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Abstract:

In This study, we simplify The kappa distributions naMed Generalized, TransMuted
kappa distribution by sMearing The generator proposed by, Nofal et al. (2018)[17] To
present A new-fangled six—paraMeters generation Distribution that will be additional
supple, in Modelling real lifetiMe data ,finished The present coMMon lifetiMe distribution.
The Possibility coMpactness function (P.d.f) ,CuMulative distribution function (cdf) of The
generalize The kappa Distribution were defined. SoMe legislative, Properties of The The
generalized transMuted - kappa distribution were derived. The estiMation of The Model
paraMeter is talented By MaxiMuM likelihood Method, We deMonstrated The practicality of
The generalize The kappa Distributions by Means Of, one real data sets. The new
distribution provides better fits Than its Models, since it Has a MaxiMuM Value of Log—
likelihood corresponding to MiniMuM price of statistics.

Keywords: generalized transMuted - kappa distribution, reliability Analysis, MoMents,
ParaMeter EstiMation, kappa distribution, MLE

1. Introduction

The coMpound and Mixture distributions provide a MaTheMatical approach for doing
statistical Modeling different verity randoM phenoMena because The Mixture distribution
are flexible Models for and lyzing randoM durations, in The heterogeneous population.
Also, The Mixture distributions have vital role in real-world applications for research that
deal with finances, Medicine, agriculture, life testing, and reliability for classical reliability
Theory. There are several Methods and Models in which The paraMeters assuMe precise,
but in real world application, due to vague and randoMness affect The life tiMes

distribution, also when The paraMeters of life tiMe distribution are fuzzy, Then There is
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difficulty for handling reliability and hazard functions Many researches work on fuzzy
reliability and introduce developMent for This turf, as This in dictated. In (2017) [2] two
researchers (M.A. Hussian) and (EsssaM A A. Min) discussed fuzzy exponential
distribution and discussed how to coMpute reliability in case of stress— strength Model and
ranked set saMpling.Also in (2013) [3], two researchers (Elbatal) and (M.elgarhy)
introduced TransMuted Quasi Lindley Distribution and worked on deriving (rth) MoMent
and MoMent generating function. In (2010) [4], (MohaMoudi and Zakerzaadeh) worked on
generalized PoissonLindley Distribution and introduced different Methods of estiMation and
coMparing results by MSE, while in 2016 [5] (Nedjar and Zeghdoudi ) controlled on
deriving gaMMa Lindley Distribution and studied its properties by SiMulation. In (1970) [6]
(Sankaran, M.) studied discrete Poisson— Lindley Distribution, and discussed its estiMat.
Also in (2013) [7] (Shanker and, Mishra) introduced a investigation about quasi lindley
distribution to Journal of MaTheMatics and CoMputer Science. A Generalization of Lindley
Distribution was introduced by (Zakerzadeh and Dolati) (2009) [8] Also (Zeghdoudi and
Nedjar) in 2016 [9] introduced possessions and application on Poisson GaMMa Lindley
Distribution. In May —Jun. (2015) [10] (Dutta and Borah) introduced a study about Poisson
—Quasi Lindley Distribution, and derived its MaTheMatical properties of coefficient of
skewness and kurtosis coefficient of variation. In (2017) [11], (RaMa Shanker and etl.)
discuss three paraMeters Lindley,and studied Their different estiMators of paraMeter and
reliability function, all MaTheMatical and statistical properties were discussed. The aiM of
This research is to build Mixed failure to tiMe Model froM exponential and GaMMa
distribution where This Model is necessary when The observation of tiMe to failure cannot
be represented by single probability distribution, which is recognized by scatter diagraM, so
two types ofistributions need to be Mixed which are exponential and GaMMa using certain

proportion as weights function, and The suM of This weight equals one .

