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           Abstract 

System of double quantum dots under influence of DC-magnetic field has been 

discussed and analyzed.  The tunneling current is calculated as a function of Dc-

magnetic field using the equation of motion for the state occupation probabilities, the 

results evidence that the resonance energy is dominant factor affected in the current. 
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1. Introduction 

The name “dot or island” is often called artificial atom because of it’s quantum properties(1), and 

their electronic characteristics are closely related to the size and shape of the individual crystal(2). Two 

quantum dots can be coupled to form an artificial molecule and the bond of the artificial molecule, 

depends on the strength of the inter dot coupling which can form ionic like (weak tunnel coupling) or 

covalent like bonds (strong tunnel coupling).  

The quantum dots have very sharp density of state because of their nano-size, they have excellent 

transport and optical properties, so their transport process gives many interesting phenomena seen in 

the electronic device like coulomb blockade(3), spin blockade(4), and more applications like spintronic(5), 

and quantum information(6). 

Spin degree of freedom of electrons in quantum dots has a great potential as a carrier of classical 

information(5) and quantum information, spin quantum bits(6). 

The study of current in quantum dots has attracted much attention in the recent decades(7-12). 

Following the work of Emary(13), we study the current between the double dots system connected to a 

non magnetic leads as shown in the figure(1).  
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Figure 1: Schematic diagram of a double quantum dots connected to the two leads under 

the influence of DC magnetic field in the Z-direction. 
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In Fig(1), consider the left dot has an s-type orbital and the right dot has three orbitals, also consider 

a DC magnetic field applied on the dots in the Z-direction, and the dots are from different material, so 

they have different g-factors. 

2. System Hamiltonian  

The system can be described by the Hamiltonian: 

(1) 𝐻̂ = 𝐻̂𝐿 + 𝐻̂𝑅 + 𝐻̂𝐿𝑅 + 𝐻̂𝑇 + 𝐻̂𝑙𝑒𝑎𝑑𝑠  
 

Where 𝐻̂𝑖(𝑖 = 𝐿, 𝑅) described the left (right) uncoupled quantum dots. 

𝐻̂𝐿 = ∑ 𝜖𝑠𝜎

𝜎

|𝑠𝜎⟩⟨𝑠𝜎| 

With  

𝜖𝑠𝜎 = 𝜖𝑠 + ∆𝐿,𝜎 

Where  𝜖𝑠 is the energy of the level s in the left quantum dot. 

∆𝑖(𝑖 = 𝐿, 𝑅) is the Zeeman splitting in the states of the two dots and ∆𝐿≠ ∆𝑅 because of the different 

g-factor. 

∆𝑖,𝜎= 𝑔𝑖𝜇𝐵𝐵𝜎 

𝑔𝑖 is the land g-factor, 𝜇𝐵 is the Bohr magneton, 𝜇𝐵 = 𝑒ћ 2𝑚⁄  

𝜇𝐵 = 9.274 × 10−21𝑒𝑟𝑔 𝑝𝑒𝑟 𝐺𝑎𝑢𝑠𝑠 𝑝𝑒𝑟 𝑝𝑎𝑟𝑡𝑖𝑐𝑎𝑙 

𝐵 is the applied DC magnetic field, and 𝜎 is the spin operator 𝜎 = +1 for spin up and 𝜎 = −1 for spin 

down. We use for the value of the g-factor 𝑔𝐿 = −0.33 and 𝑔𝑅 = −0.89 (14) . 

