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Abstract: We apply the variational iteration method for solving the transport
problems. The suggested algorithm is quite efficient and is practically well
suited for use in these problems. The proposed iterative scheme finds the
solution without any discritization, linearization, or restrictive assumptions.
Several examples are given to verify the reliability and efficiency of the method.
The composition is presented between variational iteration method and Adomian
Decomposition Method(ADM) and we found that the proposed technique
solves this type of problems without using Adomian’s polynomials can be
considered as a clear advantage of this algorithm over the decomposition
method and the result accuatte than ADM .several examples are given to verify
the reliability and efficiency of the method.
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1. Introduction

In this paper, our work stems mainly from the variational iteration
method[4,7-11,13]. The basic motivation of this paper is to propose
mathematical technique without imposing perturbation, restrictive assumptions
or linearization. It is used to solve effectively, easily, and accurately a large class
of non-linear problems with approximations converging rapidly to accurate
solutions, where the approximate solution of the VIM in the main is readily
obtained upon using the obtained Lagrange multiplier and on the selective initial
approximate. The variational iteration method changes the differential equation
to a recurrence sequence of functions, where the limit of that sequence is
considered as the solution of the partial differential equations. The main
advantage of the method is that it can be applied directly to all types of
nonlinear differential and integral equations, homogeneous or inhomogeneous,
with constant or variable coefficients [1, 14-16]. Moreover, the proposed
method is capable of greatly reducing the size of computational work while still
maintaining high accuracy of the numerical solution.

The transport problems has also been widely employed as a model for
chemical reaction processes and this usually entails the inclusion of lower-order
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terms that describe convection and reaction [12,5]. the considered convection-
diffusion problem involves many tubes inside which convection occurs
transport equations have been sought in terms of cross-section averaged fields
[2, 3, 20]. In these cases it is crucial to understand how the micro scale flow may
be approximated by averaged models. Many research areas such as chemical
engineering, biomechanics, and porous media are interested by variants of such
a simple generic convection-diffusion problem.

In this paper, we investigate the model of unsteady convection-diffusion by
using VIM. This study shows that, in this particular context, an averaged
description can capture only large scale features of the exact solution, the
convergence of which can be made as precise as necessary. Numerical methods
have provided solutions to problems satisfying a fairly wide range of conditions.
Among them are restrictive the explicit predictor method [17], the alternating
direction implicit (ADI) method [18], and Taylor’s approximation [6].

Consider the following transport equation:

ouU ouU ouU 0°U 0°U
—+ X, y)—+ A +(B +B,——)=0 ,in QxJ
A (x,Y) I~ ,(Y) oy (B, o 2 6y2)

ot
U(x,y,t)=H,(xt) ,on 0QxJ
U(x,y,0)=H,(x) ,in Q| (D

where Q = (0, 1) x (0, 1), J =(0, T), Al(x, y), A2 (y) are smooth functions and
H1, H2 are positive constants.

The paper is organized as follows. The second section presents a
generalization of the VIM. The third section the sufficient conditions are
presented to guarantee the convergence of the method. The fourth section given
the examples and Some numerical results to illustrate the effectiveness and the
useful of the variational iteration method. In section 5, we presented discussion
of our work. at the last section the Conclusions are presented.

2. Variational Iteration Method:

To illustrate the basic concept of the technique, we consider the following
general differential Equation

L(u)+ N(u)+R(u)=g(x,t), .. (2a)
with specified initial condition: Uy = U (x,0)
...(2b)

where L is a linear operator , N is a nonlinear operator and R is a linear operator,
and g(x) is an inhomogeneous term. According to the VIM [3,10,13], we can
construct a correction functional as follows:



u () =u (xt)+ }x’i(r)[L(un(x,r)) +N(U (x,7)+R(U (x,7) - gix,0)dr ..
0 where

A7) s called general Lagrange multiplier [1,15,16], which can be identified

optimally via the variational theory and integration by parts. The iterates n
denote the MM order approximate solutions, where M refers to the number of

iterates. “n Is considered as restricted variations so that their variations are zero,

ou, 20[8]. The successive approximation un+1, N >0 of the solution Y1)
will be obtained by using the determined Lagrange multiplier and any selective

. u
function “°.

