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The relationship between the parameterizations of the Weibull model and 

the Cox hazards model by using application and simulation 
 

 

 ً. ػيً ىطٍف ػاسض

 صاٍؼت ري قاس / ميٍت اىؼيىً

 

 

  :الخلاصة 

وٌبو اىَْىرس أىَؼيًَ اىَلائٌ ىهزا اىْىع ٍِ اىبٍاّاث ,   وٌؼخبش حىصٌغ ىحذود أي حادد فشدي ٌذػى بىقج اىبقاء اىىقج            

واىزي ٌؼخبش أَّىرصا ٍشّا ٌسَح  لإدساس  اىَخغٍشاث اىلاصٍت ىىقج اىبقاء . مزىل فاُ أَّىرس وصه اىخطش اىْسبً واىزي ٌسَح 

و  اىخاصت بالأَّىرصٍِ وباسخؼَاه لإدساس اىَخغٍشاث ٌؼخبش أٌضا ٍِ َّارس وقج اىبقاء . فً هزا اىبحذ حَج ٍقاسّت ٍقذساث اىٍَ

( ٍشٌط ٌؼاّىُ ٍِ ٍشض اىصذاع اىَضٍِ .حٌ حقذٌش اىَؼيَاث اىخاصت بأَّىرس وٌبو باسخؼَاه طشٌقت 32بٍاّاث حقٍقٍت حَزو )

ت الإٍناُ الأػظٌ بٍَْا اسخؼَيج طشٌقت بشٌسيى أو الإٍناُ الأػظٌ اىضضئً ىلأَّىرس اىزاًّ .وػْذٍا حنىُ ٍؼيَت اىشنو اىخاص

بَْىرس وٌبو ٍؼيىٍت  ّضذ إُ هْاك ػلاقت اسحباط بٍِ حقذٌشاث الأَّىرصٍِ وهً )  ( , مزىل وباسخؼَاه اىَحاماة 1

 (  .  SAS 9.1ىخىىٍذ ٍخغٍشاث ػشىائٍت ىخىصٌغ وٌبو حٌ إرباث ّفس اىؼلاقت , و ىخحيٍو اىْخائش اسخؼَو اىبشّاٍش الإحصائً )

Abstract : 
           The time for an event to take place in an individual is called a survival time. familiar 

parametric model for this type of data is the Weibull model, which is  flexible model that allows for 

the inclusion of covariates of the survival times , Cox proportional hazards  is another model also 

allows for the inclusion of covariates of survival times ,the research compares estimates of the slope 

of the covariate in the tow models with real data for (38) patients to estimate the parameters of the 

models by used the maximum likelihood method for the Weibull and  the Breslow method for the 

semi-parametric Cox proportional hazards model. When the shape parameter is known, the estimate 

of  tow models are related with the relation (   1 )  .Also by using the simulation to proving 

this relation the data was analysis by using the program (SAS 9.1)  . 

 

 Introduction 
            Survival analyses are concerned with the occurrence of events over time. and  refers to the 

techniques used to study the time to occurrence of some event in a population, and is often called time - 

to event analysis and concerned with studying the time between entry to a study and a subsequent 

event. For example, Cancer studies are frequently concerned with the risk of relapse or death. In 

demographic studies, the interesting event might be household migration or the birth of a child. ends 

before all subjects have been observed some observations are cut off or censored.  

Originally the analysis was concerned with time from treatment until death applications of life time 

distribution methodology range from investigations of the durability of manufactured items to study of 

human diseases and their treatment. And so, life time distribution methodology is widely used in the 

biomedical and engineering sciences. The analysis tries too predicting relapse from a set of 

independent variables describing treatment type, initial disease status, demographics, etc.A fundamental 

concept for understanding survival models is the hazard function h(t).and means that the patient faces 

the greatest risk early more survival implies less risk. And survival analysis concerned with studying 

the time between entry to a study and a subsequent event. To study survival analysis, we must 

introduce some notation and concepts for describing the distribution of time to event for a population of 
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individuals.  Let T  be denote the time to the event of our interest.  T  is non - negative random variable   

