2. Function Approximation

Suppose that {H3(t) H2(t) HZ(t) ... HZ (1)} c L3,[-o0, 0] is the set of modified Hermite
polynomials, y = apan{H3(t) H?(t) HZ(t) ...H2,(t)}. Suppose that u(t) is arbitrary function of
L2, [-0, 0], then.

lu(@®) —u @Ol < lu® —un®Ollz, Vun( €y.
where u*(t) is the unique best approximation.

Theorem 1

A function u(t) defined on [-o0, 0] can be expanded as a finite sum of modified Hermite
polynomials, then u,,(t) =Y",c;H?(t) converge uniformily to u(t), where ¢; =<
u(t), H? (1) >.

3. Modified Hermite Operational Matrix of Integration
The integration of vector HZ, (t) can be expressed as.
t
Jo HaGodx = Iy HE (D) (6)

where the matrix Iy is the (m + 1) X (m + 1) operational matrix of integration for modified
Hermite polynomials.
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The integration of HZ f (t) of order m can be obtained as follows.

1

t
Jo HR GO dx = 2o {HE 4 (0 — HE(0) HEY (7)
where
m+1 M1 (m41)!
—1) 2z A2 -5 m odd
M2 (@ =] TP iy (8)
0 m even
The matrix I can be written as
0 ! 0 0 0 0|
24
1 0 0 0 0
I, = 24 4A
m+1 m.+1 m+1)! ' ' - 1
(—1)TATu : : Pl —
(m+ 1)! 2A(m+ 1)
For even m the last row will be.
[O ! 0 1 0 1 0 0
2A 4A 2A(m + 1)

4. Formulation of New Trial Solution via Operational Matrix of Integration:

In the present section, a computational technique is presented to treat Lane-Emden
equation with collocation method together with modified Hermite operational matrix of
integration.

Consider Lane-Emden type equation.

(D) + < ac) + fltw = g(v (9)
ogether with,
u(0) =2y, a(0) =2, (10)

By expanding ii(t) in modified Herimte polynomials we can get.
ii(t) = CTH2(t) (11)
where the vectors cand H?(t) are [cy ¢; ... ¢y ]T and [HZ HZ ... H2]" recpectively.

Integrating Eq. 11 from 0 to t, yields.
a(t) — (0) = [, cTHA (1) dr

u(t) = u(0) + ¢TIy H?2(t)=4; + cTIgH? (%) (12)
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where Iy is the operational matrix integration for modified Hermite polynomial. Then
integrating Eq. 12, to obtain.

u(®) = Ao + Ayt + "y [ H2(7) dt (13)
Eqg. 13 represents the formulation of the solution for Eq. 9.

After substituted Eqns. 11, 12 and 13 into Eq. 9, and then applied collocation points, a
linear set of algebraic equations is obtained with ¢y , ¢4, ..., cpy-

1. Numerical Examples:

Three numerical examples are solved for showing the activity of the proposed method.

Example 1

The first standard linear Lane-Emden type is
() — = a) +1=0 (14)
subjectto u(0) =1, u(0) =0

Modified Hermite polynomials is used with n =0, to approximate the second derivative of the
solution, thatis

{i(t) = coHZ(b) (15)
Integrate Eq. 15 twice from 0 to t with boundary condition, yields

u(t) = u(0) + coly H2() (16)
where Iy = [0 i 0] and H2(t) = [H3 H? HIT

Then the solution u(t) can be obtained by integrating Eq. 16,

HE ()
1

u(t) = u(0) + w(0)t + o [= 0 | [HE(D) (17)

HE(6)

Now substitute the approximation of u (t), i4(t) into Eq. 14 and discretize it using collocation
point thus one equation with one unknown coefficient can be obtained. therefore the value
Co = —.3333 is obtained.

