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Abstract

Our aim in this paper is: to give some properties of zero-symmetric left centrally
prime near-rings, then looking for those conditions which make zero-symmetric left
centrally prime near-rings abelian, so that several conditions are given under which
zero-symmetric left centrally prime near-rings become abelian.

Introduction

A left near-ring is a set N together with two binary operations (+) and
(.) such that:
i: (N,+) is agroup (not necessarily abelian).
ii: (N,.) isasemigroup.
iii: for alla,b,ce N,a.(b+c)=ab+ac.(left distributive law).(Pilz,
1983).

Let N be a left near-ring then:
N is called a left prime near-ring if for X,y € N, XNy ={0} implies x =0
or y =0, (Argac,2004), and it is called a zero-symmetric left near-ring if
0a=0, forall ae N (Pilz, 1983), also N is said to be a left abelian near-
ring if (N,+) is an abelian group, (Kandasamy,2002).An additive
mapping D:N —>N is called a derivation on N if
D(ab) = D(a)b +aD(b), for all a,b e N (Wang, 1994), and a derivation
D:N — N is called a Daif 1—derivation if for all X,y € N we have
D([x, y]) = xy—yx, (Bell and Mason, 1992), and it is called a Daif
2 —derivation if D([X, y]) =—xy+ yx,for all x,ye N (Deng,Yenigul
and Argac, 1998).Finally if S is a multiplicative system in N then we say
S has zero commutator if [S, N]={0}, where
[S,N]={[s,a]:seS,ae N}, and Z(N) will denote the center of

N .Finally N is called a 2-torsion free if for x e N, 2x =0 implies that
X = 0(Vukman, 2001).
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Section 1: Construction of the left near-ring N

S

In this section we try to localize zero-symmetric left near-ring at
multiplicative systems which have zero commutators.

Let N be a zero-symmetric left near-ring and S a multiplicative system
in N such that [S, N]={0}.We define a relation (~) on Sx N as follows:
for (a,s),(b,t) e NxS,(a,s) ~ (b,t) if and only if there exists k € S
such that
k(at—bs) =0, or equivalently (at—bs)k =0, (since [S,N]={0}).It can
be show that (~) is an equivalence relation on N x S .Now let us denote the
equivalence class of (a,s) in N xS by ag, and the set of all equivalence

classes determined by this quivalence relation by NS that is
ag ={(b,t) e NxS:(a,s)~(b,t)} and NS ={aS :(a,8) e NxS}.0On
N. we define addition (+)and multiplication (.) as:

S

as+bt = (at+bs);, and as.bt = (ab),, forall aS,bt e N

st S
It can be shown that the addition and multiplication as defined above are
well-defined and (NS ,+, .) forms a left near-ring.

Next we mention that all rings under consideration are with non zero
center Z(R), and the proofs of the followibg theorems can be found in the
indicated references.

Theorem (A): (Cho, 2001)

Let D be a derivation on on a zero-symmetric left prime near-ring N
and let ae N .If for all xe N we have aD(x) =0(or D(x)a=0), then
either a=0 or D =0.

Theorem (B): (Cho, 2001)

Let N be a zero-symmetric left prime near-ring with nonzero

derivations D, and D, on N such that D, (x)D,(y) =-D,(x)D,(y), for

all X,y € N, then N is an abelian near-ring.
Theorem (C): (Cho, 2001)
Let N be a zero-symmetric left prime near-ring of 2 —torsion free and

let Dl and D2 be derivations on N with the condition

D,(@)D,(b) =D, (b)D,(a), for all a,be N, then D,D, is a derivation
on N if and only if either D, =0 or D, =0.
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Theorem (D): (Cho, 2001)
Let N be a zero-symmetric left prime near-ring of 2 —torsion free , and

let D be a derivation on N such that D? =0 then D =0.
Theorem (E): (Deng,Yenigul and Argac, 1998)

Let n be a positive integer and N an n—torsion free zero-symmetric
left prime near-ring and D:N — N is a derivation on N with
D"(N) < Z(N).If D(Z(N)) #{0} then D"(Z(N)) #{0} and (N ,+) is
an abelian group.

