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Abstract: 
The present work investigate the solution of certain fractional integral equation with boundary conditions by 

using the condition of Caratheodory theorem. In addition, to extended some results of Dennis (2001), in order to 

prove the existence theorem of boundary condition by using weaker conditions . 

1- Introduction: 
In recent years, there has been a growing interest in 

the formulation of  many physical problems in terms 

of integral equations, and this has fastered a parallel 

rapid growth of the literature on their numerical 

solution. An integral equation is an equation in which 

the unknown function appears within an integral, 

while a fractional integral equation is a fractional 

order integral equation. 

The solution of a fractional integral equation is 

founded in many     references for example [1], [4], 

[3]. The main result of this paper is to extend some 

result of Dennis (2001) [5], in order to prove the 

existence theorem by using the conditions of 

Caratheodory theorem for the following fractional 

integral equation:               
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2. Preliminary Concept: 

 1. Gamma Function: 

          If 0  then the gamma function )( is 

defined by [5]: 
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2. LT space: 

Let 0<  1   and I h =[a,a+h] ,h >0, define the 

space  IT h
L


 as the set of all Lebague integrable 

function m in  I h
such that [3]: 
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Lemma 1:Let f  be a continuous function on a 

closed  bounded region G in 
2R  and KLT  [a,b], 

then  KfL T [a,b] [3]. 

Proof :  

Since  f  is continuous function on closed bounded 

region  G  then  f is bounded on G , i.e. there exist  

apossitive  number  M such that   Myzf , ,     for 

all (z,y) in G . 

Now        yzfykyzfyK ,,    ykM  then by the 

definition  2 we get  that  

Mk(y)  baLT ,   baLTKf , . 

Lemma 2: 
Let 

}{
1nf n





 be a sequence of functions defined on the 

set  E R  such that MM nnnf ,  is any positive 

number, then 



1n

nf
  is uniformly convergent [6].  

3- Main Result: 
The main result of this paper is formulated in the 

following theorem 

Theorem: 

Suppose   equation(1) has the assumption  

 baLtxtf T ,))(,(


      bat ,   , ……..(2) 

then   tx  is a solution and      

   tatx   bat , ,  ta  is a continuous 

function on R.  

Proof: 
In a Banach space E we shall prove that  

        battatxtxS ,,:   is a closed 

convex set and to do this let  

    10,,  qStytx , then  

                     tyqtxqtyqtqx  11  

                                          )(1 taqtqa   

                                      )()()( tqatatqa   

                                      )(ta                

Hence  S is a closed convex set (see appendix 1). 

For any x(t)   S we define the operator T on E by:  
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;  baS , … (3) 

provided that operator  T is continuous from   S to E.  

A is continuous (every constant function is 

continuous), from lemma 1  and assumption  2  we 

get  ))(,( txtf is continuous  on a closed  bounded  

interval therefor  by definition 2 of LT space  we 

have  
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  is continuous on  ba,  . 

 thus  T is continuous operator from S and E, also we 

find that:  

   dssxsfsbAtTx

t

a

))(,(
)(

1
))((

1

 





    

  dssxsfsbA

t

a

))(,(
)(

1 1










 

since  A is a constant SandAA        
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  Next to prove t  TS is relatively compact set in E, 

we Define      
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Now in order to prove that    tTxn



1

 is uniformly 

bounded on [a,b], we substitute:  
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  since a(t) is a bounded function  on [a,b], there exist  

a positive number k      

  such  that:  

           kta )(    bat ,  

    So     )()( tatTxn
    k    ; k >0 , n  

                tTxn




1

  is uniformly bounded on 

[a,b]. 

Finally to prove that  ))((
1

tTxn

   is equi-continuous 

on [a,b], let tt 21
,   ba,  (choose tt 12

 , the prove 

is similar when tt 12
  ). 
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  we obtain  Tx Lf
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  when  
 tt 12

, therefore 

               txtx nn
TT

12
   when  

 12 tt  

  thus 0  there exist 0
  such  that:  

       txtx nn
TT

12
 

when 
 12 tt  therefore    txT n



1

 is equi-

continuous on [a,b]  hence Ts is relatively     

   compact set from S to E and from schauder fixed 

point theorem [6] we    

   have:  

     tT x

 has  a fixed  point  

                txtT x
  

    and  so  tx is a solution of (1), which completes 

the prove. 

Appendix 1:  

Def: 
 A subset A of a vector space X is said to be convex if 

[6]  
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Def: 
A subset M of a metric space X is open if it contains 

a ball about each of its points and it is said to be 

closed if its complement in X is open [6]. 
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 حل معادلة تكاملية كسرية بشروط حدية أضعف

، اكرام حازم عموري الكريم إبراهيم شيتعبد   

 ، الموصل ، العراق جامعة الموصل،  كلية التربية الأساسية ، الرياضيات قسم
 ( 9000/   4 /  97  تاريخ القبول: ---- 9002/  6/  7  تاريخ الاستلام:) 

 الملخص: 
يتضمم  البثممر سراسممة الثممل لمعاسلممة تكامليممة كسمرية ةات لممروس ثسيممة وةلممر باسممتثسام لممروس افريمة كممارا يوسرن، با ضمما ة  لمم  توسممي  بعمم  اتمما   

Dennis (2001) .م  أجل برها  افرية الوجوس لللروس الثسية باستثسام لروس أضعف   
 


