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Abstract

For a vertex set S with cardinality at least 2 in a graph G, we need a tree in order to connec-

ted the set, where this tree is usually called a Steiner tree connecting S (or an S — tree). Two
Steiner trees T and T’ are said to be internally disjoint if V(T)NV(T)=S and E(T)N

E(T")=¢. Let x;(S) denote the maximum number of internally disjoint Steiner trees connec-
ting S inG. The generalized k-connectivity x, (G) of a graphG which was introduced by Cha-
rtand et al. (1984) and defined as: &, (G) =min{x;(S):S <V (G) and |S|=k}. In this paper
we determine the generalized 3-connectivity of equally complete k -partite graph and its line
graphs.

Keywords : The generalized 3- connectivity, internally disjoint trees, Steiner trees, the line
graph, the complete k-partite graph.

1. Introduction

The graphs in this paper are simple and undirected. For a graph G, the set of vertices, the
set of edges, and the line graph of G are denoted by V(G), E(G), and L(G) respectively. The ge-

neralized connectivity of a graph G which introduced by Chartrand et al. in[1], is a natural and
nice generalization of the vertex connectivity.

The connectivity of the graph G is defined as x(G)=min{x;(S):S <V, |S|=2}, where
Kk (S) is the maximum number of internally disjoint paths from utov in G (S ={u,v}) [2,3].
The subgraph T =(V',E’) of the graph G =(V, E) is called Steiner tree connecting S (S-tree)

if T isatree and the setS cV of at least two vertices. Two Steiner trees T and T'connecting
S are said to be internally disjoint if E(T)NNE(T")=¢ andV(T)NV(T")=S. For an integer k

with 2<k <|V(G)|andS =V (G)with|S|>2, the generalizedk -connectivity is define as:
K (G) =min{x; (S):S =V (G), |S| =k} ,where x; (S) is maximum number of internally disjo-

int Steiner trees connecting S in G. Clearly «,(G) =«(G). In [4] Li, Shasha, Wei Li, and Xu-
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eliang Li, determined the generalized connectivity of complete bipartite graphs. Later, they di-
cussed the generalized connectivity of the complete equipartition 3-partite graphs in [5], the
generalized 3-connectivity of graph products [3], also see[2,6,7,8,9].

Let K, (n)be an equally completek -partite graph with partition{X,, X,,..., X, } where ‘Xi‘
=n,i=12..k, and let H; :G[Xij], i=12,....k, j=12,...,n be an induced subgraph of
G by the set Xi; ={x.eX,:r=12,..,k s=12,..,nr# i}U{xij}, see figure (1(a)). The line
graph L(K, (n)) of the equally complete k-partite graph is a graph that V(L(K,(n))=
E(K, (n))and two vertices u=uu,, v=VvyV, eV (L(K,(n))) are adjacent if either (u, =v, and
u,v, € E(K,(n)) or (u, =v,and uv, € E(K, (u))). The line graph L(H,) of the star graph H,
is complete graph of order (k—-1)n+1 with V(L(H;)) ={X;x,:r=12,...k,s=12,...,n,r =i}
see figure (1(b)).
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a

Figure 1: (a)H,, and (b)L(H,,)

2. Preliminary results

Proposition 2.1 [10] Two simple graphs G and H are isomorphic if and only if there is a
bijective mapping. €:V(G) -V (H) such that uve E(G) ifand only if 8(u)é(v) € E(G).

