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Abstract

In this paper, we shall introduce a new kind of Perfect (or proper)
Mappings, namely w-Perfect Mappings, which are strictly weaker than
perfect mappings. And the following are the main result: (a) Let
X—Y be w-perfect mapping of a space X onto a space Y, then X is
compact (Lindeloff), if Y is so. (b) Let f: X—Y be w-perfect mapping
of a regular space X onto a space Y. then X is paracompact (strongly
paracompact) if Y is so paracompact (strongly paracompact). (c) Let
X be a compact space and Y be a p -space then the projection
p:XxY—Y is a o-perfect mapping. Hence, XxY is compact
(paracompact, strongly paracompact) if and only if Y is so.

Introduction

The notion of perfect mapping was introduced in Bourbaki (1) and he
stated and proved several theorems concerning mappings and
Engliking (2) introduced equivalence definition of perfect mapping.
Also the notion of w-open set, @-closed set and w-closed mappings
introduced in Hdeib (3). In this paper we introduce a new concept,
which is the concept of w-Perfect Mapping and prove new results.
Notations:

For any set X, |[X| denotes the cardinal number of X.

o, denotes the cardinal number of integers.

For other notions or notations not defined here we follow closely
Engelking (2).
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Basic Definitions

Definition 2.1 (2)
A point x of a space X is called a condensation point of the set Ac
X if every arbitrary nbd of the point x contains an uncountable subset
of this set.
Definition 2.2 (3)
A subset of a space X is called w-closed if it contains all its
condensation points. The complement of a @-closed set is called ®-
open set.

Observe that A is w-open if and only if for every xe A there is an
open nbd U of x with [U-A|< .
Definition 2.3 (3)
A mapping f : X—Y is called o-closed mapping if it is maps closed
sets onto w-closed sets.
Definition 2.4 (3)
A mapping f : X—Y is called compact mapping if for each compact
closed subset K of Y , £ '(K) is compact.
Definition 2.5 (3)
A space X is called p -space if the intersection of countable many
open sets is a - open set.

Some Basic Results

Now we are ready to introduce a new concept, which is the
concept of @-perfect mapping and definition here:
Definition 3.1
A mapping f : X—Y is called a w-perfect mapping if it is
continuous, @-closed and for eachyeY, f “L(y) is compact.
Remark: 3.2
Every perfect mapping is o-perfect mapping. But the converse is not
true for example.
Example: 3.3 :
Let (X,7) be a topological space, we define a new topology t on X as
follows: Ger if and only if G is an @-open set in 1, then T will be an
expansion of t and therefore will be Functionally Hausdorff and
Urysohn if 1 is so, now the identity mapping f : (X,7) —(X,t ) will be
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a o-perfect mapping wich is not perfect mapping ( since it is not
closed).

Theorem: 3.4

(@) A w-closed subset of compact space is compact.

(b) If f: X—Y is a continuous mapping from Hausdorff space X onto
Y , then f is o-perfect mapping if and only if for each ye Y and any
open set U such that f I(y) U, there exists an w-open set Oy such
that ye Oy and £ (Oy) c U.

(c) Every compact, @-open subset A of a space X is of the form G\B,
where G is open and B is a finite set, in particular A is Gs-set.

Proof:

(a) Let X be a compact space, A be w-closed subset of X and

U={U,:« €A} be an open cover of A , since A is ®-closed then

X-A is w-open so, for each x e X-A, there is open set Vy such that xe
Vy and [VxNA[<e, also {{J :aeA}U{V, :xeX-A} is an open
cover of compact space X, so it has a finite subcover say

{U, :i=12,.,0}U{V, :i=12,.,n}, but | J{V, nA}is finite, so
i=1

for each xme | J{V, N A} choose U, € Usuch that xme U, , then

i=1

(U, :i=12,..n}u{U, :x,e|JIV, nAl} afinite subcover.

