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Derivation of formulaes for evaluating double integrals and
their error formulaes by using Trapezoidal rule.
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Abstract

The main aim of this search is to evaluate double integrals numerically ,with continuous
integrands or continuous but at least one of the partial derivatives is singular or with singular
integrands at one point or more of the integral region and to find the general forms of correction
terms (Errors) with respect to the behaviour of integrands by style different from style that
Mohammed [4], Altaii[9], Dya’a[12] used it .By depending on that the correction terms that we
found it we improved the results that we got it .And we found the method RTT(compouned
method depends on Trapezoidal method for the two dimensions x and y ) and Romberg
acceleration can be depend on it when the subintervals of interior dimension x equal to
subintervals of exterior dimension vy, that is (h =h)where as h means the distances between x

ordinates and h means the distances between y ordinates.
This method gives high accuracy on the results with little subintervals and little time less than
the others searchers needed it.

daxial)-]

4 gisall 7 sl 35131 ) peadll 4550 5 ddaw siall S el alag)s 2 shaad) dalie slag) 8 Al 4l oLl @)
ds> p=2(1-00S0) <l Finia G50 e @il pan) elld o JUaS 5, AU JalSH o o 081 51l ol ala)
sobledadl N X 24y i 427 =4 ) daad dalise A€ (aie prhans Aalise alag) 8 4hadl e Slad | kil ) sadll
Ahay) 2l il X2y P 427 =36 50 dakd dalue cls o p=(1-c0sf) Sl aie G
¢ saall | shalus (Al (pfiald) (g AU OIS Jlae A cpfiald) e LS Jae 35 [13] 5l il 3, y2+22=6y
ple [3] masSlas sl pela Las £ (X, y ) =F, (X)), (y ) drally s ciunal) CSLalSall il Lol OIS Cilasa e
1975 ale [6] isinl s adly | IV () slag | 1S agiS) Alinall cOlalSall cld ISl J2iE) (g agie 5 1973

O paladll adls S g Alinall of dgidall b Abinall ol 5 jaial) OO @3 COLIST [14] a2 e 1984 sle s
Gk aladiuly elly 5 (LagalS ol i jle o) ol 5,0 JDlie ) 3 COlSall cilS ¢ su) JolSill (e Aalall el e Ui Y)
Jiaad 48 )l 5y o)Al 2l o G glS 3aelE L andiind i) (@ e ) (o slS Lgie a5 X Aol aad) e lS

225



2012 / ale / a ) aaad) - dlad) Alaal) — dsalad) o3 S daaly Ay

Ol o (S 3ol Lgd andin) Al (G sS) GuslS Liayl Lgins X Aalall sl e o ol 3daiil) 308 pe &l yaa g
w\bmuexﬂy}Jthﬁﬂem\uﬂ\ (éﬁj))éﬂ})ﬂ@\ﬂsf@)k&ﬁ) XGJA\AM} y ‘5;‘)1.;}\
saaie COSE e g odled A el 3kl G A5 A e il 885 x Jalalls y o e il ) e el
Ol e 5 et LDl Al Sl dpilly 530kl A (e Juzad) o (eslS) e slS (e A all A3y k) ol
sl AEiiall Aline LeiblalSe ) S Gilin (8 Juad) A (GeslS) & aa sy e S el A5y phall () S gl iy )
<yl sae 5 OIS Aiial) adll ) ol EY) Ao ju s d8al Cus (e X A 2xd) e LdDlie) Ll Sy ) 5 Alins
i) 45 3]

Cpaxdl e 5 i) danat 38y )l ae o l) Adadill 3208 (e AS e A5y Hla 48 51 2002 ple 8 sy [4] a2 a8 LS
2l msaill 3 9aa) E_(ﬁ) O Con (mes)) ey Ak Llauls yos X (el e S dlaa) 52 e
<yl sae 5 Allail) Aadll ) ol 5BY) de g 480l Cun (e B g0l Calaef 385 JalSa) @ he e s (X A
L Aeadiia) 4 5l