To find the optimal value of A7) , we applied the restricted variations of

correction functional (3) and integrating by part, noticing that 9 4(0:X) =0 'jn the
following form:

SU_ (60 =5U (x1):5[ADIU (%7)), +
R@ (%,7))+ N @ (x,0)-§(xDldz
“su (©-45u, (7)) -[A'Su,()dr=0

yields the following stationary conditions:
5(un) A'=0

o(u ):1+4 =0
n T

So, the Lagrange multiplier in this case can be identified as follows: 4= -1
Consequently, we can write the equation (3) as a successive approximation as
follows:

0, (%8) =, (61« [ (DL (U (x, ) +
Ry (07N (U, (x, ) - g (D] =
u, (X, 1) =u, (X, 1) + i (~DIL(u, (x,7)) +
i R(u, (%, 7))+ N (U, (%, 7)) —g(x,t)]d 7
u,(x,t)-u, (x,t)+§)(—1)[L(u2 (X,7))+

R(u,(x,7))+N(u,(x,7)) —g(x,t)]dz
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So on, where by finding the nth order approximation. Finally summing up
iterates to yields,

M
U M =n§un, M >1
The general solution obtained by the VIM can be written as:
u(x,t) =lim,, , U,
3. Convergence Analysis of the VIM
In this section, we will study the convergence analysis as the same manner in
[16] of the variational iteration method to the linear equations. we consider

linear partial differential equations of the form:
L(u)+R(u)=g(xt), 0<x<p,0<t<T (4

Where,'-(“) and R(U), are linear time and space derivative operators,

respectively. Then we construct the following correction functional for u(x,t)

u. (x,t)= um(x,t)+}l(r)[L(um)+ R(u,)-9(x,7)ldr
0

.. (5

Now, we show that the sequence LW (%0 3z given by (5) with
U, (X, t) =u

m=0,1,2,_3,...

°converges to the exact solution of (4). To do this we state the
following theorem.

Theorem 2 [16]: Let u(x.t) (CZ(ER))”,(x,t) €% =[0, F1x[0.T] be the exact

2 n
solution of (4) and Up (X,1) & (C*(R)) be the solution of the sequence

u L (xt)=u_ (x,t)+}/1(r)[L(um)+ R(u,)-9(x,7)ldz
0 ., with
U, (x,t) = u,

If B (D) =u, () -ulx1 and HR(E”‘(X’t))HzSHEm(X't)HZ, then the functional

sequence {un (403 defined by (5) converge to ”(X’t).

4. Numerical Examples
To show the efficiency of our method described in the previous part, we present
some examples of 2D transport problem.
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Examplel We consider the following homogeneous transport problem[19]

ou oéu ou d%u o‘u
4

=0 ,(x,y,t)eQxJ
ot ox oy ox® oy’ (.1

subject to the initial condition
u(x,y,0) = exp[ —(x —0.05)* — (y —0.05)?]
The exact solution is given by

- (x-t-0.05)" (y-t-0.05)°
4t +1 4t +1

0(X, yot) = — el ]

4t +
...(6)
To solve the problem (6) by using VIM, we consider a correction functional (3)
as:
t 8Un(X,y,T)+5Gn (¥, y,r)+6ﬁn 0 y,1) 070 (xyr) 0°0 (Y1)

U (x,y,t)=u (xY,t)+[2
n+1( y) n { (T)[ ot ox 6y 6X2 ayZ

|dz

(7

where, 4 is a general Lagrange multiplier. The value of 4 can be found by
ol (x,y,r) o, (x,y,r) 8°0,(x,y,7) and o%U, (x,y,7)

2 2
considering OX oy ox oy as
restricted variations (i.e.

o, (X, Y, o, (x,Y, o%U. (XY, d%U, (%,
5( n( yT)):é‘( ( yr)):é‘( (Zyz-)):é‘( (Zyz—))zo
O oy OX oy in

equation(7), then integrating the result by part to obtain 4=-1. Then the
correction functional (7) becomes in the following formula:
t aun(x,y,r)+aun(x,y,r)+aun(x,y,r)_azun(x,y,r)_azun(x,y,r) |

u XI )t :u (X’th)_
n+1( y ) n {[ ot ox 8y axz 5y2

dr

- - - - .- . - ...-(8)
Using the above iteration formulas (8) and the initial approximations, we can
obtain the following approximations:

uL(xy.t) = HPL—(x=0.05)" = (y=0.08)° | oy40 1)
exp[ ~(x—0.05)" ~ (¥ = 0.05)° {_(_py.10) 1)
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exp[ —(x - 0.05)" = (y —0.05)"_4 exp[ —(x—0.05)° —(y—0.05)2t+(_
2x+0.1)2 exp[ —(x—0.05)* — (y - 0.05)* t+(-2y+0.1)2 exp[ —(x —0.05)" - (y—0.05)2t

