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Abstract

The aim of this paper is to introduce the relation with some type of spaces (T % ,T*% , T ., , T, ., T

n

c !

ngg , complemented , Tags) spaces . At last we study the topological properties on them .

1- Introduction

Levine [14,15] introduced semi open sets and g-
closed sets. Njastad [16] introduced « - open sets.
Abd EI-Monsef etal [1] invented /- open .Maki
etal [7,8] introduced ag - closed sets and Qo -
closed sets . Bhattacharya and Lahiri [3] , Arya and
Nour [2] , Dontchev [12] , Gnanambal [13] and
Chandrasekhara Rao and Joseph [4] investigated SQ
- closed sets , QS- closed sets , gSP — closed sets
gpr - closed sets and S*Q - closed sets
respectively .Dunham [11], Bhattacharya and Lahiri
[3], Duntchev [12], Gnanambal[13] were familiar
with T % , semi — T % . Devi etal [9,10]

introduced T , , T 4 and ,T ,, ,T 4 - spaces
respectively . Veera Kumar [17-19] introduced T %

* * *

, Ty T p T p - spaces.Chandrasekhara

Rao and Narasimhan [5] introduced T ¢ - spaces .

In this paper we introduce the relation among some
types of these spaces by diagram and proof them
moreover we give counter example . And we study
the topological properties on them .

2- Preliminaries and basic definitions

Let (X,z) be a topological space .For any subset

A — X ,theclosure [ resp. o -closure , & - closure
] of asubset A of a space (X ,z) is the intersection

of all closed sets that contain A and is denoted by
cl(A) [resp. cl O (A), a cl(A)].
Let (X,7) and (Y,3J) be topological spaces . A
function h:X —»YIis sad to be a
homeomorphism if and only if the following
conditions are satisfied :
e The function nh: x —» vy is both injective
and surjective ( so that the function
h: X —Y has a well-defined inverse
ht: X Y
e The function h: x —»vy and its inverse
h—*: X —s Y areboth continuous [6] .
Definition 2.1: A set A of a topological space
(X,7) iscalled :

(1) semi open if there exists an open set U
suchthat U < Ac cl(U).

YA

(2) semi closed if X — A is semi open.
Equivalently , a set Aof a topological
space (X , z) is called

semi closed if there exists a closed set F such

that int(F)c Ac F.

(3) generalized closed (Q- closed ) if
cl(A) cU whenever AcU and U is
openin X .

(4)  generalized open (g -open)if X — A is

g-closed. Equivalently , a set A of a topological

space (X ,z) is called ( g - open ) If

F cint(A), whenever F < Aand F is

closed in X .

(4)  generalized semi open ( gS- open ) if
F cint(A) whenever F — A and Fis
closedin X .

(6)  generalized semi closed ( QS - closed ) if

X — A is QS - open. Equivalently , aset A

of a topological space (x,z) is called (Qs-

closed) if cl(A) < U whenever Ac U and

U isopenin X .

(7)  semi star generalized closed (s*g - closed)
if cl(A) < U whenever Ac U and U is
semi open in X..

(8)  semi star generalized open ( s*g - open ) if

X — A is s*g - closed in X. Equivalently ,
a set A of a topological space (x .y is

called ( s*g - open ) if F cint(A) ,
whenever FC A and F is semi closed in X.
9 a-openif Acint {cl [int(A)]}.
(10) «-closed if cl {int[ cl(A)]} < A

(11) ag- closed if acl(A) < U whenever
A cC UandU is openin X .

(12)  ags - closed if acl(A) < U whenever
A C Uand Uis semiopenin X .

(13) g* - closed if cl(A) < U whenever
AcUandU isg-openinX.
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(14) & -g closed if Cl;(A) U whenever A
c Uand U is openin X.

(15) 0 —g closed if clz(A) < U whenever

A c Uand U is semi openinX.
Definition 2.2: A topological space (X ,z) is called :

(@) T % -space if every g - closed set is closed .
(b) T*% - space if every g* - closed set is

closed .

() T . -space if every gS - closed set is g*-
closed.

(d , T, - spaceif every ag - closed set is

closed .

Proof:

1-Every T ¥% spaceisaT* ¥ space.

Let X beaT % space, let AC Xand g - closed set
in X .1t is very sufficient to prove that A is g* - closed

Now we have cl(A) < U,Ac U, Uisopen.

Since X is T % space , we have A is closed set in X .
Suppose that B = A then we havecl(B) —cU , B
CU,Bisclosed setin X .

. Uisg-openinX.

.. Bis g* - closed.

i.e. A is g* - closed.

s Xis T* ¥ space.

2-Every T % spaceisaT . space.