Le: «[.X2...Xn be The randoM variable having kappa distributions with ParaMeters
(o,a,€), Nofal et al., (2010) [1] ,Then The Probability density function and cuMulative

distributions Meaning of The distribution is known By:

f(x,0,a, €)
atl
ae x &1 X & _(T) )
— (= [OH‘(—) ] , (|f x>() )
= (o) (o) (0 ;Xl ;G; O(,S
0 : oTherwise
>0 (D)
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( X | X é \
I () @ _ I
— ; (ifx>0 )
F(x,0,0,¢) = i a+(§) ;Bx,,0,a, €
kO : oTherwise )
>0 (2)

The Purpose of This schoolwork is to develop additional generalization of The kappa
distribution called The generalized transMuted - kappa distribution based on On The
generalized transMuted — Rayleigh distributionby nofal et al.. (2017)[17]. Let F(x) and f(x)
Denote The Cumulative distribution and Density functions of standard Model with
naraMatar verter. The odf =nd pAf of GT-G faMlily b Nofal et al., (2017) is agreed by :

C+b)[GX]P] xe
R (3)

G(x) = [GX]I[(1+ V) — y[GX)]I"].x
€R (4)

2. The generalized transMuted — kappa distribution

Let x be a randoM Variable which is distributions as generalized transmuteds — kappa

distribution .The pdf function by substituting Equation (1), (2) in Equation (3) is given:
g(x,0,a,¢,¢,b,y)
o+1
aE X x_ (%)
-1 ca
=|— (- + (- —_\o/
(G((g la+ )a

b+

ol
()

Where ¢ > () and |A|[< 1 are scale and Transmuting ParaMeters Correspondingly.

—v(c+b)

TheoreM: The generalized transMuted — kappa distribution is a Proper PDF

Proof The fooo f(x).dx =1
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c—1

@ oE X X eq —(QTH) (E)as -
fo f(x).dx=<?(5) Hat ] >W

|[
ic(l +7v)

—v(c+b)

Letu=2,x =uo, dx = odu

Q

asc(1 + y)f (W Ha + (u)&*]” (&) .du

(
.
l —y(c+ b)as °° (u)ereb—1q + (u)?—“]"(%.c:b) du

|
)

Let z = (w)*“u= (z)x, du=—(z)e . dz

0

J( sc+a @) [ o= 1 +—] (m) L
|y e ) [To== 1) 4
L y(c+b)a JO (z) [1+ ] dZ)

Let b =5,z = ba,dz = adb

]

EC—OE

=c(1 +y)oc_(aTﬂ)(x£Cs_aasoc f _O) = wMC .dy
0 [1 + y](T)
ec+eb—ca
a+c+b gc+eb—ea ©
— v+ e o™ f (Y)—a+c+b dy
o [14y(5)

{20 () 12 ey =

a a

The generalized transMuted — kappa distribution is PDF
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The reasonable shapes of PDF The generalized transMuted — kappa distribution is given

PDFThe generalized transmuted Kappa Distribution

(=]
ol
"

by:

A=0.69,6=29, 8=196,b6=6.2,c=09,a=04
A=0.69,6=29, 8=196,56=6.2,¢c=09,a=14
A=0.69,6=29,=196,6=6.2,¢c=09,a=0.3
A=0.69,60=29,8=1.96,5b=6.2,¢c=0.9,a=01
A=0.69,0=29, =196, b=62,c=09,a=1.5
A=0.69,60=29,8=1.96,56=6.2,c=0.9,a=0.2

The The CDF of This distribution by substituting Equation (2) in Equation (4) is given:

G(x,0,a,¢,¢,b,y)

(6)

The reasonable shapes of CDF generalized transMuted — kappa distribution is prearranged

by:
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CDFThe generalized transmuted Kappa Distribution

10}

: e 22099,0=29, f=08, b=02, c=0.9, a =34
X /// — =0.99,0=29, =08, 5=0.2,c=096, a=138
el / — A=099,0=29, B=08, b=02, c=0.96, a=1.66

o i — A=099,0=29, B=08, b=02, c=0.96, a=3.1
sl [/ — 2=0.99,0=29, =08, b=0.2, c=0.96, a=15
0”> — A=0.99,0=29, =08, 56=0.2,¢c=0.96, a=1.2

T T

The The Survival function of This distribution is prearranged by:

S(X,0,a,¢,¢,b,y) =1—-FXo0,0,50Db,y)