Theorem (F): (Bell & Mason, 1992)

If N is a zero symmetric left prime near-ring admitting a nonzero Daif

1—derivation, then (N ,+) is abelian, and if N is 2 —torsion free, then N

is a commutative ring.(Note that a zero-symmetric left near-ring N is
called abelian if the addition (+) is commutative and it is called
commutative if the multiplication (.)is commutative).

Now we introduce the following definitions:

Definitions
Let N be a left near-ring.We say N is a left centrally prime near-ring if

NS is a left prime near-ring for each multiplicative system S in N with

[S, N]={0}.
Also we say a derivation D:N — N is a centrally zero derivation if
D(S) ={0}for each multiplicative system S in N with [S, N]={0}.
Before giving the main results of this paper we prove some propositions
which will lead to the proofs of the main theorems.
Prop. (1):
If N is a left near-ring with D: N — N is a centrally-zero derivation

then D, : NS - NS defined by D, (ag) =(D(a))g, forall ag € NS’ is

a derivation on N S .(We call the derivation D, the induced derivation by D).

Proof:

Forall ag € N, where ae N,se S, we have D(a) € N and hence

S
D, (ag) =(D(a))s NS S
there exists U € S such that u(at—bs) =0 or uat =ubs.Then atu =bsu
(since  [S,N]={0}). HenceD(atu)= D(bsu)orD(a)tu = D(b)su.So
u(D(a)t) =u(D(b)s). Hence u(D(a)t — D(b)s) = 0 which means

and if ag :bt e N_., where a,beN,s,teS,
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(D(@))g = (D(b))t.Hence D, (ag) = D*(bt) andso D, isa

mapping.Next we have
D*(aS + bt) =D, ((at+ bs)st) =(D(at+ bs))St =(D(a)t+ D(b)s)St =

(D@1)g; +(D(b)s)y = (D(@)sty +(D(b)), 55 = (D(@) ¢ + (D)), =
D, (ag) + D, (bt) and also D, (asbt) =D, ((ab)st) = (D(ab))st =
(aD(b)); +(D(a)b) g =

as(D(b))t + (D(a))sbt =agD, (bt) + D*(as)bt-

Hence D, is a derivationon N ¢.

S
Prop. (2):
LetN be a left near-ring and S a multiplicative system in N such that
[S,N]={0}.If n is a positive integer such that N is an n—torsion free

thensois N g
Proof:

Since N is a left near-ring so NS is a left near-ring.To show NS isan
n —torsion free.Let nag = 0, for ag € NS then

ag +ag +ag +...+ag =0(ntimes)or (a+a+a+...+a)g =0(n times).
Thus there exists t € S such that t(a+a+a+...+a)=0.

Hence ta+ta+...+ta=0, thatis n(ta) =0 and N being

n—torsion free, we get ta =0.Then ag =t,aq = (ta)ts = Ots =0.

Hence NS is an n—torsion free left near-ring +.
Prop. (3):

Let N be a left near-ring and S a multiplicative system in N with
[S,N]={0}.
If D:N — N is a centrally zero Daif 1-derivation (resp.a centrally zero
Daif 2-derivation) on N then so is the induced derivation

D, :Ng = N.