AP y @JN\ M‘é&ﬂﬂj)d&;ﬂ@gbmﬂ\ ahaaill 3acd 2005 (:LG‘EC\AJ;:\“\JAE[Q] ‘_;LLJ\ Lal
B Ao s A8 G e B il Cilaed g X ARl 2l e S W) Jlas) ae X AR el e () gunans
A el byl e (B dasy g cOSEL Adial) agal)

A ) 515l g Alimal) DSl il AN LS Dpnaell al) slagl A Gy [5] 0305 a2 e US 238 2009 ale
Dty ik SO
e Sy X Qs\ﬂ\@\@;owsx&mm\@\#\ehﬁojh) , RT(RS) ,RM (RS) RS (RS) iy
w&d\j&é&éﬂj‘)dﬂ;ﬂe\mb} y(“:AJu\Juj\‘_;cUM\MbLu_gG&u}\M\Bmﬁ_guMBmﬁ
Y] de s 483 Cun e Jud) & RM (RS) 48,k of 1538 285 cpanl) SIS & JlieY) Jlad) pae aa y 5 X
. Aadiaal) 4 3all il e g cdlalSall Aaaal) a6l
sl Akl 3308 ae @ jaa sy it 485k e 4S50 dpaae 30 a )l 2009 ale b Crendiul 8 [12]¢lua
Lgiliidie (8153 paiune 5l B paivne LeiDlalSa CuilS o pa AL OIS i lad () sasnans 308 g &l yaa 5 ) Jomad 44y 5k g
, RM (RS) & Gkl odas lgd eV elall (Sadl e (e A o led eyl i) (Saay Aling 5l Alina
ALYl 5 deadiuall 4 50l &l jidllase 5 48 Cus (e B il Ciaef N RS(RS) sRS(RM ), RM (RM)

oo Adidiall Alina (€15 paitinall ol B painall SN 3 IS il 4 RM (Rs):ufuu o) S cla g L) )
Lt e W) olad) Sy il Alinall LSl €l OIS ) Alina LeiDlalSe e ) Bl dilly S Y el&))
dy,h a @kl Jaadl o) Caagd | led PDieY) el Say V) Alisall OOl oSl Al b
. RM (RM)
- E(ﬁ)w\@mc\)ﬁ“\m@ma\)uh;ﬁu;%

14138, el axd) e & jaa sy il ae o ) Al 3l aladialy Aol sl e eI o) - 1

[4] 3& ,Jalall e 45l 41Sa) e a1 S Y) Jlie V) Hlas 33 e el y - 3

o Cluad dpnae 435k el A oMef b 0 bl alexinl Ll plae o ol [11] JlSe caas 2010 dle 8

Y o5 X ol o o gl ddadill e 8 Gaudal e Aadlil) gl e o jae sy Janad 38yl Jlexiiuly @l o 400 el
3y Lgal) 1 3a3 ) 4 ) ol i) axed 4 slse A3 22l e JalSil) 3 53 Led) T 3a ) 4 ) ol i) aae ()5S0 Laie
S e ddad) el 2l saeldl e i MM of Ges RMM Wiewds h=h o) 3 ca)al) aadl e Jalil

-1 2 [11] JSe Letandia &ﬂ\zmlﬁﬂhﬁ\w\} &M\ML&SC)AMJS@BMM\J Sal<all

db m n
MM ()= [ («,y)dxdy =h2Y>">F (x,.y;)
e j=li=l
2i -1 2j -1

h j=12,..,m ,y,=c+ h of Al

)i :1,2,...,n y Xi =a-+

ilinall g Alinall 5 5 paiusall COLISEN daodiiall 408 3l &l iall e BB 20y 483l Cus (e B &l e Glias M
A 3al) i