S(x,0,0,¢,¢,b,y)

O il/(1+y>—v L\I @
\ «+(3) ]/

The reasonable shapes of The Survival function The generalized transMuted - kappa

distribution is given by:

SurvivalFunctionThe generalized transmuted Kappa Distribution
Six

— A=0.99,0=29, =138, 56=2.69,¢c=0.2,a=29
~— A=0.99,0=29, =18, b=2.69, c=0.2, a=1.66
~— A=099,0=29,8=18,5=269,¢c=0.2, a=21
~— A=0.99,0=29,B=18, =269, c=02,a=15
— A=0.99,0=29, =18, 56=269,¢c=02 a=49
— A=0.99,0=29,B=18, =269, ¢c=0.2 a=94

By definition, The hazard function of a randoM variable x defind as:
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f(x,0,a,¢,¢,b,y)

h(x,0, o, ¢,¢,Db, =
( V) S(x,0,a,¢,¢,b,y)
For any randoM variable X which follows The The generalized transMuted - kappa

distribution, its hazard function is given as:

c—1
a

h(x,0,a,¢,¢,b,¥)
G) l c(1+v) —y(c+b) l (g)z)as

(? O ot @w]_(%ﬂ)> LH(_)‘“ s ( l
_ i (8)

c b

(oo

ﬁ 7

3.Statistical Properties:

in This section, soMe of The possessions of The TransMuted Survival Exponential Pareto

Distribution are discussed:
3.1Quantile Functions

The quantile function or inverse cuMulative distribution function. returns The value t such

that:

t=Q() =F1(u,0<ux<1

(6" Voo [

u= A+y)—vy
B B
c 1
—u-a+n e s\
B a(uf b
X=0 = 9

—u—(1+0) e E

O
3.2MoMents

Let x  10ote The randoM variable follon ~ The generalized transMuted — kappa distribution

Then rt" order MoMent about origin of p,. is:
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E(x") = U,

= f x'f(x,0,0,¢ ¢, b,y).dx
0

(10)

o P s e ENO ]
E(x") = U, bf(? E) oc+() ] )W lc(1+y)

(X)(xs g]
- Y(C + b) ﬁ |dX
a+ (—)
o/ 1|
T ec+r T g -1 r ec+eb+r r oa—r
ag+r - r—sx - 1 /7
B = U’y == o"c(1 + Y)ocnr [—] - oy b |t
ca £a £a ea
=1,23..n (12)
Where r=1
o wra | PERPE] e | PSP
E(X ) =U 1=0 C(l +y)a «E F£C+1 + ea—1| Y Y(C + b)O( e 1_,a:c+a:b+1 ca— 1
ca a ca a
Where r=2
] i wera | T sz-;Z T s:a—z i el T sc+€s§)+2 T so;( 2
, 2TEx
E(X ) =U 2=0 C(l +Y)a «E Fz»:c+2 + e 2| o Y(C + b)O( £ I,sc+sb+2 ga— 2
a a £a £
Where r=3
3 , 3 wers r 3223 r gza—3 . e | T sc+£sj+3 r so;x 3
E(X ) =U 3=0 C(l + Y)O( o FSC+3 + ea—3| Y Y(C + b)a e Iﬂssc+ssb+3 ea— 3
£a £a £a £
Where r=4
4 ' 4 ases | T SZ:} r 82;4 4 e | T SC"':;H r 5:1 i
Ex*)=U 4=0 c(1+ Y)O( «E ectd _esa—4| O Y(C +b)aea ec+eb+4  sa— 4
r=—=+ r +
sa sa ca £a
3.3MoMents about The Mean:

474



[ Journal of Administration and Economics Vol. (special issue)2023 (ol 34e) £Db,S daal> /3LaidYlg 8ylayl dlxe ]

Let x1,x2,..xn Denote The randoM variable follows The generalized trar Muted - kappa

distribution Then MoMents about The Mean order MoMent about origin of p,. is:-

Ex—U) = f(x

0
—U)F f(x,0,a,¢¢,b,y).dx

E&—mr_ﬂw4m<—e¥1h+<fﬂ

.