Proof:
LetD be a Daif 1—derivation.Then by Prop. (1), D,, is a derivation on

NS'
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Now we show D, is a Daif 1-derivation.Let as,bt € NS’ where
a,beN and s,teS, then D*([as,bt]):D*(([a,b])st):

(D([a, b]))st = (ab—ba)St = (ab)st —(ba)tS = aSbt —btaS and thus
D,. is a Daif 1-derivation.If D is a Daif 2—derivation then a similar
argument to prove that D,, is a Daif 2 —derivation .
Prop. (4):

Let N be a left near-ring such that Z(N) has no proper zero divisors

and S is a multiplicative system in N.Then S=Z(N)-{0} is a
multiplicative systemin N .
Proof:

Clearly 0¢ S.Let a,beS.So a,beZ(N) and a=0,b=0. Hence
abe Z(N).
Now if ab=0.As Z(N) contains no proper zero divisors we get a =0 or
b=0
which is a contradiction.Thus ab = 0 which, in consequence, implies that
abe Z(N)—{0}=S .Hence S =Z(N)—{0} is a multiplicative system in
N o.
Prop. (5):

If N is azero-symmetric left near-ring and S is a multiplicative system
in N such that [S,N]={0} then NS is also a zero-symmetric left near-ring.

Proof:

The proof is simple.
Prop. (6):

Let N be a left near-ring and S a multiplicative system in N with
[S,N]={0}. Then (Z(N))S gZ(NS).

Proof:
Note that Z(N) is a subnear-ring of N and S < Z(N) so we can

consider S as a multiplicative system in the near-ring Z(N) which alows
talking about (Z(N))S :

If ag e(Z(N))S Wwhere a€ Z(N),s € S.Toshow ag € Z(NS).
Let Xt € NS,where X € N,t € S.Then we have [a,x] =0.
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Hence [as,xt] =agX; —Xa8g = (ax—xa)St = ([a, X])st =04 =0 which
means [ag, NS] ={0}.Thatis ag € Z(NS).So that (Z(N))S gZ(NS) ..

Section 2: Some properties of zero symmetric left centrally
prime near-rings

Now we give some properties of zero-symmetric left centrally prime
near-rings.

Theorem (1):

Let N be a zero-symmetric left centrally prime near-ring in which
Z(N) has no proper zero divisors and D:N — N be a centrally zero
derivation on N and ae N.If aD(x)=0(or D(x)a=0), for all all
X e N, then either a=0 or D =0.

Proof:

By Prop. (4), S =Z(N)—{0} is a multiplicative system in N, where

[S,N]={0}, and by Prop. (5), NS is zero-symmetric.Now consider the

induced derivation D,:N. —->N., on N..Since S#¢ so fix

S S S
an SES.NOW&SEN

g
If aD(x) =0, for all xe N, then for all X € NS’ where xe N,te S,
we have ag D*(xt) = as(D(X))t = (aD(x))St = Ost =0, and if
D(x)a=0, for all xeN, then by the same technique we get
D*(x,[)aS =0, for all Xt € NS.Hence NS is a zero-symmetric left

prime near-ring with D, a derivationon N and ag e N

S S
such that ag D*(xt) =0(or D*(xt)aS =0), forall Xt € Ng(as aD(x) =0

or (D(x)a=0), forall xe N).Hence by (Theorem A), we get ag =0 or
D, =0.
If ag =0 then there exists U e S such that ua=0.So 0=ueS < Z(N).

As Z(N) contains no proper zero divisors we get a =0.
If D, =0.Let xeN be any element, then X € NS .Hence (D(x))s =D, (x5) =0.

So that there exists v € S such that vD(x) =0, and as Z(N) contains no
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proper zero divisors we get D(x) =0.This result is true for all xe N which
means D=0 o.
Theorem (2):

Let N be a zero-symmetric left centrally prime near-ring of 2 —torsion
free in which Z(N) has no proper zero divisors.If D and D’ are two
centrally zero derivations on N such that D(a)D’(b) = D'(b)D(a), for all
a,b e N, then DD’ is a derivation on N ifand only if D=0 or D' =0.