= epl-(x=0.05)" ~(y=0.08)"[1_(.ox+0.1) t -(-2y+0.1) t -4t+(-2x+0.1)2 t (-
2y+0.1)2t].

So on.

we observed that the variational iteration solution has a good convergence to the
exact solution, where from the theorem 1 we have the proof of convergence as
the following form:

The error function can be written as the following

t aEm(x,y,f)+8Em(x,y,r)+6Em(x,y,r) 0°E, (x,y,1) 0°E, (xY.)

Em+1(x’ 1) = Em(x’ y,t)—J[

ldr
0 0T OX 0y ox? 6y2

By using integration by parts we conclude that
t x0E,(0yr) GE, (kY1) 9°En(xyr) 0°E,(xY.7)
X, Yt X V,t)-E (X,y,7) - + - _
E (v =E (6y.)-E (xy1) (J)[ o oy o oy
(x,y,00=0,m=0,1,2,..

ldz

We know that B ' and therefore:
x OE . (XY, r) OE . (X,Y,7) azEm(x,y,r) 0%E_(X,Y,7)

Enaltyn) =0 VR “(;yz Jldz
Therefore

aE n (6 Y1) OB (xY.7) 8%E, (x,y,7),  O°E_(XY,7)
|E m+1(xyt)u N o T he e N

OE, (x,y,7)| |[OE, (X) 0%E_(x,v,7)| 6%E, . (x,y,7)
B O y:0) <J| ox % gy X'y’H} ¥ H nf;yz }d

2
E <y o], | <[t
Since 2 2
[k y.2)], <IM[Eq (xy.2)], ds

we have 0

Then for 0<t<L we obtain

HEl(x, y,t)H2 <M } Ey(s,y,7)| ds<M  max [Eq(x. y,r)zi dr
0 0

7e€[0,T],x,ye[0,L]

= M2 max
re[0, Tl x,y€[0, L]




HEZ(X, y,t)H2 <M j E,(xy,7) ds<M 2
0

[Ea(c v, <M } H52 (x, y,r)H dr<M3
0

En v <M f[E,
0

We

max HE XY,7)],
r,ye[0,L]

Where, M=4 is a constant . Therefore

=M?2

=M3

TE[OT]XyE[O L]

(M, 1"
m!

max

re[0,T],x,ye[0,L]

< MmaX

Ey(s.Y)], <

re[OT]x y € [0, L]‘

t
<M M
2dr_l\/l J'

0 re[OT]X y e[0,L]

re[0,T]x,yel0,L]

Mmax

max

23!’

ml

m!

7e[0,T], x,y e[0,L]

7e[0,T], x,ye[0,L]

(|V| H"

M, L)"

a0, >0

tr
Eolxyn)], [ de

Eoty. 2],

= MmaX

re[0,T]x,yel0,L]

as

functional sequence W (XY ks converges to Y ¥:1)

Therefore, the proof is completed.

m-— oo

HEO(X, y,r)zf rdr

0

2

[

1)|

have
(4L)"
m!

and hence the

We explained the Comparison between the variational iteration method and
Adomian Decomposition Method [19] for examples 1 and 2 in tables 1 and 2

Table 1: Comparison between the VIM and the ADM solutions with exact
solution at t=0.1 .

K=y

u

e

Usvim)

Ugvim)

u, - ue(vnw )‘

U, _u8(VIM)‘

U, _u6(ADM)

0.2

0.63600830
02

0.636189121
3

0.636005623
2

1.8082E-4

2.6768 E-6

1.07142E-
3

0.4

0.66385832
23

0.663375783
9

0.663767940
6

4.8253E-4

9.0381 E-5

9.38058E-
4

0.6

0.61809377
49

0.617682458
.