 0T  which has to be unambiguously defined ; that is we must be very specify about the start and 

end with the length of the time period in between corresponding to  T.[1] [2] 

 

Weibull distribution 
 

        This distribution is often used to model the time until failure of many different purpose . The 

parameters in the distribution provide a great deal of flexibility to model systems in which the number 

of failures. The random variable x with probability density function [5] 

               )exp(),,( 1







 

 xttf            for   t > 0        ------------------------------------ ( 1 ) 

Is  Weibull random variables with Scale parameter θ > 0, and Shape parameter β > 0. 

The cumulative distribution function is often used to compute probabilities. The following result can be 

obtained. 

             )exp(1),,( 



 ttF                                         ------------------------------------ ( 2 ) 

When β = 1, the Weibull distribution is identical to the exponential distribution. and the hazard rate 

remains constant as time increases, and when β = 2 it is the Rayleigh distribution.  
Because of the Weibull distribution’s flexibility, it is used for many applications including product life and 

strength/reliability testing. It models the rate of failure as time increases  It can be shown that the mean and 

variance are: 

                      ))/1(1(/1   Mean                                      ------------------------------------ ( 3 )      

                     )))/1(1())/2(1(()( 22/1   Variance ----------------------------------- ( 4 )  

The hazard function for Weibull distribution with the two parameters is 

                              
1)(  


 tth                          ---------------------------------  ( 5 ) 

  Where t represent the random variable for time to occurrence of failure 

And survival time is  

                              

                                 )exp()( 

ttS                                ---------------------------------- ( 6 ) 

 

Methods of estimation 
 

There are several methods to estimation the parameters of Weibull distribution some of them are 

traditional dependents upon the parameters are constants but did not variables such as 

1. Maximum Likelihood (ML). 

2. Method of moments (MM). 

3. Least squared method  (LSM). 

The second method dependents upon assumption advance information about the parameters that we 

want to estimates to might formulation as function called (prior pdf) such as 

1. Baysian method. 

2. Shrunken method. 

3. Weighted Baysian. 

4. White method. 
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The method of maximum likelihood estimated for weibull model is: [4] 
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Survival and Hazard function 
Two important functions for describing survival data are the survival function and the 

hazard function. The survival function is the probability that an observation survives 

longer than t, that is 

                        S(t) = P ( T > t ).                                                                   -------------------------- ( 9 )       

In terms of the cumulative distribution function F(t), the survival function can be written 

as 

                    S(t) = 1 – P ( an individual fails before time t ) 

                          = 1 – F(t).                                                                             --------------------------- ( 10 ) 

From this, it is easy to see that S(t) is no increasing and has the following properties 

                   S(t) = 1 for t = 0 

                   S(t) → 0 as t → ∞. 

The survival rate can be depicted using a survival curve, in which a steep curve would 

Indicate a low survival rate and a gradual curve would represent a high survival rate 

The hazard function is the rate of death/failure at an instant t, given that the 

individual survives up to time t. It measures how likely an observation is to fail as a 

function of the age of the observation. This function is also called the instantaneous 

failure rate or the force of mortality It is defined as [3] 
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Where f (t) is the probability density function of T. 

Hence, in terms of the survival function, 

                   )(log)( xSxh
dx
d                              ----------------------- ( 12 )   

Thus 

                              
t

dxxhxS
0

)()(log                   And since S(0)=1 
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t

dxxhxS                                              ------------------------- (13) 

Therefore the pdf of the distribution can be found from hazard and survival functions. 
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 Cox proportional Hazard model 
               One of the most important statistical models in medical research is the Cox proportional 

hazards model, Cox introduced a model for survival time that allows for covariates but does not impose a 

parametric form for the distribution of survival times. Specifically he assumed that the survival distribution 

satisfies the condition [8] 

                )exp()(),( 0 xthxth       , x > 0                                 -------------------------- (15) 

Where x is a covariate, but he made no assumption about the form of h0(t) which is called the baseline 

hazard function because it is the value of the hazard function when x = 0. 
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Hence, the hazard ratio is a constant .and should be strictly parallel [6]. 