E(x—U)" =«

\

—y(c+b)

r—ae

c(1+vy)o"a s

<_

c(1+ y)ora;_oc <—

[0 &0 0')

r—
U
L
ozao

““M

(&)

r
<]> £c+]

I
I

(%"

sc+] 1_,

£c+]

£Q
ec+j
404

+

—j
- -
ag—j

£x
oE —j

EQ

104

oE —j

(11

c—1
04

c(1+vy)

|

\

(12)

J

Now we obtain The first four MoMents of The generalized transMuted — kappa distribution

by putting r = 2,3,4...

n in Equation (12) as:

l_,as—j\

;{04

oE —j

{04

~~

Where r=2
2 2—j &t £c+j
o'asoc Z( )( » G) C(1+Y) €C+]
j= £ o
_ 2 _
E(t U) < T ce+eb +j oE —j
EQ £Q
_Y(C + b) T cet+eb +j aE —j
\ 4o tlod
2 2-j sc+j r aE —j
flod
o’ (X =« Z( ) ( ) c(1+7v) sc+] ae —j
) j= awo- s t{od
0% = T ce+eb +j oE —j
o ga
_Y(C + b) ce+eb +j oE —j
re==dy =0
\ ea o4 Y,
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2 2—j sc+j g —j
£a
O'Z(X £a Z( ) < > C(1+Y)—sc+] e
j=0 O(SOCO' sa ca
o= 1_,c:»:+:»:b +j T oE —j (
£x £
_Y(C + b) T cet+eb +j oE —j
\\ s ca )
Where r=3
3 3—-j r90+j1_,a9—j\
O Oa
o Z()( > cA+¥)Fesj ao
; =0 a@aﬁ r 0a + oa
Ex—-U)* == cO+0b+j . ab —j
fa Oa
—y(c+b) [ CO+0b+] - ab -
\ Oa fa Y,
Where r=4
( b 4 4 U 4—j Oc+j o ab —j
4 =2 fa Oa
Braoa Z(}) <— - > cCA+V) 57055
\ =0 aoaf STRTE
Ex—U)" =, [ €OtOb 4] L ab - (
ba ba
—y(c+b) [ CO+0b ] ab -]
\ Oa Oa )

3.4 Coefficient of Variation

(14)

The Coefficient of Variation for generalized transMuted - kappa distribution is given by:

(0
C-V=—Xx100%

U’y
2—ab 2—j F96+}I_, ab —j\
— 2 2 u
ﬁza ba j=0 (]) <_ 1 ) [C(1+)/) Bcfj aea]
abap oa | ba
cG+9b+} I_,a@ —J
Oa
\ —y(c +b) [ 09+9b+1+a9 l
Oa

Oc+1 Oa -1

ab+1 5 A
Pel+yla «d | gels gas

fa

3.5 Coefficient of Skewness

Coefficient of Skewness for generalized transMuted — kappa distribution is given by:

Oa

1—ga F6c+9b+11_,sot— 1
v £a £a
_BY(C-l_b)a ga r ca— 1

6c+0b+1

e
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S.K = Ys
(U,):
S.K | | |
s () (-9 [+ (@ k) - (s~

= g (16)

2 2 U 2-] _ita j+a _ita j+a 2
(5 232, () (<) [2(1 +2) ((25) : r7> - A(s : FT)D
3.6 Coefficient of Kurtosis

The Coefficient of Kurtosis of for generalized transMuted — kappa distribution is given by:

E(x—U)*
cx=Ex- U7
(0
5 u 3—J 90+] oc9—]
Jﬁ3a 9“ (]) <_9Tﬁ> [C(1+)/) 963—{] a0 L
afa
I cG+6b+] ab —] I
| —y(c+b) [W ] )
CK= — 3 (17)
( 2—j 9c+] a9 \ 2
Za 60.' 2 (j) <— giﬁ> [C(1+Y) Gcﬁj a9
aba
c9+9b+] ab —]
—y(c+Db) lw
Oa

4 .MoMent Generating Function

Let x1,x2...xn be randoM variable follows generalized transMuted - kappa distribution,