0.618072491
2

4.1131E-4

2.1283 E-5

1.65995E-
4

0.8

0.51333358
63

0.513549771
4

0.513396939

2.1618E-4

6.3348 E-5

5.81031E-
4

1.0

0.38028687
40

0.380603340
2

0.380296594
3

3.1646E-4

9.7201 E-6

4.67080E-
S
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Figure (1) Comparison between exact solution and VIM solutions for u(x,y,t) at
t=0.1

Example 2 : We next consider the following transport problem[19]
ou 82 62u
2

u
=0 ,(x,y,t)eQxJ
ot axz oy ...(9)

subject to the initial condition  u(x, y,0) = sin(zx) sin(zy)

To solve the problem (9) by using VIM, we consider a correction functional (3)
as:

u (x,y,r) 8°0 (x.y,7) %0, (xY.7)

. ldr

(%Y. 2
u . (x,y,t)=u XY, 0)+ /I(T)[
i ! 0 ot ox* ay

... (10)
2~ 2~
0 un(xz,y,r)anol 0 un(xz,y,r)
The value of 4 can be found by considering Ox oy as
2~ 2~
5(6 un(xz’y!r)):é‘(a un(xgylr))zo
restricted variations (i.e. OX oy in equation(10),




then integrating the result by part to obtain A==1Then the correction
functional (10) becomes in the following formula:

tou, (% y,7) 87U, (xy,7) 8%u,(XY.7)

U (Y0 =U (6 Y D)= ) ) Jdz
0 OX oy

.. (11)
Using the above iteration formulas (11) and the initial approximations, we can
obtain the following approximations:

u, =sin(mwx) sin(my) — 2 sin(m x) n° sin(m y) 1
U,y :=sin(m x) sin(wy) — 2 sin(m x) n sin(mty) ¢

+ 2 sin(nx) 7 sin(ny) A2

Uy =sin(mx) sin(y) — 2 sin(7 x) v sin(my) ¢t
+ 2sin(nx) o sin(ny) £ — % sin(nx) 7° sin(m y) £
and so on;

The solution for the convection-diffusion equation (9) in a series form is given
by

27%t)?  (27%t)°
+(7Z ) 27y +...)
6
It can be easily observed that the above series is equivalent to the exact
solution[19]

2
u(x, y,t) = ¢ 2% sin(7 x) sin(7 y) :

u(x, y,t) = sin( zx) sin( zy)(1— 2z *t

Now , when apply theorem 1 to this problem the condition of convergence is
achieved, and has the following form:

! M t)m
HEm(X’y’t)HzS M {Em_l(X,y,T) 2 dTSTG[o,TT%e[O,L]EO(X’y’T)Z ( m!) ’
(M, T)m
Sre[O,'l!’??,Xye[O,L]EO(X’y’T)Z r$1!
where, M =2 is 3 constant. Therefore HEm(x,y,t)H2 ~0 and as ™ * hence the

functional sequence W, (Y, O3y converges to u(x,y.t) .
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Table 2: Comparison between the VIM and the exact solution ,and the Absolute

errors for several iterations of the VIM solution at t=0.1 .

X=Yy

U, Ugvim) Uioovim) U, _US(VIM)‘ U =Upwim)
0.1 |0.01325407743 | 0.01335459157 | 0.01325774805 | 1.0051 E-4 | 3.6705 E-6
0.3 10.09082416342 | 0.09151294104 | 0.09084931644 | 6.8877 E-4 | 2.5153 E-5
0.5 10.1386904783 | 0.1397422568 |0.1387288876 |1.0517 E-3 | 3.8409 E-5
0.7 |0.09065734670 | 0.09134485969 | 0.09068245396 | 6.8751 E-4 | 2.5107 E-5
0.9 | 0.01315113952 | 0.01325087288 | 0.01315478149 | 9.9733 E-5 | 3.6420 E-6
—
—o—u_
B
0.14 - —v—u_u,
o Us-u,
0.12 -
0.10 4
o.os—-
3 o.oe—-
0.04—-
0.02 1
] I
0.00 <> T " T T T T T % |
0.0 0.2 0.4 0.6 0.8 1.0
X axis title