Let X beaT % space, let AC X and g - closed set
in X . It is very sufficient to prove that A is g* -
closed .

Now we have cl(A) < U,Ac U, Uisopen.

Since X is T % space , we have A is closed set in X .
. Ais gS -closed .

Since X is T % space , we have A is closed set in X.
Suppose that B = A then we have cI(B)c U,B cU

, Bis closed setin X .
. Uisg-openinX.
.. Bis g* - closed.
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(€) T, -spacesifevery g - closed is &5 — 9-

closed .

(f) , T . -spaceifevery ag - closed set is g*-
closed .

(9) complemented space if every open set is
closed .

(h) Tags' space if everyagS - closed set is
closed .

3- Topological Properties and Relations
among Some Types of Spaces

In this section we introduce the relations between all
above definition (2.2 ) by the following diagram:
Theorem 3.1:

i.e. A is g* - closed.

S.Xis T . space.

3-Every T . spaceisaT* Y space.

LetX beaT . space, letAC Xand gS- closed set
in X . Itis very sufficient to prove that A is closed .
Now we have cl(A) < U,Ac U, Uisopen.

Since X is T , space, we have A is g* - closed .

We have cl(A)c U, A cU,Uisg-opensetinX.
Suppose that B = A, then we have cI(B)c U, B
c U, Bisclosed setin X .

.. Alisclosed in X.

s Xis T* ¥ space.
4--Every T % spaceis , T . space. 0

C
LetXbeaT % space, let AC X and g-closed set in
X .Itis very sufficient to prove that A is g*-closed .
Now we have cl(A) < U,Ac U, Uisopen.

Since acl(A) c cl(A) , we hav, acl(A) U,
AcCU, Uisopen.

. Als ag -closed .

Since X is T % space , we have A is closed set in X .

we have cl(A)c U,A cU,Aisclosed setin X.
. Uisg-openinX.
. Alis g* - closed.

Yas
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SUXis

o T ¢ Space
5--Every T % space is o 1 b Shace.
LetX beaT % space,let AC X and g - closed set

in X .1t is very sufficient to prove that A is closed .
Now we have cl(A) < U,Ac U, Uisopen.

Since acl (A) = cl(A) , we have ocl(A) cU
AcCU, Uisopen.

. Ais g -closed .

Since X is T % space , we have A is closed set in X .
SoXis T, space.

6-Every T . spaceis , T , space.

LetX beaT . space,letAC Xand QS - closed set

in X . It is very sufficient to prove that A is closed .
Now we have cl(A) € U,Ac U, Uisopen.

Since acl(A) — cl(A) ,wehaveacl(A) cU
Ac U, Uisopen.

. Ais ag -closed .

Since Xis T . space, we have A is g* - closed .

We have cl(A)c U, A cU,Uisg-opensetinX.
Suppose that B = A, then we have cl(B)c U, B
c U, Bisclosed set in X

.. Alisclosed in X.

o Xis T, space.

a

7-Every T, spaceis , T . space.

LetX beaT . space, letAC Xand ¢S - closed set

in X . It is very sufficient to prove that A is g*-
closed .

Now we have cl(A) < U, Ac U, Uisopen.

Since acl(A) < cl(A) , we have acl(A) U
Ac U, Uisopen.

. Ais ag -closed .

Since Xis T . space, we have A is g* - closed .

S0 Xis , T . space.

8-Every , T, spaceis Tchs space.

LetX bea , T, space,letAC Xand g - closed
setin X . It is very sufficient to prove that A is closed

We have acl(A) cU ,ACU, Uisopen.

Since every open set is semi open , then U is semi
open.
Sothat acl(A) U ,ACU, U issemiopen.

SLAls ags - closed.

Since X is

a

T , space, we have A is closed .
S XS '|'agS space .

9-Every , T . spaceis '|'ags space.

YV
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Let X bea , T . space, let AC Xand g -

closed set in X . It is very sufficient to prove that A is
closed .

Wehave acl(A) U ,AcU, Uisopen.

Since every open set is semi open , then U is semi
open.

Sothat acl(A) —U ,AcU, U issemiopen.

S A#s ags - closed..

Since X is

[24

T . space, we have A is g* - closed.
We have cl(A)c U,A cU,Uisg-opensetinX.
Suppose that B = A, then we have cl(B)c U, B
cU,Bisclosed setin X .

.. Alsclosed in X.

SoXds T ogs SPACE.

Now we want to present the topological property of
some types of spaces.

Theorem 3.2 : T % space property is a topological
property .

Proof :

Let h be a homeomorphism from a topological space
(X,7) in to a topological space (Y,<) , and let
(X,7z) be aT }; space.

