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Abstract

Let R be a commutative ring with unity. In this paper we study
rings satisfying ascending (descending) chain condition on semi-
essential ideals, where a nonzero ideal I of a ring R is semi-essential,
if INP # (0), for any nonzero prime ideal P of R. Moreover, we study
semi-uniform rings, where a ring R is called semi-uniform, if every
nonzero ideal of R is semi-essential.

Introduction

In this paper, all rings are assumed to be commutative and unital
unless otherwise stated.
Various kinds of chain conditions were studies by several authors,
especially chain condition on essential ideals was studied in (1), (2),
(3). In section 1 of this paper, we study ascending (descending) chain
condition on semi-essential ideals, where a nonzero ideal I of a ring
R is said be semi- essential if INP # (0) for each nonzero prime ideal
P of R, (4). In section 2, we study semi — uniform rings, where a ring
said to be semi — uniform, if every nonzero ideal of R is semi-essential
(4).
S.1. Rings with acc (dec) on semi-essential ideals
We give the basic properties of rings that satisfy acc (dcc) on semi —
essential ideals. For convince, we give the following definitions:
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Definitionl.1 A nonzero ideal I of a ring R is called an essential ideal,
if I N J# (0), for each nonzero ideal J of R, (5).
Definitionl.2 A nonzero ideal I of a ring R is called semi-essential if
INP # (0), for each nonzero prime ideal P of R, (4).
Definition13 A ring R is said to satisfy acc (dcc) on semi-essential
ideals if every ascending (descending) chain of semi-essential ideals
terminates.
Remarks and examples 1.4
LIt is clear that every essential ideal of a ring R is semi-essential,
however the converse is not true , as the following example shows :

In the ring (Z12 , +12, 12 ), the ideal <3 > is semi-essential since
the only prime idealsin Z;; are <& , <3>,and <3>N<3>=<

6>+ > ,but<3>N<4>=<{>

2.If R satisfies acc (dcc) on semi-essential ideals, then R satisfies acc
(dcc) on essential ideals.

Proof. By (1.4(1)), every essential ideal is semi-essential, hence every
ascending (descending) chain of essential ideals is ascending
(descending) chain of semi-essential ideals and so it must terminates.
3.acc on semi-essential ideals, does not imply dec on semi-essential
ideals as the following example shows:

In the ring of integers Z, every nonzero ideal is essential, so semi-
essential. But Z is Noetherian and not Artinian. Thus Z satisfies acc on
semi-essential ideals, but it does not satisfy dcc on semi-essential
ideals.

4. If I is a semi-essential ideal of R, J is an ideal of R such that J oI,
then J is semi-essential.

Proof. It is clear.
50 1clhc Iz c... is an ascending chain of semi-essential ideals of a

ring R, then I = UI , 1s semi-essential.
i=l
Proof. It is easy, so is omitted.
The following proposition gives a characterization for rings with acc
(dcc) on semi-essential ideals:
Proposition 1.5 Let R be a ring. The following are equivalent:
1-R satisfies acc (dcc) semi-essential ideals.
2-Any collection {I,},., of semi-essential ideals has a maximal

(minimal) element.
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Proof. (1) = (2). If R satisfies acc on semi-essential ideals. Let =

Uiien be a collection of semi-essential ideals of R. Suppose " has
no maximal element. Let I;e . Then I; is not a maximal element of
: ,s0dL; e " such that I,cl,. But I, is not a maximal element of ; , S0
35 e such that I,c I, « L;.Continuing this process, we get [|c I,
I;  ...an infinite ascending chain of semi-essential ideals, which
contradict (1). Thus = has a maximal element.

Similarly, R satisfies dcc on semi-essential ideals, implies = has a
minimal element.
2)=(1). Let,c I, c I ¢ ... be an ascending chain of semi-essential

ideals of R. Let ~ ={/, :i =1,2,..}. Then = has a maximal element,

say I, But Vi>n, IioI,, hence I; =I,, V i > n. It follows that I, =
In+1 =... , that is the chain I;c I, ¢ I < ... terminates and R satisfies
acc on semi-essential ideals.

Similarly, if any collection of semi-essential ideal has a minimal
element, then R satisfies dcc on semi-essential ideals.

The following result is a characterization of Noetherian rings.
Theorem 1.6 Let R be a ring. Then R is Notherian iff every semi-
essential ideal is finitely generated.

Proof. If R is Notherian, then every ideal is finitely generated, so
every semi-essential ideal is finitely generated.

Conversely, if every semi-essential ideal of R is finitely generated,
then every essential ideal is finitely generated, since every essential
ideal is semi-essential ideal, by Rem. 1.4 (1). Thus R is Notherian, by
(6, Exc.7, p.20).

Proposition 1.7 Let R be a ring which satisfies acc (dcc) on semi-
essential ideals. If I is a semi-essential ideal of R, then R/ is
Notherian (resp. Artinian ) ring.