Figure (2) Comparison between exact solution and VIM solutions for u(x,y,t) at
t=0.1

Example 3: We next consider the following non homogeneous transport
problem[19]
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ou du ou oO°u d‘u
b —

=3x° —6x+2t+1 ,(x,y,t)eQxJ
ot ox oy ox° oy’ (x.y.1)

subject to the initial condition  u(X,y,0) =X’ +y

The exact solution is given by  U(X,y,t) = x>+ y +t? ...(12)

To solve the problem (12) by using VIM, we consider a correction functional (3)
as:

t 0 M 2~ 9~
(o )-U 0+ o e ) B () B, 0Ye) B () O (5 0.7)

- g(X, y,t)] dr
0 ot X 0y ox’ ayz

... (13)
where 905 Y:Dis the non homogeneous term. The value of 4 can be found by
ou_ (x,y,7) 0U,(x,y,z) 80U, (x,y,7) 8°0,(X,Y,7)

S ,—and g(x,y.1)
considering OX oy OX oy
as restricted variations (i.e.
ou. (X,y,7 ou. (x,y,7 020 (X,y,7 020 (X, V,7 -
5( o (XY )):5( n (XY )):5( n(2y )):5( n(Zy )):59()(’%0:O
OX oy OX oy in

equation(13), then integrating the result by part to obtain 4 =—1. Then the
correction functional (13) becomes in the following formula:
Lo, (x,y.r) AU, (% Y.7) uy(xyr) A (xyr) 0, (xY.r)

u . (xyt)=u (x, y,1) - [[-
(Y0 =4, i[ ot Ox dy ox° oy’

—g(X, y,t)]df

(14)
Using the above iteration formulas (14) and the initial approximations, we can
obtain the following approximations:

U (X, y,t) =x° +6xt —t+3tx* +t* —6xt +t+y-3tx> = x> +t> +y
u,(x,y,t)=0

u,(x,y,t)=0, We
observe the appearance of noise terms between the components of ul. we obtain

_ y3 2
the exact solution in the form [19] u(x,y,t)=x"+y+t

5. Discussion
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In this paper, we have used the VIM for solving the Unsteady Convection-
Diffusion Problems. The initial condition as a function of x and y solution

region of this problem is bounded by O<xy< l,t >0 We should be note that
only 6-10 iterations were needed to obtain the approximately accurate solutions

for the examples 1 and 2, i.e. when N 26 the results are converging to the

exact solution U*Y:1)  The obtained results by using VIM are compared with

the exact solution, which correspond to the various values of * @4 Y Also, we
presented the absolute errors for the solution in several iterations and compared
it with absolute errors of Adomian Decomposition Method(ADM) for example
1, and we compared absolute errors for the solution in several iterations for
example 2, all these errors are listed in Tables (1,2) and represented graphically

in Figures (1,2) at t=0.1_While, in example 3 we need only one iterate for
arrive to the exact solution. The results show that the iterate approximation
solutions obtained by using first sixth terms of this method are very well
converged to the exact solution. From The tables, one can also see that the
accuracy of this method increases with increasing the iterations. With other
means, the errors are decreasing with increasing the number of iterations. The
results we got from the VIM were better than the results obtained by (ADM) in
accuracy.

6. Conclusions

In this paper, the variation iteration method has been successfully employed to
obtain the approximate analytical solutions of Unsteady Convection-Diffusion
Problems. The method has been applied directly without using linearization or
any restrictive assumptions. The comparison of the numerical results of VIM
with other solutions by using other methods show that the variational iteration
method is a powerful mathematical tool to solving linear partial differential
equations and faster in convergence to exact solution.

References

[1]] M.A. Abdou, A.A. Soliman,Variational iteration method for solving
Burger’s and coupled Burger’s equations, J. Comput. Appl. Math., 181
(2005)245-251.

[2] A. Nakayama, F. Kuwahara, A. Naoki, and G. Xu, A volume averaging
theory and its sub-control-volume model for nalyzing heat and fluid flow within
complex heat transfer equipment, in Proceedings of the 12th International Heat
Transfer Conference, Vol. 2,J. Taine, ed., Grenoble, Elsevier, Paris, 2002, pp.
851-856.

