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Abstract

The we characterize some positive operators for one-sided approximation of unbounded functions in weighted space
Lp.«(X).We give also, an estimation of the degree of best one-sided approximation in terms averaged modulus of continuity.
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1.Introduction

Continuing our previous investigations on
polynomial operators for one-sided
approximation to unbounded functions in
weighted space (see [5]), it is the aim of this
paper to develop a notion of direct estimation

which fits, to gather with results (see [8] and
[9]) for unbounded function approximation
processes.

To this end, let X=[0,1], we denoted by Ly(X),
(1< p<oo) be the space of all real valued
Lebesgue functions f: X — R such that:

polynomial approximation with constructs

1

1fllp = (f FGOIP dx)’ <o oo (1).
Now, let W be the suitable set of all weight functions on X, such that |f(x)| < M a(x) , where M is
positive real number and
a: X —» R* weight function, which are equipped with the following norm

1flpe = (fy |%|p Q) <0 oot @).
We set
AR (x) = {Z;’%:o (=1)k+m (r]:l)f(x +mh) if x,x + mh € X} '''''' 3)
0 otherwise

the k™ local modulus of continuity is denoted by

8 8
el %, 8 = sup {|AK FO] 6+ kh € [x =22, x + 2} ... (4).
The k" averaged modulus is used in this paper :

T (f,)pa = Nlwp(frr s Ollpa oo (5).
Let N be the set of natural numbers and P, the

set of all algebraic polynomials of degree less

than or equal to n € N.

For an unbounded function f € L, ,(X) and n € N, the degree of best weighted approximation and the
degree of best one-weighted approximation are defined respectively by :

54


mailto:alaa.adnan66.aa@gmail.com

MJPS, Vol. (3), No. (2), 2016

En(f)pa = inf{llf — Pullpe ;vn € Pn} ................................... (6)
En(Fpa = inf{llgn — Pollpa ;Pn Gn € Prandpn (x) < f(x) < gu(x) Joovnnee (7).
It easy to verify that there are not linear operators for one-sided approximation in X. Some non-linear
construction have been proposed in[ 3] and [ 6 ].
Let us consider the step function

0 if-1<x<0
‘/’(x)_{1 if 0<x£1}
fix two sequences of polynomials {p,} and {g,.}, Pn, qn € P, such that
Prn(x) SYX) S qn(X),x E[=11] oo 9)
and Cp, = If —=pnllpe 20,0 =1 . (10).
For the first one we work in space L, ,(X). For 1 < p < oo, we construct two different sequences of
operators, for x € X,n € Nand f € L, ,(X) define

gn(f,0) = fFOO) + [, pp(t = 2)f ,@©dt — [, gt —x)f _(O)dt ............... (11)
and
Go(f, %) = f(O) + [, qu(t —x)f ,(O)dt — [, pa(t —2)f _(O)dt .............. (12)

itis clear g,(f), G,(f) € P,,, we will prove that
gn(f) < f(x) < Go(f),x € X and both

If = gn(Plpa < CallF N, and If = Ga(Pllpa < Call |, where Cyis given in (20).
In the second case, for function f € L, ,(X), we construct operators :

P.(f,x) = [, [f((1 = Ox + tw) — w(f, (1 = )x + tu,)]du ......(13)
and

Q(f,x) = [, [f (1= )x + tw) + w(f, (1 = Ox + tu, H)]du ......(14).
Itis clear that P,(f, x), Q.(f,x) € P,, and therefore we can define

Lont(f,x) = gn(Pe(f),X) oo (15)

and

My o (f, ) = Gr(Qe(f) X)) oo (16),

Where g, and G, are given by (11) and (12) approximation of unbounded functions by
respectively. We will prove that operators L, (f,x) and M, .(f,x), x €X in
Ln:(f,x) < f(x) <My (f,x)x €X and terms averaged modulus of continuity.

present the degree of best one-sided

In the last years there has been interest in unbounded functions by mean of the operators
studying open problems related to one-sided define (13) and (14). Finally in the some
approximations (see [1] , [2]). section, we consider the degree of the best one-
We point out that other operators for one-sided sided approximation by mean of the operators
approximations have constructed in [7]. defined in (15) and (16).