Proof. Suppose R satisfies acc on semi-essential ideals. To prove R/l
is Notherian. Assume J;/I < J»/I ... is an ascending chain of ideals
in R/I. Then J; < J; <... is an ascending chain of ideals in R, but for
each i=1, 2,..., J; © I, hence J; is a semi-essential ideal, by Rem. 1.4
(4). Thus J, < J; <... is an ascending chain of semi-essential ideals of
R, so 3 n €Z: such that J, = Ju1=... It follows that J, /I= J,+ /I=...
and R/1 is Notherian.

Similarly, R/I is Artinian, if R satisfies dcc on semi-essential ideals.
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Remark 1.8 The converse of prop. 1.7 may not be true in general, for
example:

The ring Z does not satisfy dcc on semi-essential ideals (see Rem. 1.4
(3)). But, for any ideal I of Z, Z/1 =Z,, for some n € Z, . However,
Z, is an Artinian ring.

Notice that, we have no example of a ring R does not satisfy acc on
semi-essential ideals and R/l is a Notherian ring for some semi-
essential ideal I of R.

Proposition 1.9 Let R be a ring which satisfies acc (dcc) on semi-
essential ideals. If I is an ideal of R such that <0> # I < L(R). Then
R/l satisfies acc (dcc) on semi-essential ideals. Where L(R) =
intersection of all prime ideals of R.

Proof. Let R satisfies acc on semi-essential ideals. Assume J,/I < Jo/1
C... is an ascending chain of semi-essential ideals in R/I. Then ], c J»
c...On the other hand, I ¢ L(R), so Ic P for any prime ideal P of R. It
follows that P/I is a prime ideal of R/l for each prime ideal P of R.
Moreover, we can see that J; is a semi - essential ideal of R, Vi= 1,2,
... as follows: suppose that J; is not a semi-essential ideal for some i,
so that there exists a nonzero prime ideal P of R, such that J; NP =
<0>, which implies that ( J/I ) N(P/I) = < ogg >. Thus J;/I is not semi-
essential ideal, which is a contradiction. Therefore J; < J, ... is an
ascending chain of semi-essential ideals in R, hence In €Z, such that
Jo = Jou=... Thus J, /I= I+ /I=... and R/ satisfy acc on semi-
essential ideals.

Similarly, R/l satisfies dcc on semi-essential ideals. If R satisfies dcc
on semi-essential ideals & <0> #1 < L(R).

Recall that, if R is a ring, then socle of R (denoted by Soc(R)) is the
intersection of all essential ideals (5). We introduce the following:
Definition 1.10 Let R be a ring. The intersection of all semi-essential
ideals of R is called a semi socle of R and denoted by S.Soc(R).

It is clear that S.Soc(R) < Soc(R), and any semi-essential ideal I of R,
I o S.Soc(R).

In (3), the following had been proved:

(DIf R satisfies dcc on essential ideals, then Soc® is essential.

(QIf R satisfies dcc on essential ideals, then R satisfies acc on
essential ideals.

We prove the following:
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Proposition 1.11 If R satisfies dcc on semi-essential ideals and
S.Soc(R) is semi-essential, then R satisfies acc on semi-essential
ideals.
Proof. Let [c I, c I; < ... be an ascending chain of semi-essential
ideals of R. But, I; © S.Soc(R), Vi =1,2,... and since S.Soc(R) is semi-
essential, ; is semi-essential. Then I; / S.Soc(R) < I /S.Soc(R) < ...
is an ascending chain of ideals in R/S.Soc(R), but R/S.Soc(R) is
Artinian,by Prop.1.7. It follows that R/S.Soc(R),is Noetherian, hence
Jn eZ. such that [,/S.Soc(R) = In+1 /S.Soc(R) =... Thus Ip =Is+1 =...
Proposition 1.12 Let R be a ring such that S.Soc(R) is a semi-
essential ideal. Then R satisfies acc (dcc) on semi-essential ideals <
R/S.Soc(R) is Noetherian (Artinian).
Proof. (=) It follows, by Prop. 1.7 .
(<) If R/S.Soc(R) is Noetherian. Assume Ic L < Iz < ... is an
ascending chain of semi-essential ideals of R. But, Ii © S.Soc(R), Vi
=1,2,..., hence I; / S.Soc(R) c I, /S.Soc(R) < ... is an ascending
chain of ideals in R/S.Soc(R). Hence, it must terminate and so the
chain ic L, ¢ I3 < ... terminates.
A similar proof, R satisfies dcc on semi-essential ideals, if R/S.Soc(R)
is an Artinian ring.
Now, we trun out attention on the direct sum of rings, which satisfy
acc (dec), but first, we prove the following results:
Proposition 1.13 Let I, J be ideals of rings R; and R, respectively, let
R =R; ® R,. If I is semi-essential or J is semi-essential, then I®&J is a
semi-essential ideal in R.
Proof. If I is a semi-essential ideal in R;. To prove I®J is a semi-
essential ideal in R. Let P be a prime ideal of R. Then, either P = P;
®R; or P = R; ®P,, where P is a prime ideal of Ry, P> is a prime ideal
of Ry, by ( 7, Exc.4, p. 53). Thus, either
(HA®H NP =181 N (P;®Ry) = (N Py) & (JN Ry =(1NP) D J,
and since I is semi-essential, IN P, # <0>. Thus (IN P;) @ J # <0>, or
@) (@) NP=18J) N R;®P2) =(INR) & (N Py)=1®& (J NPy),
and since J is semi-essential, JN P, # <0>. Thus 1®&J NPy #
<0>.
Therefore I®J is a semi-essential ideal in R.