Yy



[3] A. Nakayama, F. Kuwahara, M. Sugiyama, and G. Xu, A two-energy
equation model for conduction and convection in porous media, Int. J. Heat
Mass Transfer, 44 (2001), pp. 4375-4379.

[4] B. Batiha, M. S. M. Noorani and I|. Hashim, Application of variational
iteration method to a general Riccati equation, Inter. Math. Forum, 2 (2007),
2759 — 2770.

[5] G. I. Taylor, Dispersion of solute matter in solvent flowing slowly through a
tube, Proc. Roy.Soc. Ser. A., 219 (1953), pp. 186-203.

[6] Ismail, H. N. A., Elbarbary, E. M. E. and Salem, G. S. E.. Restrictive
Taylors’s approximation for solving convection-diffusion equation. Appl. Math.
Comp. 147, 355-363 (2204).

[7] J.H. He, Approximate analytical solution for seepage flow with fractional
derivatives in porous media, Comput. Methods Appl. Mech. Eng., 167(1998),
57-68.

[8] J.H. He, Approximate solution of nonlinear differential equations with
convolution product nonlinearities, Comput. Math. Appl. Mech. Eng.,
167(1998), 69-73.

[9] J.H. He, Variational iteration method for autonomous ordinary differential
systems, Appl. Math.Comput., 114 (2000), 115-123.

[10] J.H. He, Approximate Analytical Solution of Blasius’ Equation, Comm. in
Nonlinear Sci. and Numer. Simu., 4(1998), 75-78.

[11] J.H. He, Variational iteration method, a kind of non-linear analytical
technique: some examples, Inter. J. of Non-Linear Mech., 34(1999), 699-708.

[12] L. Graetz, On the thermal conductivity of liquids, Ann. Phys. Chem., 18
(1883), pp. 79-94.

[13] M. Inokuti, H. Sekine and T. Mura, General use of the Lagrange multiplier
in Nonlinear Mathematical Physics, In: Nemat-Nassed S, Ed., Variational
Method in the Mechanics of Solids, 156-162, Pergamon Press,N.Y., U.S.A,,
1978.

[14] M. Matinfar and M. Ghanbari, Solving the Fisher’s equation by means of
variational iteration method, Int. J. Contemp. Math. Sci., 4 (2009), 343 — 348.

\RR



[15] M. Matinfar, H. seinzadeh M. Ganbari, Numerical implementation of the
variational iteration method for the Lienard equation, World J. Mode. Simu.,
4(2008), 205-210. Int. J. Pure Appl. Sci. Technol., 4(1) (2011), pp. 30-40 40.

[16] M. Tatari, M. Dehghan, On the convergence of He’s variational iteration
method, J. Comput. and Appl. Math., 207(2007), 121 — 128.

[17] Rivera, W., Zhu, J. and Huddleston, D.: An efficient parallel algorithm with
application to computational fluid dynamics. Comp. Math. Appl. 45, 165-188
(2003).

[18] S.Karaa, and J. Zhang,: Higher order ADI method for solving unsteadycon
vection-diffusion problems. J. Comp. Physics 198, 1-9 (2004).

[19] S. Momani, A Decomposition Method for Solving Unsteady Convection-
Diffusion Problems, Turk J Math, 31 (2007) , 1 — 10.

[20] Z.-G. Yuan, W. H. Somerton, and K. S. Udell, Thermal dispersion in thick-
walled tubes as a model of porous media, Int. J. Heat Mass Transfer, 34 (1991),
pp. 2715-2726.

Laxs @J\ﬂ\wﬂ\ﬂm&

pla oy Sllae 3 35 a0

Olesre Anala/dg yill 418

33 sl ad) oo sl Alls Ja b Syl 25k Lasainl i) 13 3
5 il M_ULJ\ oAa e\diﬁul-j . L) sl e J sl a Allall eda Jad daiDla g 3¢ 98S A yidal)
Ll G ARl lal) S 5 555l L) sllae ) o5 LS i b g plasiad (953 0
44 Hla 3 LS il SY asas ladeia ) 2Uiad Y L) Gty G e o (ae 5l 48y yla g da yisal)
alfia) aaai a3 Lia)) | (e sl Ay sla (e (33) Leadlis () LaS 3 pilaa 3) ey dall 58 Cas (a5l

LeSeli€ Bl e a5

Y)Y