i=1
(b) (=) suppose that f : X—Y is w-perfect mapping and y € Y, let U
be any open set such that £ (y)c U, then X-U is closed in X so f(X-
U)is w-closed in Y, let O,=Y-f(X-U), then Oy w-openandy e Oy
such that f (0y)=X-f '[f(X-U)] cU.
(<) suppose that the assumption hold, so it's eight to proof that the
mapping f : X—Y is @-closed, let A be any closed sub set of X and
ye Y-f(A). By assumption there exist a w-open set Oy such that ye
Oy and f '(0y) cU. It is easy to show that Oyc Y-f(A). Hence Y-
f(A) is @-open then f(A) is w-closed.
(c) Since A is w-open, then for each xe A there is a nbd Uy of x such
that [UyN(X-A)|< @, now {Uy: xe A} is an open cover of A so it hasa
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finite subcover U, Uz, ...,Uy; A UU,. where |UiN(X-A)|[< o for

each i=12,..n . Now UNX-A) =|J{x;,}, therefore
m=1

A=U[U, \ L“J{xi,m}] = L"J(Ui \B) where B U{Xi.m}.

Corollary3.5

Let X is hereditary compact space, then every @w-open subset of X is a
Gs;-set. In particular every w-open subset of the real line is a Gs-set.
Proof:

Let A be an w-open subset of X, since X is hereditary compact, then A
is compact, by theorem 3.4 (c), we have A is Gs-set.

Remark3.6

The converse of theorem 3.4 (¢) is not true. For example take usual
topology (IR,t,) and A=[a,b] cIR, then A is compact, Gs-set, but A
is not w-open .

The following theorem is a generalization of the well known
theorem that the compact (Lindloff) property is preserved under
taking counter image by perfect mapping.

Theorem 3.7

Let f : X—Y be w-perfect mapping of a space X onto a space Y, then
X is compact, if Y is so.

Proof:

Let J={UJ,:2€A} be an open cover of X. since f '(y) is

compact, f ) e UU . Denote O =Y-f(X—UU ). Since 1 is
i=]

w-closed, Oy is ®-open for each ye Y, so there ex1sts an open nbd Oy

of y such that |Oyﬂ(X-0y)]< ®, NOW Oy—[ Oy N Oy]u[ Oy N(X- Oy)]

therefore, f ~ (y) is contained in a union of finite member of U

since { Oy y e Y} is an open cover of Y and Y is compact, { Oy y
e Y} has a finite subcover therefore X is the umon of finite many
member of {f° (Oy') yvie Yl sinee . eachf '(y) is contained in
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the union of finite many member of ], consequently X is the union

of finite many member of [J . Hence X is compact.

Corollary 3.8

Let f : X—Y be w-perfect mapping of a space X onto a space Y, then
X is lindeloff if Y is so.

Theorem 3.9

Let f: X—Y be o-perfect mapping of a regular space X onto a space
X

(a) If Y is paracompact, then X is paracompact.

(b) If Y is strongly paracompact, then X is strongly paracompact.
Proof:

(a) Let [J be an open cover of X. It suffices to show that [J

has a o-locally finite refinement. Since f "!(y) is compact then it is
paracompact relative to X. for eachy inY, [J has an open locally

finite refinement in X which cover f 0 ) IO

A Z{Aa :aEAy}. Denote O,=Y-f(X- UAa ). Since f is -

oy aed,

closed, Oy is w-open for each y in Y. hence there exists an open nbd
0, of y such that |0, N(X-Oy)< . Put 0,N0y=Gy, OyN(X-Oy)=Hi,
then f "'(H,) is contained in the union of a o-locally finite
refinement of [J whose member are open in X. Also f (Gy)

g UAa. Therefore f ’](Oy') is covered by a o-locally finite

aeh,

refinement By of [J whose members are open in X. since Y is
paracompact, { ()y':y e Y} has an open locally finite refinement V
which covers Y. let S={f '(V)NB: £ (V) cf(Oy), BeBy, Ve V }.

It is easy to see that S is an open o-locally finite refinement of [ J .
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The proof of (b) can be obtained by a similar method (one uses the
characterization of strongly paracompactness in terms of star
countable refinements.

Corollary 3.10

Let f : X—Y be a perfect mapping of a regular space X onto a
strongly paracompact space Y. then X is strongly paracompact.
Corollary 3.11

Let f : X—Y be a perfect mapping of a regular space X onto a
paracompact space Y, then X is paracompact.