226



2012 / ale / a ) aaad) - dlad) Alaal) — dsalad) o3 S daaly Ay

Glual e (31 ke G et 3 o3le ] AT 11] ) aileninl L aliie G sbud [15] (om0 C2a38 2011 ale A
Sl ) e as o)) ALl sacld Gadad (e Aailil) adl) e o e sy dand Ay pl sy @lld 5 Al OIS o8
e (chnsll dhadill BaclE 5X Al andl e ) sanan 332l Gukai g3 e Y (AN 2l e punan saeli g X
58 L) T3a8 ) 4 3a) ol i) dae 55 Laie (panall DS e (5 gassans 8208 (Gl ey s A1 300 Y (o JAl 2l
Grals N =h o 3 oAl ) e JalSall 5 5 Leal) 1 ad i i el oyl sl 4 gl 2l sl e JalSi)
saeliy X GJaall ol o ol el sae 8l je 5 gy of s sl e (RSS,RMS,RSM) = e sill o3
2l o sl Adadill sacld o X Aol sl e suan 3ac @l 30 i MS O s (B Y ) andl e ) guans
IS e dariadl d jragy dinad A ppdi Ry Y o X o) S8 e Addadll ) gousans 32 30 55 SS et Y (sl
Jallall S s 8 sl 3 gaad Aalal) Zapall alag) 5 o) g8l e BaclE JSI e all Caedd 28 3 SN a8l (e B2 8
—1 ot [15] omse lele clian ) ac) gl Aalall fpall s JalSil) Adkaie Jalis (e A JS 85 yuiana Al

bd h2 n
SS =£!f (x,y )dydx =?{ f (a,c)+f (a,d)+f (b,c)+f (b,d)+4izzl:(f (X :€)+f (X gy ))
+2T1_1(f (XZi'C)+f (X2i d ))+4i[f (avy(Zj—l))+f (b’y(Zj—l))+4if (X(Zi—l)’y(Zj—l))

n-1 n-1 n n-1
+2) f (X2i’y(2j—1))]+22(f @Y,5)+f (0,y,)+4DF (Xigys V) +2D (Xzivyn)ﬂ
= i1 i1

i j=1

,1=12..,n-1,x, =a+2ih i=L12..n,X,=a+(2i -Dh

O Cua

j=12,...n Y i =c+(2j-Dh | j =12,...,n-1,y,; =c+2jh
bd h2 2n n n-1
MS = [ [ (x,y )dydx :?;{f @y;)+f (b,yj)+4;f (X(Zifl),yj)+2i2:1:f (x2i,yj)}

j=12..2n , 'y, =c +(21—2_1)h

O Sua

i =12,...,n, X4 =a+(2 -Dh ,i=12...,n-1, x, =a+2ih

b d h2 2n n =
SM = [ [ (x,y )dydx :?Z[f (;,0)+F (X, d)+4D T (XY ) q)) + 22 (Xi’VZi)}
s i=1 =t =1

i=12...,2n, X, :a+(2|—2_1)h
J=12..n, Yy, y=Cc+@2j-Dh , j=12,...,n-1, y, =c+2jh
VS oDle 85 Sl EE ae ) il (gl 3 saa)adll fua o))
| =SS (h)=Ash*+Bgh®+Cgh®+---
wsh?+Byh*+C ,h®+---

(h)=A
I —=SM (h)=Ag, h*+Bg, h*+Cg, h®+--

hle s il s Agy By ,Coy e Aws 1 Bus:Cus Agg 1B Cggyrer O S
43yl Juad) ulS 3 paitunall ST daddiiaall 490 3l Ol yidll e JulB 20y A8al) s e B &0 e cilias M
.RSS