_ 1 11y Tz)=1-2
u@®) =1- (4A H(O) + -5 Hl(t)> =1-% (18)

Figure 2 shows an identical between the obtained numerical solutions against the exact one.
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] —s—y(t)-Exact Solution
1 & — @& — yn(t)-Approxmate Solution

0 02 04 06 08 1
t

2
Fig. 2: The obtained approximate solution with n = 0 and the exact u(t) =1 — % for example

1.

Example 2

The second slandered linear singular initial Lane-Emden equation is given by
fi(t) — = a(t) +u®) = 0

Subjectto u(0) =1, u(0) =1

sin(t)

exact solution y(t) = -

here we assume ii(t) = X.8_,c, H2(t),

By applying the same method and solve the system of equations we approximate the
solution. Table 1 and figure 3 clarify the comparison between the numerical and exact
solutions.

Table 1: The obtained numerical solution with n = 8 and the exact one for example 2.

" Present method Exact
(n=8) solution
0 1 1
0.1 0.017453284 0.017453284
0.2 0.017453257 0.017453257
0.3 0.017453213 0.017453213
0.4 0.017453151 0.017453151
0.5 0.017453071 0.017453071
0.6 0.017452974 0.017452974
0.7 0.017452858 0.017452858
0.8 0.017452725 0.017452725
0.9 0.017452575 0.017452575
1 0.017452406 0.017452406
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1 —e— y(t)-Exact Solution
i — = — yn{t)-Approxmate Solution
7 0.2
(1] Exadt STt
0.8 i' 0.18 - —vnll:r:aﬂra?m:a?:Soluuon
4 0.16
1 0.14
06 | 012
. > 01
i 0.08
04 + 0.06
]l 0.04
i 0.02
0.2 + o
i 0 02 0.4 06 08 1
t
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t

Fig. 3: The obtained approximate solution with n = 8 and the exact one for example 2.

Example 3

The third standard singular Lane-Emden equation is [1]
" 8 . - 2
ii(t) + u(t) +tu = t> —t* + 4412 — 30t

subject to u(0) =0, u(0) = 0.
where the analytic solution is u(t) = t* — t3.
Let ii(t) = Xa-o cy HA(D

By applying the presented method and solve the system of equations, one can get the
following approximate

1
16A%

3 3 3 1
u(t) = mH(Z)(t) - EH%(U + EH%(U - @Hg(t) + HZ(¢) (19)
The result of Eq. 19 is u(t) = t* — t3.

The test solved example shows to clear the applicability and validity of the presented
operation matrix method with a few terms of modified Hermite basis functions comparing
with other method. The obtained results are listed in both Figures and Tables.

Table 2 and figure 4 show the comparison between numerical solution with n =2 and the
analytic one.
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Table 2: The obtained approximate solution with n = 2 and the exact one for example 3.

Present method Resultin [1] )
t Exact solution
n=2 n=4
0 1 1 1
0.1 0.017453284 0.017453284 0.017453284
0.2 0.017453257 0.017453257 0.017453257
0.3 0.017453213 0.017453213 0.017453213
0.4 0.017453151 0.017453151 0.017453151
0.5 0.017453071 0.017453071 0.017453071
0.6 0.017452974 0.017452974 0.017452974
0.7 0.017452858 0.017452858 0.017452858
0.8 0.017452725 0.017452725 0.017452725
0.9 0.017452575 0.017452575 0.017452575
1 0.017452406 0.017452406 0.017452406
2.5 7 —e— y(t)-Exact Solution
— @ — yn(t)-Approxmate Solution
2 1
15 +
F
1
05 |
0 o —
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Fig. 4: The obtained approximate solution with n =2 and the exact one for example 3.

Conclusion:

An important certain linear initial value problem with singularity called Lane-Emden
problem is treated in this work. The proposed technique is based on the application of
modified Hermite operation matrix of integration. The idea of the proposed method
essentially based on transforming the original Lane-Emden problem together with some
conditions to a set of linear algebraic equations. The test-solved examples showed to clear the
applicability and validity of the presented operation matrix method with a few terms of basis
functions comparing with oher method. The obtained results are listed in both figures and
tables.
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