In particular, the operators presented in [6] 2.Auxiliary results

yield the non-optimal rate O(t (f' \/ig)) where is \Ii\(/a?nsgzuzt?? Bl]lowmg auxiliary lemmas :

ones consider in [4] give the optimal rate, but If feR[0,1], t € (0,1) and functions P,(f),

without an explicit constant. The paper is
organized as follows. In section (3) we calculate
the degree of best one-sided approximation of

0} < 27(F. 6,

Q:(f) are defined by (13) and (14) respectively,
then P.(f) < f(x) < Q:(f), x € [0,1] and

max{”Pt'”p ,
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Lemma 2.2 : [3]

Let ¥ (x) be given in (8). For x € [—1,1] define p,,(x) = T,; (arc cosx ) and q,(x) = T;} (arc cosx).
Then

Prsn € Pr s pr(f) < ¥(x) < g, (f), x € [-1,1] and

4772

gn = Pullp-11 = 55

Let us formulate and prove the following basic lemmas, which we shall use to prove our main results.
Lemma 2.3 :
For f € L, ,(X),(1< p<ow)n€Nandn > 2. Let g,(f) and G,(f) be as (11) and (12) respectively.

Then g,,(f), G, (f) € P, and

In(f,x) < f(x) < Gu(f,x) , x €X.

Proof :

From (9), (10), (11) and (12), it is clear that g, (f), G,(f) € P,,.

Since

In(f,x) = f(O) + [, pp(t —2)f (O)dt — [, qn(t —x)f _(D)dt
where p,,, g, € P, , such that p,(x) < f(x) < qn(x),x € [-1,1] and

”pn - qn”p -0
We have , p,(x) < Y(x) < qn(x),x € [-1,1],
thus

gu(frx) < F(0) + f (e — 0f , (Ode - f (e - 0f _(Odt
@+ J, W= DF (e = £0)+£() = £0)

=f(x).
Also,
fG) =£(0) + () = f(0) = f(0O) + [, f (D)dt
= f(0) + f, WE—0f (Ddt

= F(0) + f (e - 0f , (Odt - f Pt —0f _(Ddt

< fO) + [, pat—0)f ,(©dt — [, qn(t —x)f _(t)dt
= Gu(f, %) .
Lemma2.4:
For f € L, ,(X),(1< p<o)n€Nandn = 2. Let g,(f) and G, (f) be as (11) and (12) respectively.
Then
max{llf = gn(Hllpa, If = Ga(Hllpe } < Cn”flllp’a :

Proof :
We have

f () = gn(f, 0] < [ (@) =PaONIf & + )dy
putting &, (v) = qn(y)—p,(y) and by using Holder’s inequality

I & (ey)|ay P
f = 9nNDllp,)? < fX e dx
1- p=1 e 0|f )| ay
< [ (a0

a(x)
< ([ Jeaw)lP aw) (f, |52

)dx

p

(., 22 dy)dz)
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< (" el aw) (f, |22 az
Thus

IF = 9l < o) 1? ey |22z

hence

If = gn(Dllpe = ”fn”p”f,”p’a = Cn”f,”p,a :
Similarly, we prove that, [|f — G, (N)llpe < Cn||f'||pa .

3. Main results :

Let us explicitly formulate direct theorem estimates of the degree of best approximation with constraints
of unbounded functions by polynomial operators.

Theorem 3.1 :

Forf € L,,(X),(1 < p<o)n€Nandn > 2. Let P.(f) and Q.(f) be as (13) and (14) respectively.
Then

qu{“f —Pe(f) lpa s If = Qe(Dllpa } S Ci(t,p)T(f,t)p,q @nd
En(f)p,a < Gk (t,p)T(f, t)p,a .