Theorem 3.12

Let f : X—Y be continuous mapping from X onto Y, where Y is
locally compact huasdorff p -space then f is @-perfect mapping if and
only if f is compact mapping.

Proof:

(=) follows from theorem (3.7)

(<) let f : X—Y be a continuous compact mapping, where Y is a
locally compact, hausdorff, p -space. It suffices to show that fis o-
closed. Let F be a closed subset of X. assume that f (F) is not w-closed
so there exists a point yge Y-f (F) such that for every nbd V of yo,
IVNf (F)> . Since Y is locally compact, there is an open nbd G of yo
such that cl(G) is compact. Observe now f (F) N cl(G) is not compact.
Indeed, if it is, then it is easy to see that it is m-closed, so there exists a
nbd M of yo such that MNf(F)|< @, which is impossible. Now cl(G) is
compact so f [cl(G)] is compact and F N f [cl(G)] is compact subset
of X, therefore f[F N f el(G)]IF(F) N cl(G) is compact, which is a
contradiction. Hence f(F) is -closed.

Theorem 3.13

Let X be a compact space and Y be a p -space then the
projection p :XxY—Yisa w-perfect mapping.

Proof:

We have p :XxY—Y is continuous and for each y €Y, p y)=
Xx{y} is compact, since X is compact and {y} is compact. Now, let y
¢ Y and U be an open set in XxY such that p (y)= Xx{y} cU. For
each (x,y) € Xx{y}, let Ox, Oy be open nbds of x and y such that
(xy)e Oxx Oyxn cU. now {Ox : xe X} is an open cover of X,
therefore it has a finite subcover {O,, }o,. Hence

Xx{y}c on; x0,,, < U.Let OY:OOY("i) then

i=l

146




IBN AL- HAITHAM J. FOR PURE & APPL. SCI VOL.20 (2) 2007

Xx{y}c UO,‘i x0O, cU and Oy is an w-open set since Y is a p-
i=l

space. Thus, for each y in Y, there is an w-open set Oy , such that y

e Oy and p'(Oy) cU. Therefore by theorem3.4,pis a w-closed

mapping.

Theorem 3.14

Let X be a topological space and Y be a topological space such that
there exists an Fs-set which is not o-closed. If the projection
p :XxY—Y is @-perfect mapping then X is countable compact.

Proof:

Let UAi be a Fs-subset of Y which is not o-close. Let X be not

i=1

countable compact, then there exists a decreasing sequence {B,}, of

closed subset of X such thatﬂBi =¢. Let F=U(Bi x A;), then we
i=1 i=1
can see that F is a closed subset of XxY. now, for every point (x,y) in

XxY, p(x,y)=y, P(F)= UA,. is not w-close. Therefore the projection
i=1

is not @-closed. Which is a contradiction. Hence the result.

Theorem 3.15

A space Y is p -space if and only if for any compact space X the

projection p :XxY—Y is a w-perfect mapping.

Proof:

(=) follows from theorem (3.13)

(<) assume that Y is not p*-space and for any compact space X the

projection p :XxY—Y is o-perfect. Let X=IR, the set of real numbers

with the usual topology, then by theorem (3.14), X is countable

compact which is a contradiction.

Theorem 3.16

Let X and Y be two space each with the property that every compact

subset is @-closed, if f :X—Y and f (considered as a subspace of

XxY) is compact, then f is weakly continuous (i.e., for every open

set U cY, f'(U)is w-open).
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Proof:

Let p;: XxY—X and py: XxY—Y. be the projections, then X and rang
f are compact sets, as image of compact set under p; and pa, let
p1 =pils .observe that pi is @-perfect mapping. Indeed, if Acf is
closed, then A is compact, so pl*(A) is compact, hence it is w-perfect
mapping. Since f is a function defined on X, pi is a bijection onto X.
This, together with the fact pl* is w-perfect mapping, implies that for
every open set Vcf, pl*(V) is w-open in X. now f=p20p1*", hence f
has the required property.

f=pyop; ™

f cX*xY

Theorem 3.17

Let X be a topological space and Y be a HausdorfT, p‘-space, then the
foloowing holds:

(a) XxY is compact if and only if Y is so.

(b) XxY is paracompact if and only if Y is so.

(c) XxY is strongly paracompact if and only if Y is so.
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