The breslow form of the Cox  partial likelihood estimated for single covariate x with values 

nxxx ,......,, 21  is  
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Where the product is taken over all uncensored times kttt  .......21 , The estimate of β does not 

depend on the actual survival times[7] 

Relationship between the estimations 
The parameters in the Weibull model will be estimated by uses the maximum likelihood estimates. And 

the parameters in the Cox proportional hazards model will be estimated by uses a form of a partial 

likelihood function proposed by Breslow (1974) as the default option. When calculating parameter 

estimates, it is important to understand that different parameterizations. The coefficients that are 

estimated by the two procedures are not the same, but they are related. uses the model 

                              )exp()(),( 0 xthxth   

where h(x )is the hazard function and h0(x ) is the baseline hazard function 

uses the model  

                                  
x

eTT 10*  
                                ------------------------------ (18) 

where T is the survival time and  T
*
 is a random variable that has the Weibull survival  function 

                                )exp()( * ttS                                  ----------------------------  (19) 

In terms of the survival function, the parameterization of the Weibull model for T is 
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On the other hand, the parameterization gives the following form of the 

survival function 

                       
xeetetS


)()(
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                                                  -------------------(21) 

It follows that the relationship between the parameterizations of the Weibull model and Cox proportion 

hazard  as : 

                                                       1                                                  -------------------(22) 
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If   1



   and  


  are estimates of the slope and shape parameters and 


   is the estimate of the Cox 

proportion then 


 1  and 


   are estimates of the same parameter which we call “PH-slope”.  

 

Application: 
 

.The example was Survival data is given in Table (1) from Thirty patients are different pain relievers 

are assigned The outcome reported is the time in minutes until headache relief. Age is a continuous 

covariate and Censor indicates censoring where Censor = 1 is a censored observation.  

 

Table 1 : Data for 38 patients in headache relief. 

 

Survival Time Censor Age Survival Time Censor Age 

18 0 35 8 0 72 

9 0 42 2 0 60 

28 1 33 26 1 56 

31 0 20 10 0 61 

39 1 22 4 0 59 

19 1 45 3 0 69 

45 1 37 4 0 70 

6 0 19 18 0 54 

8 0 44 8 0 74 

15 0 26 3 0 53 

23 0 48 14 0 66 

28 1 32 3 0 64 

7 0 21 13 0 54 

12 0 51 13 0 64 

9 0 65 35 1 63 

 

Table 2: shows the estimate of Weibull distribution 

 

                                                              Standard       95% Confidence        Chi-                                                         

          Parameter         DF    Estimate       Error         Limits   Square          Pr > ChiSq 

           Intercept             1    3.0743    0.1258    2.8277   3.3210    596.90      <.0001 

              age                   1     0.0023   0.0031    -0.0038   0.0084    0.54        0.4638 

            Scale                  1     0.1795   0.0350    0.1225         0.2632 

           Weibull Shape   1      5.5697   1.0870    3.7994         8.1650 
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Table 3: shows the estimate of Cox proportional hazards model. 

 

 Analysis of Maximum Likelihood Estimate  

                    Parameter    Standard                         Hazard              

  Variable   DF     Estimate     Error  Chi-Square    Pr > ChiSq  Ratio 

  age      1     -0.02036    0.01730     1.3839   0.2394         0.980      

The estimate of the slope and shape parameters from (Table 2) are


 = 0.0023 And 1



  = 5.5697, 

respectively. Using the relationship above, the estimate of PH-slope is 

 (


 1  )  = -(0.0023  )×( 5.5697) = -0 .01  

 This compares to 


 = -.02036, with standard error 0.01730  

 

Simulation 
 

         Simulation studies represent an important statistical tool to investigate the performance, of 

statistical models, test statistics and estimation techniques considering is  pre-specified conditions. The 

Cox model and the corresponding partial likelihood are intensively investigated by means of simulation 

studies to get information about efficiency of the estimated regression coefficients for a variety of 

situations, in particular when fundamental model assumptions are violated.  