Proof :
As usual, take g such that 3 + 1 = 1, from (13), (14) and Holder’s inequality, we obtain

(elf = Pe(Plpa)” =17 f |f<"> SERI

a(x)
p [ |QF0-PGO|P
=t fX a(x) | dx
pp [ (¢ |eCa-Dx+tut)P
Put y = (1 — t)x implies dy = (1 — t)dx

PP 1—t v,6)|P
(ellf = Pe(Pllp)” < 2 fi 10 |2L29)” dy

2*’tq Fy.0)|P
f i [P222] dy du

P q p
< 2Pt f |w(f,y,t)
X

1-t a(y)
thus
» 1
Uy.t) P
If = PePllpe < ——3(Jy [Foo| ¥
pa (- t)ll’( X | a(y) )
2
1 lo(f, ., Dllpe =—7 7(f, Dpa
(1-t)p a-up
since — r constant depending on t and p, then

(1-t)P
If = Pe(f) llpa < C(& 2T, O)pa
Similarly, we can prove ||f — Q:(f) llp,a < C1(t,P)T(f, )p,a-
We go to the following inequality :
En(Npa < 10:(H) = Pi(Allpa < IIf = Qc(Dllpa + IIf = Pe(Allpa
= Ck(tl p)T(f’ t)p,a :
Theorem 3.2 :
For f € L, ,(X),(1 < p<o),n€N.LetL,.(f) and M, .(f) be as (13) and (14) respectively. Then

Lye(f) < f(x) < Mp (f), x€X,
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max {[|f = Lne (O | o If = Mne (DI } < @ EPI+HEDT Oy
and
En(Fpa < Celt, D)+ DT, Dpa -
Proof :
Let P.(f) and Q.(f) be as in (13) and (14) respectively. Also, from (15) and (16) , it is clear

Lye(f), My (f) E Py .

Moreover, from (15), (16), theorem 3.1, lemma 2.3, lemma 2.4 and lemma 2.1, we have
Lnt(f, %) = gn(Pe(f, X)) < (P(f,x) < f(x)

< Q:(f,x) < Gn(Qt(f»x)) = My (f,x), x€X.
Also,

If = Lne(F) ||p’a < f = Pe(f) llp,a + [|PeCF) = Ly e (F) ||p,a
< Cl(t; p)T(f; t)p,a + ”f - gn(Pt(f)) ”p,a
< G (6T, Opa + Cal|Pe (F) ”p,a

P (f,.)
a(.)
3C,
< Cl(t P)T(f, t)pa + TT (glt)p

= C(tP)T(f, Opa + 22 1(f, e

= (C(6P) + ) T(f, e -
The estimate for [|f — My, (f)]|, , follows analogously.

= Cl(t: p)T(f, t)p,a + Cp

p

Thus
En(Fpa < [Mae () = Lac (P,
||f Lt (O, o + If = MOl
< 2(C(t,p) +2 )r(f pa
< (Ce(t,p) + T) o(f, O -
Theorem 3.3 :

For f € L, 4(X),(1< p<w)n€N,n =2 Letp, and g, be the sequence of polynomials
constructed as in (9), set
20(f) = L, 1(f) and H,(f) = M,,1(f) , where
Ln%(f) and Mn%(f) are given in (15) and (16) respectively. Then
Z,(f,x) < f(x) < Hp(f,x), x€X,
max{llf = Zu(f) llpa, If = Hn(Ollpe } < (G0 P)+&) f _)pa

En(Fpa < 206k (6, D)+ 22Y0(f, L),

Proof :
From (15) and (16) with t = 1 and n > 2, we obtain

1(f x) —gn(Pl(f x)) and M 1(f x)=G n(Q1 (f,x)) where
Pl(f) Q1 ) e P, SOgn(Pl(f)) Gn(Q1 () € Py

From Iemma 2.3, we have gn(f,x) < f(x) < G,(f,x), x€X.
Hence, Z,(f,x) < f(x) < H,(f,x), x€X.
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We need an estimate for || — Z,,(f) ||, One has :
From (15), lemma 2.2 and theorem 3.2

If = Za(F) lpa = £ = L2 (P
D,

< (Co(t,p) + 12""2) T (f» l)W '

+2 n

Similarly, we can prove

If = Ha(F) llpa < (Celt.p) + 225y 2 (£,3)
b,a
Thus

En(f)p,a = ||}[n(f) - Zn(f) ”p,a
< ”}[n(f) - f ”p,a + “f - Zn(f) ”p,a

<20t p) + 25y (1,2 .

npa
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