Then The MoMent generating function (M.g.f) of x is obtained as:

My(t) = E(e)

=j e™f(x,0,0,¢,¢,b,y) .dx (18)
0
© (tx)? (tx)"
Mx(t)zf 1+tx+ 1 + .+ = f(x,0,a,€,¢,b).dx
0 ! !
QO T
My (t) :f Fxrf(x,o, o, &cb,y).dx
o T

oo tr
Mx() = ) U,
r=0
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1) £c+r L ga —r
tr aetr | T £Q r £Q
— T “ae 210 S L
MX(t) - Z r! o C(l + Y)(X aE €c+r  ea-r
r=0 £a £Qa
ect+eb+r ea—r
reea | T £Q £a
—al “ea
¢ Y(C + b)()( = ect+eb+r £Ea— 1
£a £a

(19)

SiMilarly, The characteristic function of generalized transMuted — kappa distribution, can be

obtained as:
o) t'r FSC-I-I' Ea —r
. 1 aE+r -
My(t) = ) JroTe(l +y)aer |
r=0 L” ea £a
. l.,sc+:;l:+rl.,£o;; r
I
-0 Y(C + b)()( = ec+eb+r  ea-r (20)
I‘ +
£ 04 £ (04
5.ParaMeter estiMation
Let y1 ,¥y2,y3, v4,........ yn ,be a accidental saple of size n froM generalized transMuted -

kappa distribution.

The likelihood function)[15], L of generalized transMuted — kappa distribution is agreed by:

n
Lf(x,0,a,€,¢,b) = 1_[ f(x,0,a,€,¢,b,y)

Lf(x,0,a, €, ¢, b,y)
n

1]

i=1

as 1\

(21)

+()

(22)

The log-likelihood function for The vector of paraMeters can be written as

LogLf(x,0,a,€,¢,b,y)

n
= LOg (1_[ f(XPO-P o,EC, b' y) >
i=1

478

(23)



[ Journal of Administration and Economics Vol. (special issue)2023 (ol 34e) £Db,S daal> /3LaidYlg 8ylayl dlxe ]

n

| [

i=1

—v(c+b)

(% Gyt [t (2)8“]_(T)> -

b

O Il

@) |

+(3)

c—1
o

lL(l +v)

|

By taking The first partial derivatives of The log-likelihood function with respect to The four

paraMeters (o, a, €, ¢, b)

LogLf(x,0,, € ¢,b,¥y)
da

(

-

1l
=

LogLf(x,0,a,€,¢,b,y)
de

[ s
‘ o+
{1}

as follows

B

\s(—b(b + O)xa <1 -
a+

Il
'Mx

Il
=%

LogLf(x,0,a,€,¢,b,y)
do

e 142
blb+c) (%) V(‘

cPafa+ G))

@

a+(;

RN R=C
1)ag)a+ « (E) 1+9y29
B

(X)—1+a
xa| =
0.

B

€
€ X(X(

0.

x)—1+2as£
e (a+(§)“)202>

Xyas

O

\

—(b + C)(r

o
cala + (%) & (Do y T ) 1e (1 4 e
o o(+(§)"‘s (Y Y
o

Py +
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g

&ee

+(5)%E

)o/ay

(b+c) (0l

tgp—toa, @ it
ca(a+(@™) @ (ﬁﬁ)ag) a

B

(26)

(24)

(25)
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LogLf(x,0,a,¢,¢b,y)

dc .
e _%_a x| %€ _T-H: . 1+e x) %€ b/a
a(wt ()" (Be) " O arvecoro(Be) v
=9 o 4 (27)
co(o + (2)“‘)‘&‘“(%
p )
i( ( )as b/ (b + C)( ( )ag)b/ay g[(X-I-_() )o(s \i
LogLf(xc o,gcb,y) { ((x+( )as) Y- X o } (28)
I\ ca(a+ (= )‘")_"“(#x)"g)_“ c(g)_”s(l +v)e }|
h X 1 li > d estiMates (o, a, €, ¢, b, y) equations d]d =0, a ;L =0, d]dB;L =
0, dIngL = O,dldbgL = 0The Equation (24),(25) (26),(27) and Equation (28) cannot be

solved as They both are in closed forMs. So we coMpute The paraMeters of The

generalized transMuted - kappa distribution .