Similarly, I®J is a semi-essential ideal in R, if J is a semi-

essential ideal in R, .
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Corollary 1.14 Let Ry, R, be rings, let R =R; ® R, , if I is a semi-
essential ideal in R; and J is a semi-essential ideal in R, then I® <0>,
<0> @ J are semi-essential ideals in R.

Proof. It follows directly, by Prop. 1.13

Remark 1.15 The converse of Prop. 1.13 is not true, as the following
example shows:

LetR=7Z¢® Z1>.

Let [ = <3> ® <4>, Let P be a prime ideal of R. Then, either P = Z¢
@®P, or P = P, ®Z;,, where P, P, are a prime ideals in Zs, Z12
respectively. Hence, if P = Z¢ @ Py, then I N P = (<> <4>)N (Zs
@®P,) = <@ (<4> N Py) #<0>,

IfP =P, ®Z5, then I N P = (BB <4>) N (P ®Z1p) = (NP @
<4> # <0>, It follows that I is a semi-essential ideal in R, but <P> is

not a semi-essential ideal in Zg, <4> is not a semi-essential ideal in
Z13.

Next we have the following:

Proposition 1.16 Let R;, R, be rings, let R = R; @ Ry. If R satisfies
acc (dcc) on semi-essential ideals, then R; and R, satisfy acc (dcc) on
semi-essential ideals.

Proof. Assume R satisfy acc on semi-essential ideals. Let I,c Lecls
c ... be an ascending chain of semi-essential ideals in R;. Then [;®
<0>cl, ®<0>c .. Butl; ®<0> is semi-essential ideal in R, Vi
=1,2, ...(by Cor.1.14), hence the chain ;® <0> ¢ L®<0>c...isan
ascending chain of semi-essential ideals in R, so it must terminate. It
follows that the chain I,c I, ¢ Iz < ... terminates. Thus R, satisfies
acc on semi-essential ideals.

Similarly R, satisfies dcc on semi-essential ideals, R, satisfies acc
(dcc) on semi-essential ideals.

S.2 Semi — Uniform Rings.

In this section, we study semi — uniform rings and give one of their
basic properties.

Definition 2.1 A ring R is called semi — uniform ring, if every
nonzero ideal of R is semi-essential, (4).

Remarks 2.2

(1)Every uniform ring is semi — uniform, but the converse is not true,
as the following example shows:

The ring Z3¢ is semi — uniform, but it is not uniform.

(2)Every chained ring is uniform, so it is semi- uniform.
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(3)The homomorphic image of a semi- uniform ring need not be
semi- uniform ring, for example:

Letf: (Z+,.) — (Zi2,+12, 12) defined by fix)=x , VX €Z.

It is clear that f is a ring homomorphism and onto.

However, Z is uniform and hence semi- uniform, but Z;, is not semi-
uniform, since the ideal <4> of Z,, is not semi-essential.

Theorem 2.3 Let Ry, R, be rings, let R=R; ® R; Ris a semi-
uniform ring <> R; and R; are semi- uniform rings.

Proof. (=) IfR is semi- uniform ring. To prove R, is semi- uniform.
Let I be a non zero ideal of Ry, then I® <0> is an ideal of R, so it is
semi- essential. Now, if P is any prime ideal of Ry, then by (7, Exc.4,
p. 53), P @ R, is a prime ideal of R. It follows that (I® <0>) N (P &
R,) # <0>, which implies that (I N P) © <0> # <0>, Thus INP # <0>,
and so I is a semi- essential ideal in R;. Therefore R is a semi-
uniform ring.

Similarly Rpis semi- uniform.

(<) If R; and R, are semi - uniform rings. To prove R is semi-
uniform. Let I be any non zero ideal of R, then I = J® K, for some
ideals J, K of Ry, R; respectively. Since I # <0>, gither J # <0> or
K= <0>. Assume J # <0>. Let P be any prime ideal of R. By (7 , Exc.4
,p. 53), either P =P 1@ R; or P =R ® P, for some prime ideals Py, P>
of R;, R respectively. So that, if P =P @ Ry, then INP = Je K)N
P, ® Ry =(NP)® (KNRy) = (JNP))® K. But J is a nonzero ideal
of R; and R is semi- uniform, so J is semi-essential and hence JNP; #
<0>. Tt follows that INP % <0>. If P = R 1@ P,, then INP = (J® K) N
(R; ® P,) = J®( K N Py), which is non zero, since J # <0>. Thus INP
# <0>.

Similarly, if K # <0>, then INP # <0>. Therefore 1 is semi-essential.
Thus R is semi uniform.
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