227



2012 / ale / a ) aaad) - dlad) Alaal) — dsalad) o3 S daaly Ay

el dadie (e au gl Adaiil) Bacld aladiuly A je daae @Bk [16] el Aaldl Cudd 2011 oo A5
YL 33kl 038 Caasl 385 (K5 5 ey
Al ol e oS5 x Aalall sl e @y ) dis) e (ol Akl e S e 4y )k 2 s AM(RM) 435k -1
(y
() 38 e 3 e (Sl Jinat ) e (s ) Adail) 308 (40 S je 453 yha 28 5 AM(AM) 48 )k - 2
disad e Qpusens ey X Aalall ) o S5 Jinal ) ae () gusans 3328 (0 48 50 43y )l 4 5 RS(AS) 43,k - 3
Y el e d
dinad g e Baely X 30l aadl e ol jiag ) dinad ) ae O gsens 3308 (10 A€ 50 45, )l 8 5 AS(RS) 44,k - 4
(Y ol e ol
(Y o) Jelendi s x Jalall sl e (S5 Jiaat Yae () gsans 3328 (0 A8 e 48y )l 45 AS(AS) 48,k -5
S Jiaad aladil & ey (ass sl Adaill aladiny (paeddl e JolSill dad Claas 435k 028 (& sy AMM 48 )k - 6
Al 5 Y1 Ak x Akl sl e St sl g
] a2 Gl Leasd ) 5kl aa s Leaany qn o3e ) 33kl (he Lle cilean il aeilial) 45 )l ialil cadls il
S Akl Xy T RS(RS),RM(RM)] sl &alll Lheasin) Al @ikl X [RM(AM),RM(RM)
Jal Laxtieaddl 5kl oda Jumdl (b Lgiayla i) COLISE A (e Caag 35 [ RMM] JSe diald) Lieadin)
sile day5 48aa aill gy &) S 55 [ RMM ], RS(RS), RM(RM) Gkl o8 3 peiosall 40801 oSl
3, all s RM(RM) i shall 6 Al il OIS Alls 8 L), JalSal A (8 28 podl J)sall 346 2 5 o b
Aall S 13 Wb il 4y pde (il ye 23a 5 Uny) Leailis il RS(RS) 46 pall Lol Alextineall (531 ylal) Jumdl LS RMM
Ay el G yiall aae g A8all Cus e Bua Cq\.u Okt RMM 4 )kl RM(RM)@JH\ ol Jelall dahaia Lﬁ lina
Agaa) Lagl) )l JBY) 8 s Aidey i€ RS(RS) 4kl Laiy deaiiosd)
I QYRS ju Cua (e uadY) ARM(RM)A okl a5 (81481 Cua (e B2 Le Lo 50 cilS 5 AY) @il Lkl L)
aaall Al
e Al aidl) e @l jiag ) Janal A4 jla (gaadaty @lld 20N GOSN 4l Gluad Zpaae A4 Hla WL Jaa Wiay 8 Ll
A ) g sae sS Ladie | (y o olalls X I el IS e o yaiall 405 5l e Al Bae il ) Gl
Al 2l e JalSl s 5 L) Tiad Sl A el el il el 4y glse A0 sl e JaSED 3 55 el a3 )
CY e Al JSLAS Sl A3y phall (Uadd) ja) sl 3 saad dalall Lapal) WSl g TT osacldll Lyasl s (h =h )
s Jalsill dilaia (o JIS) ) Baal g Adads & L)) Jine OS] jate o) JolSill Al ol (e dhads JS 8 jatisa) JalSall
(Sl dilaia (e SiS) 5l AL b Jina

iadal) dsd asl8 a)adiudy Uadl) A g Al cdlalgil) Glua 30 68 glaid) -2
sacldll gk e dailill aitl) e & juay ) danad 45y yha (Gaadal a3 (e 5 AN OIS Gluad Apane 45y 3k () (e
zﬂ\@jip@l\@p\a\ﬂ\qm) n e (y 2ol X sl guaedl SIS e (o aiall 40l 3ac18) 4S )
Sy Bl eyt (=) ol ines ([, 0] 5 L) 1305 A Bl il ey m ) st ([,D)]

UJM\)SL,’JLuM\MoLU&JLJUAMSJA\amM STT LA\J)M}JJ.\MM.\)H SR O dus RTT
LSA sac all cJ«J Aalall 4\.1:\..41\} y @‘)\Aﬂ} X ‘_;;\JM

2

TT :ﬁf (x,y )dxdy :%[f (@c)+f (@a+d)+f (b,c)+f (b,d)+

n-1

ZZ[f @y, )+f 0,y )+f (x,,c)+f (xi,d)+2'_‘z:1f (xi,yj)ﬂ

i=1

j=12,---n-1 y; =c+jh i =12,---n-1 x, =a+ih o
- Double Integrals With Continuous Integrands 3 saiws cSlalSal dulil) el ; Y
db
=”f (x,y pixdy SV Giae | JalSil () i