The second part of the Hamiltonian 𝐻̂𝑅 can be described as; 

(2) 

𝐻̂𝑅 = (𝐸𝐵 + ∆𝑅,𝜎)|1𝜎⟩⟨1𝜎| + ∆𝑅,𝜎|2𝜎⟩⟨2𝜎| − (𝐸𝐵 − ∆𝑅,𝜎)|3𝜎⟩⟨3𝜎|

+ 𝐿𝑐(|1𝜎⟩⟨2𝜎| + |2𝜎⟩⟨1𝜎| + |2𝜎⟩⟨3𝜎| + |3𝜎⟩⟨2𝜎|) 
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With 1𝜎, 2𝜎, and 3𝜎 are the levels of the right quantum dot, 𝐸𝐵 = 𝑐𝐵(𝐵 − 𝐵0) is the magnetic energy 

corresponding to the applied magnetic field, 𝑐𝐵 is a constant describes the magnetic field dependence of 

the Fock–Darwin (FD)(15)  orbitals and 𝐿𝑐 is the coupling between the nearest levels of the right quantum 

dot. 

The Hamiltonian 𝐻̂𝐿𝑅 describe the interaction between the left and right quantum dots and is given by: 

𝐻̂𝐿𝑅 = ∑(𝛾𝛼𝜎|𝑠𝜎⟩⟨Ѱ𝛼𝜎| + 𝐻. 𝑐)

𝛼,𝜎

 

Where 𝛾𝛼𝜎 is the hopping rate of an electron between states |sσ⟩ and |Ѱ𝛼𝜎⟩. 

And 𝐻̂𝑇 in eq(1) represents the interaction between the double quantum dots (DQD) and the leads. 

𝐻̂𝑇  = ∑ (𝛾𝑙|𝑙𝑘𝜎⟩⟨𝑙𝜎| +  𝐻. 𝑐. )

𝑙∈{𝐿,𝑅𝛼}𝑘𝜎

 

The Hamiltonian of the leads is described by: 

𝐻̂𝑙𝑒𝑎𝑑𝑠  = ∑ 𝜖𝑙𝑘|𝑙𝑘𝜎⟩⟨𝑙𝑘𝜎|

𝑙𝑘𝜎

 

𝜖𝑙𝑘 described two standard fermionic reservoirs, and 𝑙 = 𝐿/𝑅 lead. 

3. Energies and wave functions of right quantum dot 

In order to calculate the energy and the wave functions for the second dot; we use the Hamiltonian 

𝐻̂𝑅 in the Schrödinger equation 

(3) 𝐻̂𝛹 = 𝜀𝛹  
We get  

(4) 𝜖0𝜎 = ∆𝑅,𝜎  
 

(5) 𝜖±𝜎 = ±√𝐸𝐵
2 + 2𝐿𝑐

2 + ∆𝑅,𝜎  
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And the wave functions are corresponding to these eigen values are,  

|𝛹0⟩ =
1

√𝐸𝐵
2 + 2𝐿𝑐

2
(−𝐿𝑐|1⟩ + 𝐸𝐵|2⟩ + 𝐿𝑐|3⟩) 

(6) 

|𝛹±⟩ =
𝐿𝑐

2

𝐸𝐵
2 + 2𝐿𝑐

2 ± 𝐸𝐵√𝐸𝐵
2 + 2𝐿𝑐

2
|1⟩ ±

𝐿𝑐

√𝐸𝐵
2 + 2𝐿𝑐

2
|2⟩

+
𝐿𝑐

2

𝐸𝐵
2 + 2𝐿𝑐

2 ∓ 𝐸𝐵√𝐸𝐵
2 + 2𝐿𝑐

2
|3⟩ 

 

The overlap between the state |𝑠𝜎⟩ of the left QD and the states |𝛹𝛼𝜎⟩ of the right QD can be calculated 

as: 

⟨𝑠|𝛹0⟩ =
−𝐿𝑐

√𝐸𝐵
2 + 2𝐿𝑐

2
⟨𝑠|1⟩ +

𝐸𝐵

√𝐸𝐵
2 + 2𝐿𝑐

2
⟨𝑠|2⟩ +

𝐿𝑐

√𝐸𝐵
2 + 2𝐿𝑐

2
⟨𝑠|3⟩ 

Where     ⟨𝑠|𝑖⟩ = 𝑠𝑖   ,   𝑖 = 1,2,3 ,  |𝑖⟩ are the Fock-Darwin wave functions. 