Proposition 2.2 [9] Let G be a connected graph of order u with minimum degree o . If
there are two adjacent vertices of degree J, then x, (G)<6—-1 for 3<k <n. Moreover, the

upper bound is sharp.
3. Main results

In this section, we determine the value of the generalized 3-connectivity of the equally
complete k -partite graph and its line graph. First we introduce two lemmas that are important
to the main results.

k n
Lemma 3.1 For any two positive integers k and n, K, (n);U[U Hijj.

i=1 \_j=1
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Proof: Let G=K,(n) and H =L_J1(Q(Hu))- V(G)|=kn, V(H)|= 1n(k - 1)22“:’\/( i ‘

i=1 j=1

1+n(k 1)21;(1+n(k 1))=nk, then\V(G)=N(H). |E(G)|:—k(k_1)n, [E(H)|=

ZK:Z‘E(H”)‘ ZZ((k 1)”jz—k(k Hn?, then |E(G)|=|E(H)|.

i=1 j=1 =1 j=1

Define f :V(G) >V (H), as f(x)=x,VxeV(G),then f is bijective mapping. Letuv € E(G),
then there are i,i'=12,...,n,i=1" such that ue X;,ve X, , also there are j,j'=12,..k
such thatu = x; € X, v=x;, € X;; . Clearly, there exist uv = x;x,; € E(H;)NE(H;;) cE(H)
for some i,i _1,2,...,n and Iy _1,2,...,m. Since f (u) f (v) =uv, then f (u) f (v) e E(H) from
proposition (2.1). [

k n
Lemma 3.2 For any two positive integers k and n, L(K, (n)) ;U{U L(Hij)J.

i=1\_j=1

Proof: Let L(G)=L(K (n)) and L(H)= UUL(HU) V(L(G))|= —k(k Dn*, V(L(H))|

ZZ\V(L(HU))\ ZZ((k 1)”j Lkk-Dn?, then V(L(G))| =N (L(H))|. |E(L(G))|:%
iZ(de(Xij))z—E(G(xi,-))——k(k 1)2n3—1k(k -1)n’ = —k(k -)n’((k -Dn-1),

ELHY| = X DJELX,)| - zz((k Aneon- 1) L (k=D ((k~Dn—1) then

i=1l j=1 =1 j=1

|E(L(G))| =|E(L(H))|, see figure(2).

A
x 3 12Xz
x31x13 ( ‘ XiXn
A o

X23X33  X33Xg3 X32Xn XaXo  XypXas X33

Figure 2: L(K,(3))

432



D.D. Kadhim& A.A. Najim The generalized 3-connectivity.of equally...

Suppose a eV (L(K,(n)), this mean a is an edge in K, (n), thus there are two vertices x;, X;;

in K, (n),vi=i" such that a=x;x; . Then ae E(H;)NE(H,;) for some i,i"’=12,...,k and
ji'=12,..,n, ie aeV(L(H;))NV(L(H;;)), thus aeV (L(H)).

Define f:V(L(G)) >V (L(H)),as f(x)=x,VxeV(L(G)), then f is bijective mapping.
Let abe E(L(G)) such that a=x;x;,,
1,2,..,n;such that aeX;,beX,. Clearly, there exist ab=x;xX;%;X; €E(L(H;))N
E(L(H;;)) < E(L(H)). Since f (a) f (b) = ab, then f(a) f (b) € E(L(H)) from pro. (2.1). =

b= XXy, Vi, i" 1" =1,2,...,K, i =i, #i” and j, ', j"=

Theorem 3.3 : Let K (n) be a complete k-partite graph with two integers k,n>3, the

generalized 3-connectivity of K, (n) is [( 2k— )nJ i (K, () <n(k-1)-1.

k n

Proof : Let G=K,(n) and H =U(U Hij], from the lemma (3.1) we have G=H . Since
i=1\_j=1

the degree of any vertex in H is n(k —1), thenH is n(k —1) -regular graph, by the proposition

(2.2) we have x;(H)<n(k—-1)—1. For the completing the proof we just need to show that for
any 3-subset S ={u,v,w}cV(G), there exist at least [(Zk 5 )nJ internally disjoint Steiner

trees connectingS inH.Since H; =H,, =..=H,; =K

i 1,(k—1)n’VI =12,..,k,j=12,.,n, H,
=H

i

2j =--=H;, then we have three cases :
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r=13,4..k,s=12...n h=34,..,nr=34. . ks=12..n

Figure 4 Figure 5 Figure 6

Case 1. If u,v,weH. ,Vi=12,..,k, j=12,..,n.Without loss of generality, we may puti =1,

ij?
j=1,suchthat u,v,we H,,. Then there are three subcases:

Subcase (1.1) Let u=x,,V =X, ,W=X,, . Then the maximum number of internally disjoint S-
trees connecting S in H is [@J see figure 3.

