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Abstract.

In this paper we use the weak “ “continuities defined in [1] to define the

weak  “ “homeomorphisms, and introduce some rather simple related

relations as theorems.

1.Introduction

First let us recall some definitions and results from [1] needed as a

background for our results.

XT)

Through out this paper , stands for topological space. Let ET) e

X 1s called condensation

a topological space and A 2 subset of X. A point ¥ in
point [1] of A if for cach Uin T with X in U, the set U N A is un countable In

1982 the % ~closed set was first introduced by Hdeib, H. Z. in [2], and he
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defined it as: 4 is @ ~closed set if it contains all its condensation points and

the ¥ ~open set is the complement of the % ~closed set. The union of all ® —

A int,, (4).

open sets contained in “* is the ® ~interior of A and will denoted by

In 2009 in [3] T. Noiri, A. Al-Omari and M. S. M. Noorani introduced and

W W b—w

investigated new notions called ® ~ % open, P7¢ ~% Topen, ~open

and P~ @ “open sets which are weaker than % “open set. Let us introduce

these notions in the following definition:

Definition 1.1. [3] A subset Aofa space X is called

A€ int,(cllint, (A
1. ®~ @ open if ( ( ( ])) and the complement of the

@~ @ Topen set is called ® ~ @ " closed set.

@ A <€ int,(cl(4)) pre —w —

2. pre ™ open if and the complement of the

open set is called PT€ — @ Tclosed set.

A Cint,(cl(A)) U cl(int,, (4))

3.b % “open if and the complement of the

bh—w db—m—

- open set is calle closed set.

Ac (imw(cu’_ﬂ)))

4 B~ o “open if and the complement of the p—o-—

open set is called B — ® —(losed set.
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In [3] T. Noiri, A. Al-Omari and M. S. M. Noorani introduced

relationships among the weak % ~open sets by the lemma below:

Lemma 1.2. [3] In any topological space:
1. Any open set is ¥ ~open.

2. Any “ “open setis ® ~ “ “open.

3. Any ® ~ @ ~gpen set is PT€ ~“ “open.
4. Any PT€ ™ % Topen set is b-w " open.
5. Any b-w ~ open set is f-w ~open.

The converse is not true [3].

Definition 1.3. [3] A space (X, T) is called a door space if every subset of X

is either open or closed.
Lemma 1.4. [3] If (X,T) is a door space, then every P7¢ — @ Topen set is

@ ~open.

Lemma 1.5. [1] If (X1 is a door space, then every f-w ~open set is

b_m_@m.

Definition 1.6. [3] A subset Aofa space X is called
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2 An @By it A=UNY U w—t—

, Where ~ is an open set and Viis an

set.

3. An @~ la e if int(4) = int,, (cl(int,, (4)))

4.Anm_B“_Set,ifA=UnV U m—ta,—

, where ~ is an open set and Vis an

set.

5. An @ " set, if A=Un V, where U is an open set and int(V) = int,, "),

Definition 1.7.[1] Let (X,T) e topological space. It said to be satisfy

m_

1. The ® ~condition if every ® ~open set is set.

2. The @ ~ Ba —condition if every ¥ % Topensetis ¥ Be—

3. The @ ~ B ~condition if every P7€ — % Topenis @ — B —get.

A X

Lemma 1.8. [3] For any subset “* of a space ©*, we have

1. Ais open if and only if Ajgw ~“open and ¢ set.
2. Ais open If and only ifdjsa—w “openand @ Ba —get.

3. Aiis open if and only ifdjgpre —w “openand @ — B —get.
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Definition 1.9. [1] A function f:X,0) = (V,7) s called ®-continuous (

resp. &~ P_continuous , P*¢ ~® “continuous, b ~® " continuous and

B — @~ ontinuous ), if for each * X , and each “ “open (resp. ¥ ¥ ~

open, PT€ —® open, b—w ~ open and f-w ~open ) set V' containing

F(x) , there exists an @ “open (resp. & ~ % Topen, PT¢ ~% Topen, b-w-

open and B—- “_open,) set u containing x, such that fay v,

Proposition 1.10. Let (X,0) and &0 be two topological spaces. A map

f:X0) =1 is ® ~continuous ( resp. € ~ ¥ “continuous, PT¢ T¥

bh—w

continuous, ~continuous and £ ~ ® “continuous ) if and only if for each

@ ~open ( resp. ¥ @ “open, PT€ T® Topen, b-w ~ open and p-w—

-1
open ) set Vin Y, 7))@ “open (resp. & — @ Topen, P % Topen, b

X

~% Topen and F-w ~open ) setin “*.

