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Abstract

Let D, be the dihedral group and C3 be the cyclic group of order 3 . Let cf(DnxCs,Z) be the
abelian group of Z-valued class function of the group DnxCs. The intersection of cf(Dn xC3,Z)
with the group of generalized characters of Dn xCs which is denoted by R( D,xC3) is a normal

subgroup of the group cf(Dn xCs,Z)denoted by R (DnxCs) . The factor group cf(Dn ><C3,Z)/§
(DnxCs) is afinite abelian group denoted by K(DnxCs) .

In this paper, we prove that the rational valued characters table of the group D ,, xCs is equal to
the tensor product of the rational valued characters table of D, and the rational valued

2 h+3
characters table of the cyclic group Cs . Also, we find that K(D ,, xCs)= 2 K(D,») I(;Bl C,.

alddiund)

caall JIsal LIyl 3 e Micf(Dn xCg,Z) oS3l 3 Al a5 ) gall 3 5e 3l Cy 5 gz shand) A8 50 ) Dy oS3l
Dn XCz 330 4 ganll adl s&ll S8 0 ) ae cf(DN XC3,2Z) ol (5} . DN XCj 3 3l dasaiall asdll il
R b ld s cf(Dn XC3,Z Yol (1o Ausm i ia b0y (o 5S _R( Dn xCs) ol L e Sl
. K( Dn xC3) el led 3a s dagiia Al 350y o 585cf(Dn xC3,Z)/ R (DNxCg) &l 350 30, (DNXCy)
Jsaad Siadl Copuall Juala g5t D, XCa 5000 Ll il 3 a5l Jpa o) onll Va3 Lia
-0 l_m;jéhsj Cs B)AJHM\ ﬁﬂj\ x_}\dua;\}m“ d}J.;_gDzh BJA‘)HM\ Hﬂ\ L_ibuaa\}&n

h+3

2
K(D,, xCs)= Iéj K(D,.) I(JZBl C,

1.Introduction

Let G be a finite group ,two elements of G are said to be I'- conjugate if the cyclic subgroups
they generate are conjugate in G, this defines an equivalence relation on G .Its classes are
calledI’- classes . The Z - valued class function on the group G , which is constant on thel'-
classes forms a finitely generated abelian group cf(G,Z) of a rank equal to the number of I'-
classes . The intersection of cf(G,Z) with the group of all generalized characters of G , R(G) is a

normal subgroup of cf(G,Z) denoted by R(G),then cf(G,Z)/ R(G)is a finite abelian factor group
which is denoted by K(G).  Each element in R(G)can be written as u;0;+ Up0,+...... +u,0,,

,UueZ and 0= ZG(Zi)
c e Gal (Q (r) /Q )

,where y; is an irreducible character of the group G and o is any element in Galios group

where | is the number of T - classes , u; , U .

Gal(Q(x,)/Q). Let =*(G) denotes the |x| matrix which corresponds to the 6i's and columns
correspond to the T- classes of G .This matrix expresses R(G) basis in terms of the cf(G,Z) basis .
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We can use the theory of invariant factors to obtain the direct sum of the cyclic Z-module of orders
the distinct invariant factors of =*(G) to find the cyclic decomposition of K(G) .
In 1982, M.S.Kirdar [10] studied the factor group K(Cn) .In 1994, H.H.Abass [3] studied the factor

cf(Q2m,z) /R(Q2m) .In 2005, N.S.Jasim [12] studied the factor group cf(G,Z)/R(G) for the
special linear group SL(2,p). In 2010,H.H.Abass and M.S.Mahdi [4] studied the Factor Group
K(Dnh) when n is an Odd Number. In 2011, H.H.Abass and K.A.Layith [6] studied the Factor
Group

K(Dnh xC2) when n is an Odd Number

The aim of this paper is find the rational valued characters table of the group D, xC; and the

cyclic decomposition of the group K(D , xCs).

2.Preliminaries
In this section, we review definitions and some results which will be used in later section

Definition(2.1):[8]

The set of all nxn non-singular matrices over the field F forms group under the
operation of the matrix multiplication,this group is called the general lineargroupof the dimension
n over the field K, denoted by GL (n ,K).

Definition(2.2):[2]
A matrix representation of a group G is a homomorphism T from G into GL (n ,K), n is
called the degree of matrix representation T .

Definition(2.3):[8]
The trace of square matrix A is the sum of the elements on the main diagonal ; we denote the trace
of A by tr(A) .