This eigenstate-overlap clearly vanishes for 𝐸𝐵  =  𝑇(𝑠1 −  𝑠3)/𝑠2,. One can assumed here that ⟨𝑠|𝑖⟩ 

are the same for the all wave functions of the Fock-Darwin levels and for this reason we can set the 

square of the matrix elements as follow, 

⟨𝑠|𝛹0⟩ =
𝐸𝐵

√𝐸𝐵
2 + 2𝐿𝑐

2
𝑠2 

⟨𝑠|𝛹±⟩ = 𝑠1 ±
𝐿𝑐

√𝐸𝐵
2 + 2𝐿𝑐

2
𝑠2 

And the squares of the relevant matrix elements are: 

(7) |⟨𝑠|𝛹0⟩|2 =
𝐸𝐵

2

𝐸𝐵
2 + 2𝐿𝑐

2
  

 

(8) |⟨𝑠|𝛹±⟩|
2

= 1 +
𝐿𝑐

2

𝐸𝐵
2 + 2𝐿𝑐

2
±

2𝐿𝑐

√𝐸𝐵
2 + 2𝐿𝑐

2
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4. Tunneling rate  

The hopping rate of an electron between states |𝑠𝜎⟩ and |𝛹𝛼𝜎⟩ can be calculated as 

(9) 𝛾𝛼𝜎 = 𝛾|⟨𝑠𝜎|Ѱ𝛼𝜎⟩|2𝜚(𝜖𝑠𝜎 , 𝜖𝛼𝜎; Г𝜎)  

𝜚(𝜖𝑠𝜎 , 𝜖𝛼𝜎; Г𝜎)  describes the broadening of the 

hybridization function of the dots levels at the 

density of states of leads,  

𝜚(𝜖𝑠𝜎 , 𝜖𝛼𝜎; Г𝜎) =  
𝛤2

(𝜖𝑠𝜎−𝜖𝛼𝜎)2+𝛤2
     ,and 

𝛤𝜎  ≡  𝛤𝐿,𝜎  + 𝛤𝑅,𝜎 

 𝛤𝐿/𝑅,𝜎 = 𝛤 is the tunnelling rate of an electron with 

spin σ between the dot and the left/right leads. 

Figure 2 shows the hopping rates, 𝛾𝛼𝜎  as a 

function of the applied magnetic field B, we 

represents here the case of a large ϵs , which can be 

achieved by adjusting the gate voltage on the left 

QD. In this case, the large ϵs leads to s-orbit 

resonating close with the “+” channel, this 

transition shows that the large peaks for  𝛾+  in 

comparison with the other peaks for  𝛾0  and 𝛾− 

comes from the resonance condition.  

In this system, large ϵs is consider to leads to the s-

orbit resonating close with + channel in the right 

quantum dot, large ϵs obtained by adjusting the gate 

voltage in the left quantum dot. There are two 

parameters affected the transport in this system, one 

is the spin-dependent energy level 𝜖+𝜎  and the 

Figure 2: The spin-dependent hopping rates 𝛾𝛼𝜎 

versus magnetic field 𝐵𝑑𝑐. (a) 𝛾+𝜎, 

(b) 𝛾0𝜎 and (c) 𝛾−𝜎 .Parameters used are 

𝐿𝑐 =  1 𝑚𝑒𝑉, 𝛤 =  10 µ𝑒𝑉, 𝛾 =
 100 µ𝑒𝑉, 𝜖𝑠 =  1.5 𝑚𝑒𝑉, and 𝐵0 =
 5.2 𝑇. 

b 

c 
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other is the Dc-magnetic field that applied on the system. 

From Fig(2), one can see that tunneling rate depend on the spin σ also the peaks which appears in this  

figure is due to resonance tunneling when the s-orbit in the left quantum dot is aligned to the 𝜖+𝜎 level 

in the right quantum dot. 