Using the above proposition we can get the following corolory:

Corollary 1.11. Let (X,9) and D) pe two topological spaces. A map

fXo)-=(Y1) o —w s, Pre —w —

~continuous ( resp. @ ~ continuou

bh—w

continuous, ~continuous and £ ~ % “continuous ) if and only if for each
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@ ~closed ( resp. ¥ ~ ¥ “closed, PT¢ % T closed, b =@ = (losed and
-1
f—w— closed) set Vin }/) F7 ) is @~ closed (resp. ¥~ % ™ closed, PT€

~%9~ closed, b—w—(losedand P — @~ closed) set in X,

Lemma 1.12. [1] Let (%,9) and ' pe two topological spaces such that X

satisfies the @ ~ Pa ~ condition, and fi&0) = (V1) e 4 map. If fis

& — ol

~continuous then it is ™ ~ continuous.

Lemma 1.13. [1] Let (%,9) and >0 pe two topological spaces such that
X is door space, and f:&0) — X, 1) be a map.
1l is PT€ =~ @ —continuous then it is ® ~ ® ~continuous.

2. 1If f 1S B—w ~ continuous then it is b—w ~ continuous.

Lemma 1.14.[1] Let (%,9) and 20 pe two topological spaces that satisfy

f:(X,0) — ¥,1)

the ¥ “condition then the map is continuous if and

only if it is ® ~continuous.
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Lemma 1.15[1] Let (X,0) and ¥, 7) be two topological spaces that satisfy

the ® ~ Ba —condition then the map f:(&,0) = (V,1) i5 continuous if and

{u

only if it is ® ~ % ~continuous.

Lemma 1.16.[1] Let (X,0) and ¥, 7) be two topological spaces that satisfy
the © ~— B ~condition then the map f:(&,0) = (¥,7) §5 continuous if and

only if it is PT¢ — % ~continuous.

(X,0)

Lemma 1.17.[1] Let and &> be two door topological spaces and

f:(X,0) = (V.70 pe map. Then

1. f is PT€¢ = @ —continuous if and only if it is “ ~continuous.

b—w

2. f is B — @ ~continuous if and only if it is ~ continuous.

2.Weak types of ®-homeomorphisms

Definition 2.1. A map X =Y petween two topological spaces Xand ¥ is

&

called “ = homeomorphism (resp. ~ % " homeomorphism,

PTe = O ~homeomorphism,” = © ~homeomorphism, ~ and B @~
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homeomorphism ) if it is bijective , and bi~ % ~continuous ( resp. bi

—a— —pre — w —b—w—

~ continuous, bi ~ continuous, bi continuous, and

bi F—w ~continuous). Bi— % ~continuity of f means that f and its inverse

are % ~continuous.

Remark 2.2. Using Lemma 1.12, Lemma 1.13, Lemma 1.14, Lemma 1.15,
Lemma 1.16, and Lemma 1.17, we can prove theorems similar to Lemma 1.12,

Lemma 1.13, Lemma 1.14, Lemma 1.15, Lemma 1.16, and Lemma 1.17, for

the weak types of ® “homeomorphisms. Also we can summarize these

theorems by a figure like Figure 1.3 in [1], ( see p.33 of [1])
To prove our next theorem we need the following results and definitions

from [1].

Lemma 2.3.[1] An ® “closed ( resp. ¥ ~ % “closed, PT¢ ~% “closed, b

~® ~¢losed and B~ @ “closed) subset of ¥ Tcompact ( resp. & T ¥

compact, PT¢ ~% Tcompact, b —w ~ compact and p ~ % Tcompact )

subspace is % “compact ( resp. T “ “compact, PT¢ T @ “compact,

b-w ~ compact and f-w "~ compact ).
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—W

Where “ ~compact ¢~ ¥ “compact, PT¢ ~ compact, b —w ~ compact

and B — @ ~ compact sets have the same definition of the compact sets by

a— @ W b —w —

replacing the open sets by “ ~open ~ open, PT¢ =%~ open,

open and f—w-— open sets respectively.

Lemma 2.4. [1] Let J:X—oY be an % “continuous ( resp. ¥ — ¢

pre —w — b—w— —

continuous, continuous, continuous and B —w

continuous) map from the ® ~compact ( resp. & ~compact, PT¢

X

compact, b-w ~ compact and P —w ~ compact ) space “* onto a topological

Y

space * - Then Vigw ~compact (resp. ¥ ~ @

“compact , PT€ 7% Tcompact,

b-w ~ compact and F-w ~ compact ) space.

hX#VEX

Definition 2.5. [1] Let X bea topological space. And for eac there

exist two disjoint sets Uand Vwith X €U and ¥ € Vo then & is called:

X

dVis® ~open sets in “*.