Proof:
If D=0 or D' =0 then DD’ =0 which is a derivation on N .
Conversely, let DD’ be a derivation on N .Since Z(N) has no proper zero

divisors so by Prop. (4), S=2Z(N)—-{0} is a multiplicative system in
N .Then by Prop. (5), NS IS a zero-symmetric.Hence NS IS a zero-

symmetric left prime near-ring, also by Prop. (2), NS is a 2—torsion

free.Now consider the induced derivations D, and D, on N g 10 show

D,.D, is a derivation on NS .Clearly DD, is a mapping.Now let
aS b e NS,then
D, (ag + bt) =D,D,((at+ bs)st) =D, (D'(at+ bs))st =
(DD’(at + bs))st = (DD'(at) + DD’(bs))St = ((DD’(a))t)St + ((DD'(b))s)St =

(DD'(a))gt; +(DD'(b)); 85 = (DD'(a))g + (DD’(b))t =

D(D'(a))s + D(D'(0)); = D, (D'(a))g + D, (D'(B)); = D, Di(as) + DDy (By)-
Hence D, D, is an additive mapping.
Also we have

D, (agh;) = D, D;((ab);) = D, (D'(ab)); = (DD'(ab)) ¢ =
(aDD (b) + DD’ (a)b)st = (aDD'(b)) +(DD'(a)b) ¢ =
ag (DD'(b)), +(DD'(2))sb; =agD, D' 1 (b) + (DD} (ag))by.

Thus DD, is a derivation on NS.Now for all ag,b, € NS we have

D, (a5)D, (by) = (D(a))s (D'(b)); = (D(@)D'(h)); = (D'(b)D(@))5 =
(D'(B)D(a))yg = (D'(0)); (D(2))s = D (b,)D(ag). Thus N is a 2- torsion
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.+ D, derivations on N such

that D, D,, is a derivation on NS and D*(aS)D;(bt) = D,’k(bt)D*(aS),
.Hence by (Theorem C), we get D,, =0 or D, =0 If

free zero-symmetric left prime near-ring withD

for all as,bt € NS

D, =0, then as Z(N) contains no proper zero divisors we get D = 0(as

the same argument in
Theorem 1), and if D, =0 then D' =0 .

Theorem (3):
Let N be a zero-symmetric left centrally prime near-ring of 2 —torsion
free in which Z(N) has no proper zero divisors.lf D:N — N is a

centrally zero derivation on N such that D? =0 then D =0.
Proof:

Clearly S =Z(N)—{0} is a multiplicative system in N .(since Z(N)
has no proper zero divisors).Then (from Prop. (5) and Prop.(2)), NS is a

zero-symmetric left prime near-ring of 2—torsion free.Now let

D, : NS - NS be the induced derivation on NS.Then if ag € NS is

any element, then by Prop. (1), we get
D; (ag) =0.Thus we get D; =0.
Hence by (Theorem D), we get D, =0 which gives D=0( as Z(N)

contains no
proper zero divisors) .

Section 3: Zero-symmetric left centrally prime near-rings

which are abelian

In this section we look for those conditions under which a zero-
symmetric left centrally prime near-ring becomes abelian and we give
below a sequence of theorems in each a condition is given that makes a
zero-symmetric left centrally prime near-ring an abelian near-ring.
Theorem (4):

Let N be a zero-symmetric left centrally prime near-ring in which
Z(N) has no proper zero divisors and if D and D’ are two nonzero

centrally zero derivations on N and D(a)D'(b) =—-D’(a)D(b), for all
a,b e N then N is an abelian near-ring.
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Proof:
Since Z(N) has no proper zero divisors so by Prop. (4),

S =Z(N)—{0} is a multiplicative system in N for which [S, N]={0},
also by Prop. (5), NS IS zero- symmetric.Hence NS IS a zero-symmetric

left prime near-ring.Now consider the induced derivations D, and D, on

NS .Toshow D, # 0.

LetD, =0.If xe N is any element and by fixing an s € S ('since S # ¢),
we get (D(x))g =D, (Xg)=0.Hence there exists teS such that

tD(x) =0.SinceZ(N)is without proper zero divisors and t = 0(because
0¢S) so D(x)=0.The last result is true for all xe N which means that

D =0 which is a contradiction.
Hence D, 0. In a similar way we can get D}, # 0.