In order to see the effects of the different parameters on the hopping rate, we take different values to 

the 𝜖𝑠 as shown in Fig. (3a) and (3b). 

Fig.(3a) shows more brooding in the spin down rate when 𝜖𝑠 is less than 1.5 meV and when 𝜖𝑠 greater 

than 1.5 meV the spin down rate shows two peaks. The effect of the parameters Lc, which is responsible 

the coupling strength between the levels due to anisotropy of the right quantum dot, is shown in figure 

(4a) and (4b). 

The change effect of the leads in the system can be achieved by changing the parameters Γ which 

is defined the hybridization of the level of the right quantum dot with the density of state of the right 

lead, that is to say the rate between right quantum dot and the right lead as shown in the figure (5a), and 

(5b). 

5. The basis states 

The basis states in double quantum dots containing two electrons are distributed under the 

consideration of one electron is confined in the left dot and the other electron participating if 

transport process, so these bases are: 

For one electron  

|1⟩ = |↑ ,0⟩ , |2⟩ = |↓ ,0⟩ 

And for two electrons  

|3⟩ = |↑↓ ,0⟩, |4⟩ = |↑, ↓+⟩ , |5⟩ = |↑, ↓0⟩ , |6⟩ = |↑, ↓−⟩, |7⟩ = |↑, ↑+⟩ , |8⟩ = |↑, ↑0⟩, |9⟩ = |↑, ↑−⟩ 

|10⟩ = |↓, ↑+⟩ , |11⟩ = |↓, ↑0⟩ , |12⟩ = |↓, ↑−⟩, |13⟩ = |↓, ↓+⟩ , |14⟩ = |↓, ↓0⟩ |15⟩ = |↓, ↓−⟩ 
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Figure 3: The spin-dependent hopping rates 𝛾𝛼𝜎 versus magnetic field 𝐵𝑑𝑐 for deferent values of 𝜖𝑠. 

 

Figure 4: The spin-dependent hopping rates 𝛾𝛼𝜎 versus magnetic field 𝐵𝑑𝑐 for deferent values of Lc. 

Figure 5: The spin-dependent hopping rates 𝛾𝛼𝜎 versus magnetic field 𝐵𝑑𝑐 for deferent values of 𝛤. 
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Equation of motion(16) [16] can be used to described the dynamics of the double dots system  

𝜌̇(𝑡)𝑠 = ∑ 𝑊𝑠𝑚𝜌𝑚

𝑚≠𝑠

− ∑ 𝑊𝑘𝑠𝜌𝑠

𝑘≠𝑠

 

𝜌 is the state occupation probability  

𝑊𝑖𝑗 is the transition rate from state j to state i and it’s defined by different methods according to 

processes in the system such as 

|↓ ,0⟩  → |↑↓ ,0⟩ ⟹ 𝑊3,2 = Г𝐿,↑, 

|↓, ↓0⟩ →  |↑, ↓0⟩ ⟹ 𝑊5,14 = [
1

𝑇𝑠𝑓

]
𝐿

, 

|↑↓ ,0⟩ →  |↑, ↓−⟩ ⟹ 𝑊6,3 = 𝛾−↓ 

Where 𝑇𝑠𝑓 is the time for electron to reverse (flip) it’s spin. The other transition rates can be calculated 

in the same way. With the inclusion of the spin-flip interactions, the rate equations for the occupation 

probabilities of |2⟩, |3⟩, |4⟩ 𝑎𝑛𝑑 |5⟩  are: 

𝜌̇2 = 𝑊2,1𝜌1 + 𝑊2,10𝜌10 + 𝑊2,11𝜌11 + 𝑊1,12𝜌12 + 𝑊1,13𝜌13 + 𝑊1,14𝜌14 + 𝑊1,15𝜌15 − 𝑊1,2𝜌2