.o~ T space it Uis open an

2. a-w—T space if U is open and Visa—w - open sets in X

3. @' =T, space it Uand Vare @ ~ open sets in X
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4.9~ @' =T, space if Ujs @ ~ open and Visa— o ~ open sets in X
5 pre—w—T, space it Uis open and Vispre —w ~open sets in X
6. pre —w — T space ifUjs @ ~ open and Vispre —o ~ open sets in X
7.0-w—T, space it Uis open and Vigh—w ~ open sets in X
g b—w —T, space if Ujs @ ~ open and Vigh—w ~ open sets in X
9. P-w—-T space it Uis open and VisP-w ~ open sets in X
10 B—@ - T space ifUjs @ ~ open and VisP—w ~ open sets in X
Lemma 2.6.[1] For any topological space.
1. Every ¢ ~compact subset of ¢ L space is closed.
2. Every & — % “compact subset of * ~ @ ~ I space is closed.
3. Every “ ~compact subset of @" =T, space is % ~closed.
4. Every @ — @ ~compact subset of & @* —T space is ¢ ~ closed.
5. Every PT¢ = @ —compact subset of PT¢ — @ — I space is closed.
6. Every pre” “-compact subset of P7¢ ~ @" =T, space is ¥ ~ closed.
7. Every b-w ~ compact subset of b-—w-—T space is closed.

)]

8. Every b~ % ~compact subset of b—w' —T, space is “  closed.

9. Every f-w ~ compact subset of f-—w-T, space is closed.
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10. Every f-w ~ compact subset of B—w —T space is % “closed.

Now we can introduce our main results in the following theorem:
Theorem 2.7. Let (X,7) and (Y,0) are two topological spaces, and

[:X—Y be a bijective map.

1. Iff is % ~continuous, X is @ ~ compact, and Y is @~ L , then ) is @~

homeomorphism.
2.1f ) is “ ~continuous, K@ ~ compact, and Yis w' =T ,then/ is @ —
homeomorphism.
.60 45 2@ ~ continuous, Xga-w ~ compact, and Vi a-o—T ,

then [ is @ — @~ homeomorphism.

4. Ifjr is % “continuous, X is ¥ — % “compact, and Y js @ — I , then )

is  ~ @~ homeomorphism.

5. If f is PT€ = @ ~¢ontinuous map, X js Pre —w ~ compact, and Y 18

pre —w — T, , then figpre—w — homeomorphism.

6. 1t ' is @ ~continuous map, X s pTé = @ ~compact, and Y s

pre—o" =T, pen/fjgPre—w— homeomorphism.
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7. 718D = ® =0 htinuous map, Xigh—w ~compact, and Vig b—w—T
, then figh—w- homeomorphism.
g. /15 b—o—cqntinuous map, Xjgb-w ~ compact, and Y s

b—w" —T, , then [igh—w— homeomorphism.

9. ffis B~ —(ontinuous map, X s B ~ @ Tcompact, and Y s

F—@—Tz then [isB—w- homeomorphism.

X

10. 1718 B —® —continuous map, is P — % ~compact, and Y ois

p-—w —T , then figB—w- homeomorphism.
Proof of (1):
We shall prove that the image of any ¢ ~closed set in X under  is @ —

-1
closed in ¥ . By Corollary 1.11, this gives continuity of F™ 14 is @ ~closed

in X , then by Lemma 2.3 we have 4w ~ compact. And by Lemma 2.4

we have F(4) is @ ~compact.
Since ¥ is®@ ~ T2 , 50 by Lemma 2.6 T s closed in ¥ , which implies f(4)

is @ "closed.

The proofs of the other cases are similar to that proof with simple

modifications I
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3. Notes remarks and open problems

1 A

Let Aclaen be a family of sets. The Cartesian product s the set of

o N —}Uaﬂ C("I)E‘qaf.

all maps «, having the property for each & €A,

¢ CETA

An elemen @ is generally written {@a}aen indicating that

c(@) = @ for each @ with @« © Ag

K VL

Let =1 be a family of topological spaces. If we have a family of

w homeomorphlsms fl'Xl Yl, L 1’ SRl We can raise many questlons

which represent the start point of many problems:

Does F=I:fl’ﬁ""’ﬁl):nitlxi_}nitlﬂ, represent “ ~homeomorphism?

]

How can we define the ~ continuity of Fo Are the properties

cl(AX B) =cl(A) X cl(B) 4 int(AX B) =int(A) X int(B) (¢ for the

weak ¥ Tinteriors and weak “ ~closures?

Also we can study the other types of weak “ ~“homeomorphisms.
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