Definition (2.4): [2]
A matrix representation T: G—GL (n, K) is said to bereducible if T is equivalent to the matrix
representation of the form

{Tl(g) V(g)}
0 T,(9)

Where T;, T, are matrices ofrepresentations over Kof the dimension mxm, (n-m)x(n-m)
respectively , V(g) is a matrix of the dimension (m)x(n-m) and 0 is zeros matrix of the dimension
(n-m)x(m) such that 0O<m<n.

Otherwise , T is called an irreduciblematrix representation.

Moreover , if we could remove the off-diagonal block , i.e V(g) =0 for all geG ,then T is called
completely reducible matrix representation

Definition (2.5): [7]

Let T be a matrix representation of a group G over the field K, the charactery of a matrix
representation T is the mapping x: G—K defined by y(g)=Tr(T(g)) for all g €G,where Tr(T(g))
refers to the trace of the matrix T(g) and (1) is the degree of 7y .

Remark (2.6) :[8]

(I) A finite group G has a finite number of conjugacy classes and a finite number of distinct
k-irreducible characters, the group character of a group representation is constant on a conjugacy
class, the values of the characters can be written as a table known the characters table which is
denoted by =(G) .
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(ID) If Cy=<r> is the cyclic group of order n generated by r and w =e*™" is the primitive n-th root
of unity, then =(C,) =

CL, [1] [r] [r2] | - | [r"Y]
ICL,| - 1 1 1
|CG(Ca)| n n n n
A4 1 1 1 1

XZ ]_ o) (DZ n-1

Xs ]_ (,02 (04 mn—z
Xn 1 0\)”71 (Dn72 cee ()]

Table(2.1)

Theorem (2.7): [11]
1-Sum of characters is a character .
2- Product of characters is a character.

Theorem (2.8):[8]

Let T,: Gi—GL(n ,K) and T,: G,—GL(m ,K) are two irreducible representations of the group G
and G, with characters y, and y, respectively. Then the tensor product T, ®T, is irreducible
representation of the group G1 X G, with character z; v, .

Definition (2.9):[9]
A rational valued characterf of G is a character whose valuesare in the set of integers Z,
1.e6(g) € Z, forall g €G.

Proposition (2.10):[10]

The rational valued characters 6 ; = ZG(Zi) form basis for R (G), where y i are the
oeGl Q (n)

irreducible characters of G and their numbers are equal to the number of all distinct I'- classes of G.

3.The Factor Group K(G)
In this section, we study the factor K(G) and discuss the cyclic decomposition of the factor groups
K(C,) and K(Dp) .

Definition (3.1):[8]
Let M be a matrix with entries in a principal ideal domain R. A k-minor of M is the determinant of
kxksubmatrix preserving rows and columns order.

Definition (3.2):[9]
A k-th determinant divisor of the matrix M is the greatest common divisor (g.c.d) of all the k-
minors of M . This is denoted by D, (M).
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Theorem (3.3):[8]

Let M be an kxk matrix with entries in a principal domain R. Then there exists matrices P and W
such that:

P and W are invertible.

PMW=D.

D is diagonal matrix.

If we denote D, by d, then there exists a natural number m; 0 <m <k such that j>m impliesd

j70and 1<j<m impliesd;|d .

Definition (3.4):[9]
Let M be a matrix with entries in a principal domain R, be equivalent to a matrix D = diag {d,, d , ,

wo.sdm,0,0,...,0} suchthatd ; |d,, for 1< j<m .We call D the invariant factors matrix of

M and d,,d,,....dn theinvariant factors of M.

Proposition(3.5):[10]
Let A and B be two non-singular matrices of the rank n and m respectively, over a principal ideal

domain R . Then the invariant factor matrices of A® B equals D(A) ® D(B), where D(A) and D(B)
are the invariant factor matrices of A and B respectively.

Proposition(3.6):[10]
Let H and L be p;-group and po-group respectively ,where P; and P, are distinct
primes.Then="(H x L) =="(H) ®="(L).

Remark (3.7):[10]
Suppose CI(G,Z) is of the rank r, the matrix expressing the R (G)basis in terms of the cf(G,Z2) = Z"
basis is = (G).Hence by theorem (2.4),we can find two matrices P and Q with a determinant +1

such that P.="(G).Q =D(="(G))=diag{d1,da,......... d,}di= £D,(=(G)) £D_, (= (G)).

Theorem (3.8):[10]
Let P be a prime number , then

K(G)= ®).C, Suchthat di= D, (='(G)) +D_, (='(G)).