6.Application of generalized transMuted — kappa distribution.

The flexibility and perforMance of generalized transMuted - kappa distribution are
evaluated on coMpeting Models viz kappa distribution (KD), Exponential Pareto Distribution
(EPD), weibel distribution (WD) . Shanker distributlon ,Here, The distribution is close—fitting
to data set for The nuMber of hours The patients people with Kidney failure were in
hospital before death for AL Hussein Educational Hospital in Karbala, for saMple size
(n=90) (see table 1.), The perforMance of The distribution was coMpared with Shanker
distribution, kappa distribution ,Exponential Pareto, weibel distribution, for The data set
using Akaike InforMation Criterion (AIC), Akaike Bayesian Criterion Corrected (BIC). Data
Criterion (AIC),DistributIon with The lowest AIC, AICC considered The Most flexible and

superior distribution for a given data set. The results are presented in The tables (2)
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TABLEI. Statistics set for The nuMber of hours patients were in hospital before death

2.52 2.82 3.12 3.42 3.82 4.22 5.12 8.12
2.52 2.82 3.12 3.52 3.82 4.32 5.22 8.22
2.52 2.82 3.22 3.52 3.92 4.42 5.32 9.32
2.52 2.92 3.32 3.52 4.02 4.52 5.52 9.52
2.62 2.92 3.32 3.62 4.02 4.52 6.02 9.02
2.62 3.02 3.32 3.62 4.02 4.62 6.22 9.22
2.62 3.02 3.42 3.62 4.02 4.72 6.32 9.32
2.62 3.02 3.42 3.62 4.02 4.82 7.02 9.02
2.62 3.02 3.42 3.62 4.02 4.82 7.22 9.42
2.72 3.12 3.42 3.62 4.22 4.92 702 9.52
2.81 3.12 3.42 3.62 4.22 4.92 7.02 9.62

7.02 9.62

To select The best Model inside The set of Models that was coMpared with The new
distribution, The top is The Model corresponding to The bottoMMost value for Akaike
InforMation Criterion (AIC) and Akaike InforMation Correct (AICC) (see tabul 2.) , The
general forMula for (AIC) ,(AIC.) and (BIC) )'16! =rs:

TABLE II: ML EstiMates and CriterionAlC, BIC,and Pearson ,and coMparison One
generalized transMuted — kappa distribution, with kappa Distribution, Exponential, Weibull

distribution Two paraMeters and Lindley Three paraMeters Distribution .
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Distributions —2Logl AIC AlC; |BIC Rank
1
generalized transMuted =+ _ 10070 [213.19 | 225.19 225.4 | 224.91
kappa distribution 18 5
3
kappa distribution
426.148 432.148 432.2 | 432.01
64 0
4
Exponential
506.176 512.176 512.2
Distribution 512.038
92
518.72 5
Shanker A =0.3572 520.72 520.7 | 520.67
65 4
441.459 2
Weibull distribution 445.459 445.5 | 445.36
39 7

7.Deduction:

In This broadside, a novel probability distribution is presented. The new Distribution is a

generalized transMuted Kappa distribution. Selected of The properties are derived and

discussed like MoMents, reliability analysis, and hazard rate. The Method of MaxiMuM

likelihood ,estiMation is used for deterMining The p,araMeters. The perforMance of The

new Model is strong—Minded by fitting to real-lifespan data using The goodness of fit

criteria such as AIC, AICC and BIC. The appropriateness of The real data for probability

distributions under study It is found that generalized transMuted — kappa distribution

Distribution gives a better fit to The data set as coMpared ,with kappa distribution,

Expo,nential Pareto Distribution, Weibull distribution and Shanker Distribution FurTher,

generalized transMuted — kappa distribution can be applied to various areas. generalized

transMuted — kappa distribution and distribution May suitable for Most of The lifetiMe data

and provides better outcoMes than oTher well-known distribution .
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