Subcase (1.2) Let u=x,,V=X,,W=X,,. Then the maximum number of internally disjoint
S-trees connecting S in H is (n(k—1)-1), see figure 4.

Subcase (1.3) Let u=Xx,,, V=X,,, W=X,;. Then the maximum number of internally disjoint
S-trees connecting S in H is (n(k—-1)-1), see figure 5.

Case 2. Ifu,veH

such that u,ve H,, and we H,,. Then there are two subcases :

wegH. , Vvi=12..k, j=12,..,n. Again, we may assume i=1, j=1

i i

Subcase (2.1) Let u=x,,V=X,,W=X,.Then the maximum number of internally disjoint S-

trees connecting S inH is (n(k -1) —1), see figure 6.
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Figure: 7

X12

Xap

Figure 9: h=3,4,..n—1, r=3,4,...k,s =1,2,...n

X21

Subcase (2.2) Let u=X,,, V=X,, W= X, . Then the maximum number of internally disjoint

S-trees connecting S in H is [@J see figure 7.

vweH, ., Vi=12,..,k j=12,.,n.Assume i =1, j=1such thatu e H,,,

ij?

Case 3. If ueH.

ij?

v,w¢ H,,. Then there are two subcases:

Subcase (3.1) Let u=x,, V=X,, W=X_;. Then the maximum number of internally disjoint
S-trees connecting S in H is (n(k-1)), see figure 8.

Subcase (3.2) Let u=Xx,,, V=X,, W=X;. Then the maximum number of internally disjoint

S-trees connecting S in H is (n(k—1)—1), see figure 9.
(2k —=3)n
For the three cases we get Y <k(S)<(n(k-1)), then we deduce that

Ks(Kk(n))ZL@J. Thus{@Jﬁg(Kk(n))sn(k—l)—l. .

Theorem 3.4 : Let L(K, (n)) be the line graph of the complete k — partite graph with k,n>3,
then the generalized 3-connectivity of L(K,(n)) is 2((k-1)n—2)<x,(L(K,(n)) <2((k-1)n
-2)+1.
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k n
Proof: Let R=L(K, (n))and M =U(U L(Hij)J, from lemma (3.2) we have R=M . Since

i=1 \_j=1
the degree of any vertex in M is((2((k—1)n—2))+2, thenM is (2((k —1)n—2))+2 -regular
graph, by the proposition (2.2) we have x,(L(M)) <2((k-1)n—2)+1. For completing the pr-
oof we just need to show that for any 3-subset S ={u,v,w} <V (M), there exist 2((k —1)n) —
2 internally disjoint Steiner trees connectingS inM . Since L(H,;)=L(H,;)=...=L(H;) =
Koy Vi=12,..,K, j=1,2,..,n, L(H,;) =...=2 L(H;), then we have three cases:

X1 X2 X113

XX XXy XppXa X11Xa; X)X,
XXz

X11Xa; X11X2) X11X21 X112 X11X2)

s=4,5,...n s=2,3,...,n r=3,4,.,k,s=12,..n
Figure 10

XX X11X51

X11X, X11X3 X11X22 XX XX X3 X1,

X11X21 X11X2;

s=3,4,...n

X11X22 X11X3; X11X22 X11X,

X11¥22 X1Xa1 Xp0X,,

X1k X112 X11Xa X1

r=4,5..k, s=12,...n

Figure 11

Case 1. If u,v,we L(Hij), Vi=12,..k, j=12,..,n. Without loss of generality we assume

i=1, j=1, suchthat u,v,weL(H,). Then there are two subcases :

Subcase 1.1 Let u = X;,X,;, V=X, X,, , W= X;;X,, . Then the maximum number of internally dis-

joint S-trees of connecting SinM is (2((k -Dn —2))+1, see figure 10.