Theorem (3.9):[10]
|K(@G) | =det (=(G))

Proposition (3.10): [10]
The rational valued characters table of the cyclic group C ps =<I > of the rank s+1 where p is a

prime number which is denoted by (= (C os)), is given as follows:
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S-1 §$-2 S-3 2

I'-classes [1] [rp ] [rp 1 [rp 1| [rp] [rp] [r]
0, p°(p-1) -pt 0 0 0 0 0

0, P (p-1) | pT(p-1) -p*? 0 0 0

0, P | pT(p-D) | PR | -p 0 0 0

0. , p(p-1) p(p-1) p(p-1) p(p-1) | ... | p(p-1) -p 0

< p-1 p-1 p-1 p-1 p-1 p-1 -1
s+1 1 1 1 1 1 1 1

Table (3.1)

Where its rank s+1 represents the number of all distinct I'-classes

Proposition (3.11): [10]
If p is a prime number , thenD(="(C,°) ) = diag{p°,p°*........p.1}.

Theorem (3.12) :[10]

S
Let p be a prime number. Then  K(C,%) = ® ZCpi

i=1
Definition (3.13):[ 8]
For a fixed positive integer n>3 , the dihedral group D, is a certain non-abelian group of the order
2n. In general can write itas: D,={S’ r“:0<k<n-1,0<j<1}

which has the following properties r"=1, SrS =r* , (Sr" )2 =1
Remark (3.14):

The group D, x Cj is the direct product group of the dihedral group D, and the cyclic group Cs of
order 3

Proposition (3.15): [3]
The rational valued character table of the dihedral D, when n=2"can be given by =*(D,)=

T-classes | [i] [rZMJ [rz“ J [rzm J 2] [r ] | [sr]
0, 2" | =2 |0 0 0 0 0 0
ez 2h—2 2h—2 _2h—2 0 0 0 0 0
0, 7 L L 7L S P 0 0 0 0
Oh1 2 2 2 2 -2 0 0 0

0, 1 1 1 1 1 -1 -1 1
0., 1 1 1 1 1 1 1 1
Oh+2 1 1 1 1 1 1 -1 -1
Oh+3 1 1 1 1 1 -1 1 -1

Table (3.2)
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Theorem (3.16):[3]
The invariant factors matrix of="(D,) when n is an even number and n=2"can be given by
D(E'(D,,)) = diag{2"*, -2"*,-2"%,.....,-2,-2,-2,-1} .

Theorem (3.17):[3]
The cyclic decomposition of the group K(D,) when n= 2" can be given by :
KD, )=K(C,.)® C,.® C®C,

2h—l

Example(3.18) :

To find the cyclic decomposition of the group K(D3;) by theorem(3.17)
K(D32) = K(DZS) = K(CZH)(-B C25+1 @ CZC-BCZ_ = K(C24)@ C26 @ CZC-BCZ
By theorem(3.12) we can write K(C ) as follows :-

K(C,) =C,.®C,®C_,® C=C;s® Cs® C4® C;

3
Then K(Dz“) :Cle@ Cg@ C4@ Cz@CM@ Cz@C2:C64(‘B Cle@ Cg@ C4‘(-Pl C2

4.The Main Results
In this section, we find the general form of the rational valued characters table of the group D,xCs ,
when n=2"

Theorem(4.1) :
The rational valued character table of the group D ,, xCjs is equal to the tensor product of the

rational valued characters table of the group D, and the rational valued characters table of the
group Cg; that is

='(D,, xCy)==(D, ) ®=(Cy).

Proof:

Since the group D, is a 2-group and the group Cj is a 3-group and g.c.d(2,3)= 1, then by
proposition (3.8) , we have

='(D,, xCy)==(D, ) ®=(Cs) .m

Example (4.2):
To findthe rational valued characters table of the group D . xCs .By proposition (3.17) the rational
valued characters table of D3, is equal to =*(D3;)=

I-classes | [1] | [r**] | [r®1 | [r*1 | [r2] | [r] | [S] | [Sr]
0, 16 -16 0 0 0 0 0 0
0, 8§ | 8 | 8| 0 0] 00 0
0, 4| 4 | 44000 0
0, 2 | 2 | 2 | 2 | 2 0
0, 1 1 1 1 1 -1 -1 1
0, 1 1 1 1 1 1 1 1
0, 1 1 1 1 1 -1 -1
0, 1 1 1 1 1 -1 1 -1
Table(4.1)
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And by proposition (3.12) the rational valued characters table of Cj is equale to

