Tikrit Journal of Pure Science 16 (4) 2011

ISSN: 1813 - 1662

Solution of Fractional Integral Equation with
Weaker Boundary Conditions

Abdul -

Kareem I. Sheet, Ikram H. Ammory

Dep. of Mathematics, College of Basic Education, Univ. of Mosul, Mosul, Iraq
(Received: 7/ 6/2009 ---- Accepted: 27 /4/2010)

Abstract:

The present work investigate the solution of certain fractional integral equation with boundary conditions by
using the condition of Caratheodory theorem. In addition, to extended some results of Dennis (2001), in order to
prove the existence theorem of boundary condition by using weaker conditions .

1- Introduction:

In recent years, there has been a growing interest in
the formulation of many physical problems in terms
of integral equations, and this has fastered a parallel
rapid growth of the literature on their numerical
solution. An integral equation is an equation in which
the unknown function appears within an integral,
while a fractional integral equation is a fractional
order integral equation.

The solution of a fractional integral equation is
founded in many references for example [1], [4],
[3]. The main result of this paper is to extend some
result of Dennis (2001) [5], in order to prove the
existence theorem by using the conditions of
Caratheodory theorem for the following fractional
integral equation:

X(t)= A+ b—s) (s, x(s))ds
® F(a)g( )G xnds )
a<st<b0<oc<]
with boundary conditions
x@) =A;

_ 1
X(0) = A+ "

i(b —8)"* (s, x(s))ds

2. Preliminary Concept:
1. Gamma Function:

If o> 0 then the gamma function I'() is
defined by [5]:

I'(a) = je‘*x“‘ldx
0

if oce R then the I is defined for each oc.

0

e x" tdx

2. LT space:
Let 0<oc <1 and I, =[aa+h] ,h >0, define the
space '—T,(lh) as the set of all Lebague integrable

function m in |  such that [3]:

" {x r(l) (x—y) 1m(y}dy,xe(a,a+h)}ec(a,a+h)’

i) I!m o )J'( -y )7 ‘m(y]dyzo

Lemma 1:Let f be a continuous function on a
closed bounded region G in R? and Ke LT, [ab],

then KfeLT_ [a,b] [3].
Proof :

YA

Since f is continuous function on closed bounded
region G then fis bounded on G, i.e. there exist
apossitive number M such that |f(z,y)<m, for
all (zy)inG.

K(y)f(z,y) =|k(y) f(z,y) <m(y) then by the
definition 2 we get that

Mk(y) € LT, [a,b] = kf LT [ab].

Lemma 2:

Let Ry be a sequence of functions defined on the

set E CR such that Ifl<M.. M is any positive

number, then Z is uniformly convergent [6].

3- Main Result

The main result of this paper is formulated in the
following theorem

Theorem:

Suppose equation(1) has the assumption

ft,x®)eLT [ab] vtelab] .
then X(t) is a solution and

[x(@)| < a(t) Vt €[a,b], a(t) is a continuous
function on R.

Proof:

In a Banach space E we shall prove that
S= {X(t):”X(tm < a(t) Vt e [a, b]} is a closed
convex set and to do this let

x(t), y(t)e S,0<q <1, then
Jox(t)+ @ a)y(®)] <alx(0)] + L~ ally(t)
<qa(t)+ (1-g)a(t)
< qa(t) +a(t) - qa(t)
<a(t)

Hence S is a closed convex set (see appendix 1).
Forany x(t) € S We define the operator T on E by:

(T x)t)= +ﬁ (b—s)"f (s,x(s))ds > S €[ab]-+- ()
provided that operator T is continuous from Sto E.
A is continuous (every constant function is
continuous), from lemma 1 and assumption 2 we
get f(t, x(t))is continuous on a closed bounded
interval therefor by definition 2 of LT space we
have
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L
I'(a)s
thus T is continuous operator from S and E, also we
find that:

(b—s)"f(s,x(s))ds is continuous on [a,b] .

oc—1

As_L (b s ) f(s,x(s))ds

t
m00l= A+ 5]

<|A+ F( 1 [(b- 5| (s, x(s)ds

since A isa constant = HAH = \A‘ and €S

[T < A+ )] j (b—s)"|f (s, x(s))ds

<a(t) Va<t<b=TScS
Next to prove t TS is relatively compact set in E,
we Define

{Tx®}
(M0 = Av s [0-9)7 416, (s
:Selabln=12,....()

as follows:

T Xt - (Tx ke = A

F()

j(b s) (s, X, (5))ds-

F( )a
1
" T(a)

<

a

X, € C[a,b] also from Lemma 1,
we obtain ¢ X €LT_ on [a,b], by definition 2 we

o1

get: Lt(b—s) f(s,x. (t))ds Cla,b] wn

[(a)y

so that

<e

[(o-5) (5., (5Jks - [lo-5)" (s x, (S

a

r ( )=
when ‘tz —'[1‘ <S5 therefore

I x .- (T x ) <e when t, —t, <&,
thus V > 0 there exist 5.>0 such that:

I Xt~ (T x Yo <
when t, —t;, < o&_ therefore (T X)X is equi-
n h

continuous on [a,b] hence Ts is relatively

j(b ) (s, X, (s))ds—A——j(b §)“ f (s, X (5))ds

o j (b-s)*f (s, X, (s))ds

j(b - s) b f (s, x,)(s)ds —j(b —8) " f (s, x,(s)ds)
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Now in order to prove that {(Txn)(t)}w is uniformly

bounded on [a,b], we substitute'

T, o) = A+() fb- s) " f (s, x,)(s

b s)7f (s, x,)(s)|ds

<[4+
( )

<A+ ) j (b-5)f (s, x))ds <alt)

since a(t) is a bounded function on [a,b], there exist
a positive number k
such that:

la@] <k vtelab]
so | Xo|<la@] <k :k>0,vn
:{(Txnxt)}“ is uniformly bounded on

[a,b].
Finally to prove that {Tx)OF is equi-continuous

on [a,b], let tot, € [a, b] (choose t,>t, the prove
is similar when t,<t, ).

Since f ¢ LT and Xn(t)es implies that

compact set from S to E and from schauder fixed
point theorem [6] we

have:

.o has a fixed point

= (T Jt)=x(t)
and so X(t)is a solution of (1), which completes
the prove.
Appendix 1:

Def:
A subset A of a vector space X is said to be convex if

(6]
X, yeA=M={zeX:z=

ax+l—-a)y}c A 0<a<l
Def:
A subset M of a metric space X is open if it contains

a ball about each of its points and it is said to be
closed if its complement in X is open [6].

YAe
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