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Abstract 

A ring R is called GSSP-ring , if for any maximal essential right ideal M of R  and any Mb then bMbR  is p-

injective. In this paper we give conditions under which GSSP-ring are strongly regular. Finally, some new characteristic 

properties of GSSP-ring are given.  
 

1. Introduction: 

Throughout this paper, R  denotes an associative ring 

with identity, and all modules are unitary right R -

modules.  

A right R -modules M  is said to be p-injective if, for any 

principle right ideal p of R , any right R -homomorphism 

MPf : , there exists y  in M  such that   ybbf   

for all Pb . This concept was introduced by Ming [4] . 

We Recall that : (1) R  is called strongly regular if for 

every a  in R , there exists an element b  in R  such 

that baa 2 . see [6], (2) A ring R  is said to be ERT-

ring if for every essential right ideal of R  is a two sided 

ideal. See [5], (3) An ideal I of the ring R  is essential 

if I  has a non-zero intersection with every non-zero 

ideal of R , (4) Let R  be a ring such that every 

maximal right ideal is a two sided ideal, then R  is 

called a  quasi-duo ring, see [7] (5) A ring R  is called 

reduced if, R  contains no non-zero nilpotent element, 

see [2], (6) For any element a in R ,  ar  and  aI  

denote the right and left annihilator of a respectively, see 

[2], (7)    RZRJ ,  will stand respectively for the 

Jacobson radical, the left singular ideal. See [1]  

2. GSSP-rings: 
In this section, some of the definitions and basic 

properties of GSSP-ring are given and we introduce a 

generalization of such rings. Following [4], a ring is said 

to be SSPI-rings, if and only if every simple singular R -

module is P-injective. 

Definition 2-1: 

 A ring R  is called a GSSP-ring (generalized simple 

singular P-injective) if, for any maximal essential right 

ideal M of R , any Mb , bMbR  is P-injective.  

Following [2] a ring R  is said to be abelean if each 

idempotent element of R  is central. Next, we give the 

following lemma which play the key role in several of 

our proofs.  

Lemma 2-2: 

Let R be abelean ring, for any maximal right ideal M  of 

R , and for any Ma , if   Mar  , then M is an 

essential right ideal of R .      

Proof:  

Let Ma0 , and let   Mar  . Suppose that M  is 

not essential, then M  is direct summand, and hence 

there exists 
20 ee   in R  such that  erM  . 

Since  erMa  , then 0ea . Since R  is 

abelean, then 0ae , and     erMare  . 

Therefore 0e , a contradiction. Thus M  is essential . 

Now, we introduce the following theorem.     

Theorem 2-3:  

Let R  be abelean GSSP-ring, then any right ideal of R  

is idempotent.   

Proof:  

Let I  be a right ideal of R  and let Ia . If  

  RarRaR  . Let M  be a  maximal right ideal 

containing  arRaR . Then by lemma (2-2), M is 

essential right ideal of R . If aMaR  , then aca   

for some c  in M  and this implies   01  ca . So, 

    Marc 1 , whence M1 , a contradiction. 

RM  . If aMaR  , the right R -

homomorphism aMaRMRg : defined 

by   aMabMbg  , for all b  in R implies 

aMaRMR  . Defined MRaRf :  as a  right 

R -homomorphism by   Mxaxf  , for all x  in 

R , then f  is a  well define right R -

homomorphism. Indeed, let Rxx 21,  with 
21 axax   

implies     Marxx  21
, thus MxMx  21

. 

Hence    2211 axfMxMxaxf  . Since MR  

is P-injective, then there exists c  in R  such that 

    McaxaxMcacf  , yields   MdaafM 1 , 

for some d  in R .Whence M1 , a contradiction. Thus 

  RarRaR  . In particular 1 cxay , for some 

yx,  in R  and c  in  ar , so we have 

0 axayacaxaya . Therefore 2Iaxaya  . 

This prove 
2II  .  

Theorem 2-4: 

Let R  be ERT and GSSP-ring such that the right 

annihilator of any element in R is essential. Then: 

(1) R  is reduced.    

(2)   0RJ . 

Proof 1:  

Let Ra0  such that 02 a  and let M be a 

maximal right ideal containing  ar . If aMaR  , 

then aca   for some c  in M  this implies 

    Marc 1 , whence M1 , a contradiction. 

Now, since aMaRMR  , then MR  is P-injective. 