− 𝑊3,2𝜌2 

𝜌̇3 = 𝑊3,1𝜌1 + 𝑊3,2𝜌2 + 𝑊3,4𝜌4 + 𝑊3,5𝜌5 + 𝑊3,6𝜌6 + 𝑊3,10𝜌10 + 𝑊3,11𝜌11 + 𝑊3,12𝜌12 − 𝑊4,3𝜌3

− 𝑊5,3𝜌3 − 𝑊6,3𝜌1 − 𝑊10,3𝜌3 − 𝑊11,3𝜌3 − 𝑊12,3𝜌3 

𝜌̇4 = 𝑊4,3𝜌3 + 𝑊4,7𝜌7 + 𝑊4,13𝜌13 − 𝑊1,4𝜌4 − 𝑊3,4𝜌4 − 𝑊7,4𝜌4 − 𝑊13,4𝜌4 

𝜌̇5 = 𝑊5,3𝜌3 + 𝑊5,8𝜌8 + 𝑊5,14𝜌14 − 𝑊1,5𝜌5 − 𝑊3,5𝜌5 − 𝑊8,5𝜌5 − 𝑊14,5𝜌5 

For the steady state one can calculate every 𝜌𝑚 , (𝑚 = 1, … ,15)  in the system. 
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6. Current calculation  

We are mainly interested in the calculation of the current from the right dot to the right lead in the 

system, for different electron spin 

𝐼↑ = 𝑒Г𝑅↑(𝜌7 + 𝜌8 + 𝜌9 + 𝜌10 + 𝜌11 + 𝜌12) 

𝐼↓ = 𝑒Г𝑅↓(𝜌4 + 𝜌5 + 𝜌6 + 𝜌13 + 𝜌14 + 𝜌15) 

The calculation under small spin-flip rates leads to an 

approximate formula for the current 

                           𝐼↑ = 𝛤 (
𝛾+↑𝜌3

Г + 𝛾+↑

)                          (10) 

                           𝐼↓ = 𝛤 (
𝛾+↓𝜌3

𝛤 + 𝛾+↓

)                          (11) 

And for the average total current is given by: 

〈𝐼〉 = 𝐼↑ + 𝐼↓ 

            〈𝐼〉 =
𝛤2(𝛾+↑ + 𝛾+↓) + 2𝛤𝛾+↑𝛾+↓

Г2 + 𝛤(𝛾+↑ + 𝛾+↓) + 𝛾+↑𝛾+↓

          (12) 

The relation between the current and the static magnetic 

field for spin up is shown in figure (6a), the current shows 

two peaks because its depends on the a magnetic field 

with a complicated relation and the maximum of these 

peaks are related to the resonance energy of the level 𝜖𝑠↑ 

and the level 𝜖+↑ in the right quantum dot.  

Figure (6b) show the spin down current which has a peak 

around B0, the average total current is listed in figure (6c) 

for the same parameters values of 𝜖𝑠 , 𝐿𝑐 and 𝛾 . From 

figure (6) no spin blockade are observed. Figure 6: Current 𝐼 versus magnetic field 𝐵. 

(a) 𝐼+↑, (b) 𝐼+↓ and (c) 𝐼+↑ + 𝐼+↓ 
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 حساب تيار النفق في نقطتين كميتن

 

 طالب عبدالنبي سلمانعباس أحمد هاشم، 

 جامعة البصرة  –كلية العلوم  -قسم الفيزياء

 العراق –البصرة 

 

تم مناقشةةةةةةةة وتحليم ننام مكون من نمطتين كميتن تح  تض ير ليم مجام م ناطيسةةةةةةةي  اب   حي  

اسةةتمدم  معادلة الحركة غشةة ام الحاغ  اغلكترونية لحسةةاب يتار النفة كدالة للمجام الم ناطيسةةي ال اب   

 أنهر  النتائج ان طاقة الرنين هي العامم السائد المؤ ر لي التيار 
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