E*(Cg) - [1] [r']
0, 2 -1
0, | 1 1
Table (4.2)
Then E*(D32><C3) =
F_

Clases [1,1] [L,r'] | ey | ey | ety |orete'l |orrtal |t
0y 32 16 -32 16 0 0 0 0
0(1.2) 16 16 -16 -16 0 0 0 0
O 16 8 16 8 16 8 0 0
002 8 8 8 8 8 8 0 0
0i.1) 8 -4 8 -4 8 -4 -8 4
0@z.2) 4 4 4 4 4 4 -4 -4
Oy 4 2 4 2 4 2 4 2
O 2 2 2 2 2 2 2 2
051 2 1 2 1 2 1 2 1
0(s.2) 1 1 1 1 1 1 1 1
B6.1) 2 -1 2 -1 2 -1 2 -1
Bz 1 1 1 1 1 1 1 1
00y 2 1 2 1 2 1 2 1
002) 1 1 1 1 1 1 1 1
1) 2 -1 2 -1 2 -1 2 -1
0.2) 1 1 1 1 1 1 1 1

Table(4.3)

[r2,1] [r2,r'] [r.1] [r.r] [S 1] [S.r'] [Sr 1] [Sr,r]
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
-4 2 0 0 0 0 0 0
-2 -2 0 0 0 0 0 0
2 -1 -2 1 -2 1 2 -1
1 1 -1 -1 -1 -1 1 1
2 -1 2 -1 2 -1 2 -1
1 1 1 1 1 1 1 1
2 -1 2 -1 -2 1 -2 1
1 1 1 1 -1 -1 -1 -1
2 -1 2 -1 -2 1 -2 1
1 1 1 1 -1 -1 -1 -1
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Theorem(4.3):
The cyclic decomposition of K(D, x C3), when n=2" is equal to
h+3

2
K(Dn XC3) = @K(Dn) @C\?

Proof:
By theorem (3.18)

D(=*(D,)) = diag{2"",—2"*,—2"2 ..., -2,-2,-2,-1}
And by proposition (3.13)
D(=+ (Cs))=diag {3,1}
From theorem (4.1) and proposition (3.7) we have
D(=*(D,, xCs))= D(=*(D,, ) ®=*(Cs))= D(E*(D,,)) ® D(E*(Cs))
=diag{2""*,-2"",-2"2,.....,-2,-2,-2,~1} @ diag {3,1}
={ 3.2M ,3(—2“‘1) 3(-2 h’2) ....... 3(-2),3(-2),3(-2),3(-1), 2 il _ght _oh2
By theorem (3.10), we get
K(D, xC;)=C,,.. ®C,,, ®C,,.®..8C,, ®C,, ®C,, ®C,

®C,.®C,.0C,,d..0C,C,aC, .
-C,.8C,,®C,,®..0C,8C, aC,

h+3

®C,. 8C,. 8C, , 8..8C,8C,C, OC,

By theorem (3.14) , we have
K(C,.)=C,.®C,,®..8C,
From theorem (3.19) , we have
K(D,)=K(C,.)®C,.®C,®C,

This implies

2h—1

2h—2

h+3

2
K(D, xC;) = (‘Pl K(D,) 6_31 G

Example(4.4):
To find the cyclic decomposition of K(D1sxC3) and K(Ds; XCs) :
K(D1sxCs)= K(D2*xC3)
From theorem (3.4)
h+3

K(D,. xC;) = _c% K(D,)) ®C,
By theorem (3.19)
KD,.) = K(C23) @C25 ®C,®C,

2 7
Then, K(D,. xCy) =@[K(C,)®C, ®C, ®C, ac,

2 7
-glc,@c, @c, ®C, ®C, ®C,|oc,
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= (—DC C—DC (—BC @1(:2 éCS
To f|nd K(Daz ><C3) by theorem (4.3)
K(Dy, xCy) = K(D,s xCy) = ciz K(Dzs)écs
By theorem (3.19)
KDz) =KD ) =K(Cx:) BC . ®C, OC,
-K(C,)®C, ®C, ®C,

2 8
K(D,, xC,) = _@1[K(CZ4)@ C, ®C, @CZ]_G?Q
Then,
@[c ®C,, ®C,®C, ®C, dC, @c]@c

2 2 2 2 6 8
-©C,, ®C, 8C,8C, BC, OC,

i=1 i=1 i=1
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