  

Defined MRaRf :  by   Mrarf  , for every r  

in R . Now, we show that f  is a well defined right R -

homomorphism. Indeed if 
21 arar   for every 

21,rr in 

R . Then   021  rra , therefore     Marrr  21
 

and hence MrMr  21
. Since MR  is P-

injective, then there exists y  in R  such that 

   arMyarf  , yields   MyaafM 1 , for 

some y  in R , so   Mya 1 , but  arya  is a  

right annihilator and hence it is essential. Since R  is 

ERT, therefore  ar  is a two sided ideal so Mya , 

thus M1 ,  

a contradiction. Therefore 0a , whence R  is 

reduced .     

Proof 2:  

Let  RJa , If   RaraR  . Then there exists a 

maximal right ideal M  containing  araR . Since 

Ma  and   Mar  , then by Theorem (2-4)(1) and 

lemma (2-2), then M  is essential. If aMaR  , then 

aba   for some b  in M  this implies     Marb 1 , 

so M1 , a contradiction. If aMaR  ,  the right R -

homomorphism aMaRMRg :  defined by 

  aMabMbg  , for all b in R  implies that 

aMaRMR  . 

Define MRaRf : as a right R –homomorphism by 

  Mxaxf   for all x  in R , since R  is reduced 

(Theorem 2-4)(1) then clearly f  is a well define R -

homomorphism, so there exists y  in R  such that 

   axMyaxf  . Thus   MyaafM 1 , but 

MJa  , so M1 , a contradiction.  

Therefore   RaraR  . In particular 1 dar , for 

 ard  , this implies raa 2 , since Ja  , then 

there exists an invertible element u  in R  such that 

  11  uar , so   auraa  2 , yields 0a . This 

proves that   0RJ .  

The following theorem gives the condition of being right 

GSSP-ring are strongly regular. 

Theorem  

2-5: Let R  be an abelean ring and right quasi-duo ring. 

If R  is GSSP-ring, then R  is strongly regular.  

 

Proof:  

Assume that Ra0  such that 02 a . Then there 

exists the maximal right ideal M of R  such that 

  MaraR  . Observe that M  must be an essential 

right ideal of R . (lemma 2-2) . By similar method of 

proof used in Theorem (2-4)(2), we get   RaraR  . 

In particular 1 day  for some y  in dR,  in  ar , 

thus we have aya 2 . Therefore R  is strongly regular 

ring.  

Before closing this section, we present the following 

result. 

Proposition 2-6 : 

 If  R  is a quasi-duo, GSSP-ring, then    0RZ .  

Proof : 

If    0RZ , there exists a non-zero element a in  RZ  

with 02 a . We want to prove that   RaraR  . If 

  RaraR  . Let M  be a maximal right ideal of 

R containing  araR . Since  RZa , then 

 ar  is essential right ideal and by lemma (2-2) M  is 

essential maximal right ideal of R . If aMaR  , then 

aba   for some b  in M  and     Marb 1 , 

whence M1 , a contradiction. RM  . If aMaR  , the 

right R -homomorphism aMaRMRg :  defined 

by   aMabMbg   for all Rb  implies that 

aMaRMR  , since aMaR is P-injective, then 

MR  is P-injective.  

Consider the canonical mapping MRaRf : , then 

there exists a in R  such that 

  MbaMaf 1 implies   Mba 1 , Mba  

(because M  is two sided ideal), then M1 , a 

contradiction . Hence   RaraR  .  

In particular dar 1 , r  in dR,  in  ar , so 

adraa  2 . Therefore    0RZ .  
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 المعممة  P في الحلقات المنفردة البسيطة الغامرة من النمط 
 علاء عبد الرحيم حمودات

 قسم الرياضيات ، كلية التربية ، جامعة الموصل ، الموصل ، العراق
 ( 2228/  6/  5 ، تاريخ القبول: 2228/ 2/  71) تاريخ الاستلام: 

 

  الملخص
ماان مودياال مااامر  bMbRيكااون  Mbولأي R فاا  M أيماان أساساا  أعظااممثااال   لأيكااان  إذا،  GSSPن الاانم   بأنهااا ماا R يقااال للقلقااة

قصالنا علاخ خاواد جدياد  للقلقاات  أخياراقلقاة منتظماة بقاو  .  GSSPلك  تكون كال قلقاة مان الانم    أخرى ا  شرو  تم إع اء. ف  هذا البقث Pالنم  
 . GSSPمن النم   