To prove that (Y, ) is T % space.

Suppose BC Y be any g - closed set , since h is onto
then there exist A g - closed in X such Cht B =
h(A).

Since (x,z)is T % space

.. Alisclosed setin X.

Since h is open function.

S h(X—=A)isopeninY.

Now B isclosedin.

S(Y,3) isT % space.

Theorem 3.3 : T* % - space property is a topological
property .

Proof :

Let h be a homeomorphism from a topological space
(X,7) into a topological space (Y,3) , and let
(X,7) be aT*}; - space.

To prove that (Y, J) is T* % - space.

Suppose BC Y be any g* - closed set , since h is
onto then there exist A g* - closed in X such that B
=h(A).

Since (X,z) is T* % - space.

. Alisclosed set in X.

Since h is open function.

S h(X—=A)isopeninY.

Now B isclosedin.

S(Y, ) is T* Y - space.

Theorem 3.4 : T _ - space property is a topological

property .
Proof :



Tikrit Journal of Pure Science 16 (4) 2011

Let h be a homeomorphism from a topological space
(X,7) in to a topological space (Y,3) , and let

(X,7) be aT . -space.

To prove that (Y,)is T . - space.

Suppose BC Y be any QS - closed set , since h is
onto then there exist A QS - closed in X such that
B =h(A).

Since (X,7) is T , - space.

.. Alisg* - closed setin X.

Since h is open function.

S h(X—A)isg*-openinY.

Now B isg*-closedinY.

(Y,3)isT . -space.
Theorem 3.5: | T , - space property is a topological

property .

Proof :

Let h be a homeomorphism from a topological space
(X,7) in to a topological space (Y,<) , and let
(X,z) bea , T, -space.

To prove that (Y,3) is , T - space.

Suppose BC Y be any g - closed set , since h is
onto then there exist A g -closed in X such that B
=h(A).

Since (X,z) is , T - space.

. Alisclosed set in X.

Since h is open function.

S h(X—A)isopeninY.

Now B isclosedin.

“(Y,3) is , T -space.

Theorem 3.6 : gng - space property is a topological
property.

Proof :

Let h be a homeomorphism from a topological space
(X,7) in to a topological space (Y,3) , and let
(X,7) be (T -space.

To prove that (Y, ) is gT(Sg - space .

Suppose BC Y be any g - closed set, since h is

onto then there exist A g - closed in X such that B =
h(A).
Since (X,7) is 4T 5 - space.

. Ais 0—(Q -closed setin X.
Since h is open function.

S h(X—A)is 0 —g-openinY.

N

Now B is 0 —( closed inY.
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A

" (Y,3) is 4T 5 - space.

Theorem 3.7 : T _ space property is a
topological property .
Proof :

Let h be a homeomorphism from a topological space
(X,7) into a topological space (Y,3) , and let
(X,r)be a, T, space.

To prove that (Y, ) is , T . space.

Suppose BC Y be any aQ - closed set, since h is
onto then there exist A g - closed in X such that B
=h(A).

Since (x,z) is , T . space. ]

.. Alisg* - closed set in X.

Since h is open function.

S h(X—=A)isg*-openinY.

Now B isg*-closedinY.

So(Y,3) is , T . space.

Theorem 3.8 : complemented space property is a
topological property .

Proof :

Let h be a homeomorphism from a topological
space (X ,z) into atopological space (Y,Z) ,and

let (x,z) be acomplemented space . To prove
that (Y, 3) is be a complemented space .
Suppose BC Y be any open set , since h is onto then

there exist A open in X such that B = h(A).
Since (X ,7) is complemented space .

. Alisclosed setin X .

S h(X=A)isopenin Y . ]
Now B isclosedinY .

. (Y, ) iscomplemented space.

Theorem 3.9 : T ogs SPACE property is a topological

property .

Proof :

Let h be a homeomorphism from a topological space
(X,7) in to a topological space (Y,<) , and let

(X,7) be aT . space.

To prove that (Y, ) is T ogs SPACE.

Suppose BC Y be any aQS - closed set, since h is
onto then there exist A Qs - closed in X such that B
=h(A).

Since (X ,7) is T ogs SP2CE.

.. Alisclosed set in X.

Since h is open function.

S h(X—A)isopeninY.

Now B isclosedin.

T(Y,3) s T ogs SP2CE.

YV
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Now it is very suitable to give an example which is
prove that T . -space innotT } space.

Example : Let X ={1,2,3,4}

Ty~ {¢! X 1{1}!{3}|{L3}}

let A={2} , U =X isopen
cd(A)={24cU, AcU
. A is gs - closed
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