Now for all a,,b,, € NS where a,be N and u,veS, we have

D,.(a,)D;(by) = (D(a)),, (B'())y, = (D(a)D'(b))yy = (=D'(a)D(b))yy =
(-D'(@))y)DB))y =—(D'(@))y (D)), = -Di(ay)Dy(By) Thus N
is a zero-symmetric left prime near-ring and D, , D, are nonzero

derivations on NS such that D, (a,)D(b,) =-D,(a;)D,(by,), for all

au,bv € NS .Hence by (Theorem B), we get that NS Is an abelian left

near-ring.It remains to show that N is abelian.So let X,y € N, then
Xg,Yg € NS and Xg +Yg =Yg + Xg.Hence (X+Yy)g =(y+X)g.That is

(X+Vy,8)~(y+x,s) and hence there exists reS such that
r((x+y)s—(y+x)s)=0 or rs((x+y)—(y+x))=0.Since Z(N) has
no proper zero divisors and O0#rseS=2Z(N)—{0}) so we get
(x+y)—-(y+x)=0o0r x+y=y+x.Hence N is a left abelian near-ring ¢.

Theorem (5):

Let n be a positive integer such that N is an n—torsion free zero-
symmetric left centrally prime near-ring in which Z(N) has no proper
zero divisors and D:N — N is a centrally zero derivation on N with

D"(N)c Z(N).
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If D(Z(N))={0} then D"(Z(N))={0} and (N,+) is a left abelian
near-ring.
Proof:

Since Z(N) has no proper zero divisors so by Prop. (4),

S =Z(N)—{0} is a multiplicative system in N with [S, N]={0}.
Also by Prop. (2) and Prop. (5), NS IS an N —torsion free zero-symmetric

left prime near-ring.Now consider the induced derivation D, : NS — NS

on .
Ng

Hence by (Theorem E), we get D] (Z(Ng ) #{0} and (Ng,+) is an
abelian left near-ring.LetD"(Z(N))={0}.If a < DQ(Z(NS)) we get
B eZ(Ng) such that o = D, (B) butthen B =y,, for yeN,weS.To

show y € Z(N).Let xe N, then X, € N, .Hence Bx,, —x,B=0 or

S
YwXw — Xw?w =0 which means that (X —Xy)y,y =0.S0 there exists
0e€S such that o(x—xy)=0.As Z(N) contains no proper zero
divisors  we get X—Xy=0 or X=Xy.Thus yeZ(N) and
D" () =0.Now ¢ = DJ}(8) = D} () = (D" (»))yy = Oy, =0.

So DQ(Z(NS))z{O}.This is a contradiction.Thus D"(Z(N)) = {0}.It

remains to show N is an abelian left near-ring, so let 4,6 € N then

ﬂ,S,HSeNS and NS being abelian so Ag+65 =605+ A5 or

(A+0)g=(@+A)g and hence there exists oeS such that
o(A+60)—(@+ 1)) =0 and since Z(N) has no proper zero divisors so
A+0)—(O0+1)=0 or A+0=60+ A.Hence (N,+) is an abelian left
near-ring 4.
Theorem (6):

If N is a zero-symmetric left centrally prime near-ring with Z(N) has

no proper zero divisors, and it admits a nonzero centrally zero Daif 1-
derivation, then (N ,+) is abelian.
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Proof:
Since Z(N) has no proper zero divisors so by Prop. (4),

S=Z(N)-{0} is a multiplicative system in N, and from Prop. (5), we get

NS is a zero-symmetric left prime near-ring.LetD, be the induced

derivation on NS .Then from Prop. (3),

we get that D, is a Daif 1-derivation.Hence N is a zero-symmetric left

S

prime near-ring and D, is a Daif 1-derivation on NS.Thus from

(Theorem F), we get that (NS ,+) is abelian and as Z(N) has no proper
zero divisors (N ,+) is an abelian group .
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