Subcase 1.2 Let U= X;;X,,, V= X;;X,, , W= X;;X,;; . Then the maximum number of internally di-

sjoint S-trees of connecting SinM is (2((k -Dn —2))+1, see figure 11.
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X12X23 X1iX22 XXz X12X33

X11¥22 Xi2Xa3 X 1Xa X12X;
2 X2

XX
XX Y XXy X11X21
s=3,4,...,n
s=4,5,...n LR
X12X23 X1 X2 X12X73
xllxrs
X11X2) X11X2)

Figure 12

X31X23 X31X23 X11X22 X31X23
X11X22 X3 X023

X11X2

X11X22

X11X2 X11X2 X11X7) X11X21

s=23,...n s=3.4,...n

Figure 13

Case 2. If u,vel(H;;),wegL(H,;),vi=12,..k, j=12,..,n. Again assume i=1, j=1,

such that u,ve L(H,,),we L(H,;). Then there are four subcases :

Subcase 2.1 Let u = X;;,X,;, V= X;X,,, W= X,X,5. Then the maximum number of internally dis-

joint S-trees of connecting Sin M is (2((k—1)n—2))+1, see figure 12.

Subcase 2.2 Let U =X, X,;,V = X;;X,,, W= X3, X,;. Then the maximum number of internally dis-

joint S-trees of connecting Sin M is (2((k —1)n—2))+1, see figure 13.
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X12Xa3 X12Xa3 XXas Xy x5 F12423

X1 X3 XipXo3  Ans X1aXas X53X)

X336

X112 X11X2) X11X2 X11X,

s=2,3,...n r=4,5..,k,s=12,...n

X1 1X3; X11X3 X203 X1oXa3

X12X3) X12X5,

X21X35

X11X XX X11X2 X11Xa X11X21

s=3,4,...,n s=3,4,...,n

Figure 14

X22X32

X32X5

XX XXz XX XXz XX

s=3,4,...,n s=3,4,..n s=2.3,...,n

X32X32

X11X31 X22X32 X22X32
Yo Xi-1)
X31X,s XppX3n XXy

X30Xps - XaXis—1)
g’ Y21 X32
X2 X3
X21 X35
X112
XX
r=4,5..,k s=12,...n s=34,...n
Figure 15

Subcase 2.3 Let U =X;;X,;, V=X, X,,, W= X;;X,;. Then the maximum number of internally dis-

joint S-trees of connecting S inM is(2((k —1)n—2))+1, see figure 14.

Subcase 2.4 Let U= X;,X,;, V=X, X5, , W= X,,Xs, . Then the maximum number of internally dis-

joint S-trees of connecting Sin M is (2((k —1)n—2)), see figure 15.
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RISREN

Figure 16

X31X03

X31X23

X312,

X11Xa2 X11X22 X122

s=4,5,...n

Xi2X2)

X12X3,

X11X3)

X11X22

X11X22 XX

r=4,5...k s=12,...n

Figure 17

Case 3. If uel(Hy),vywegL(H;) Vi=12,..k, j=12..,n. Assume i=1 j=1 such that

ueL(H;), v,weL(H;). Then there are two subcases:

Subcase 3.1 Let U =X X,;, V=X,X,, W= X;3X,,. Then the maximum number of internally di-

sjoint S-trees of connecting Sin M is (2((k—1)n—2))+1, see figure 16.

Subcase 3.2 Let U= X;X,,, V=X, X,, W= Xy, X,;. Then the maximum number of internally di-

sjoint S-trees of connecting SinM is(2((k -Dn- 2)), see figure 17.

From the cases that we discussed we get 2((k-1)n—2)<x(S)<2((k—-1)—2)+1. Then
K3 (L(K, (n)) = 2((k—1)n—2). Therefore 2((k-1)n-2) <, (L(K(n) <2((k-Dn—-2)+1.m
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