 The Cox proportional hazards model is given by 
)exp()()( 0 xxhxh   

Where t is the time, x the vector of covariates,  o(t) is the 

so-called baseline hazard function, i.e. the hazard function under x=0. Because the model is formulated 

through the hazard function, the simulation of appropriate survival times for the Cox model is not 

straightforward. One important issue in simulation studies regarding regression models is the 

knowledge of the true regression coefficients.. However, in the Cox model, the effect of the covariates 

have to be translated from the hazards to the survival times, because the usual software packages for 

Cox models  require the individual survival time data, not the hazard function. The translation of the 

regression effects from hazard to survival time is easy if the baseline hazard function is constant, i.e.. 

This may be the reason why most simulation studies regarding the Cox model and  Another frequently 

used distribution for survival times is the Weibull distribution . The Weibull parameters can be chosen 

such that the hazards are proportional and the true hazard ratio (HR) for the comparison of the two 

groups can be calculated from the Weibull parameters.  

a simulation study was done to  explains the advantage for using a parametric form of the survival 

distribution instead of the semi-parametric Cox proportional hazards model in estimating the effect of a 

covariate of survival time when the parametric form of the model is known 

 

1. The data were simulated using generating the random numbers from uniform distribution . 

2. Generating the random variable T from Weibull distribution  

                      
/1)))1log((( xeUT   . 

3. Given a value to the shape parameter of Weibull distribution such as β = 2 The values of the 

covariate are x = 1, 2, 3, 4, and 5. 

4. The total sample sizes are 15, 30, and 90 . 

5. One-thousand replications of each sample size were run . 
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Table 4 : shows the estimate of Weibull distribution by using simulation 

 

                              Analysis of Parameter Estimates 

                                  Standard       95% Confidence                Chi-                                                                                                                                                            

Parameter     DF   Estimate       Error           Limits       Square           Pr > ChiSq 

Intercept      1      -0.4380         0.2210         -0.8711        0.0050      3.93         0.0474 

     x         1      -0.4331         0.0661         -0.5626       -0.3036      42.97        <.0001 

 Scale         1       0.3557         0.0798          0.2291        0.5520 

Weibull Shape  1       2.8117         0.6307          1.8114       4.3642 

 

Table 5 :   shows the estimate of Cox proportional hazards model by using simulation 

The estimate of the PH-slope and shape parameters are


 = -.04331  And 1



  =2.8117, respectively.  

Using the relationship above, the estimate of PH-slope is (


 1  ) = -(-.04331)×(2.8117)  = 1.2177 

 This compares to 


 = .09929, with standard error 0.3545 . 

 The statements of statistical program  SAS  are using to estimate the parameters in the two models by 

using the simulation  
                                                                                                                       

do k = 1 to 1000 by 1; run; 

data ali ; ods trace off; 

do x = 1 to 5 by 1; ods trace on; 

do i = 1 to 3 by 1; Proc phreg data=ali; 

F=rand('uniform'); model t=x; 

t=(-exp(-x)*LOG(1-F))**(1/2); ods select Parameter Estimates; 

output; run; 

end; ods trace off; 

end; %mend; 

run; %one 

ods trace on; ods tagsets.excelxp close; 

proc lifereg data=c; run; 

model t=x / dist=Weibull; Quit 
ods select Parameter estimates;  

 

 

 

 

 

 

 

 

                     Parameter                                                Hazard                                                                                                                                                            

Variable    DF        Estimate         Error     Chi-Square    Pr > ChiSq     Ratio 

 

  x         1         0.9929           0.3545       7.8441        0.0051      2.699 
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Conclusion: 

 
         The Weibull model is the best option for analyzing lifetime data if the distributional assumptions  

can be met and the shape parameter is known. The mean square errors are smallest in this case. 

 However, when the shape parameter is unknown, the Cox proportional hazards model is a good 

alternative. 
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