[a,b]x[c,d ] Jelsill dahia Ll (o ddaii JS (b saine JalSa f (X, y ) Of
228



2012 / ale / a ) aaad) - dlad) Alaal) — dsalad) o3 S daaly Ay

LAY 5 pealls | SRl RS (e ple (S

I =||f (x,y)xdy =TT (h)+E (h) ..()
s Aluls & E(h) Oy ,omadl S e Capaiall 4l sacld aladiuly Lose JolSill 4ad i TT (h) o) Cua

n m

O O
QD e T

jf(x)dx
o yaiall 4l sac ey

Xff (x)dx O %[f (Xo)+2f (Xo+h)+2f (Xo+2h)+---+f (x,)]

hoXo=X0 e
b Copmidl 4wk el aldiuly sodiudd) GOLKAl @l Aplay) cdldsall Uadl) na;._,m s
E, (h)=—%h2(fn(l’—fo(l))+%h4(fn(3)—f0(3))—--. - (2)

e deani (2) 4uall Mean-value theorem for derivatives Jualédll 8 ddaw giall dasdll 4y )Es]e\ﬁi
E, (h)=¥h2f <2>(ﬂl)+%h4f D (1)) .. (3)

. 1=123,.. , ,ui,e(XO,Xn)i\P
b
Go (SHSY ae bl 5 X and) o Gopaiall 4l sl Tase s oSy J.f (X, y )dx el Jalsall dills
) REF!
b n-:
T =1 G, y)ik =2 (F @y)+f ©.y)+2ET (x,y)-
a i=1
(b—a)hzazf (M.Y)+(b —a)h4a4f (1) —a)h656f (ua,Y)Jr___

(4
12 Ox 720 ox 30240 ox © @
oo Jomn (IS e Jalal) 5y ) Al (4) B ALl g, p1g, o+ € (A,0) O i

229



2012 / ale / a ) aaad) - dlad) Alaal) — dsalad) o3 S daaly Ay

2

TT =ﬂf (x,y )dxdy :%{f (ac)+f (@ad)+f (b,c)+f (b,d)+

znj(f @y )f B,y,)+f (x,,c)+f (xi,d)+2r_‘z:lf (xi,yj)j}
(0o Ghy) 00007 Goy) O80T ),y
A ox 2 720 ox' 30240 ox°

hi@-c) zaf(aﬂn) (d-c) 4841‘(&212) (d—c) eéef(aﬂqs) s
2| -12 oy 720 oy’ 30240 oy °
hi@ —c)hzazf (b,121)+(d —c)h464f (b,4,) ( —c)heaf’f (b,123)+”_ N
2| -12 oy ? 720 oy * 30240 oy °
hz[(d C)hzéf(xwzuzl) (d C) 46f(xl’4|+22) (d C) Gaf(x"6'+23) :| (5)
oy 720 oy 30240 oy
j=12--n-1 y,=c+jh i=12--n-1 x,=a+ih o&n
1=1,2,3-- k=123--,n+1ds 4, e(c,d) s

Glo Joant JalSill das ol dadl) dia e alasinly
db 2
TT =[[f (x,y)dxdy :%[f (a,c)+f (a,d)+f (b,c)+f (b,d)+

zr_f(f @y,)+f B,y )+f (x,,c)+f (xi,d)+2n_2:1f (xi,yj)ﬂ+

2 4 4 6 6
OX 720 OX 30240  ox

h{nm—wa%mﬁm+nw—m6%mﬂg rwm—ma%u“@mq+

+hY

2 -12 o922 -12 ¢y? o 12 oy 2
4 4 h— _ 4 ) )
e[ N0 T @) N ([@=0) T 0. 4) 2@ =) O (X0 )|,
2 720 oy 2 720 oy S 720 oy
e TTaeE Ol il § =123+ (,d) 5l (i o 6, o

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

2

T =71 (x,y )dxdy _h—{f @.c)+f (a+d)+f (b.c)+f (b,d)+

'\.]'\.'\.

H

n-.

2, (f @y)f @,y;)+f (x;,c)+f (X.,d)+22f (XY )ﬂ

“A-h?+B. h*+C. h®+ (6)
TT TT TT
rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

MY)X}wa\‘;\M\Jfﬂ\ﬂm)ﬂ\uM\&\.@.A.\AJA.\:_\&_L\\}J y e CTT’ BTT’ATT O dus
.hle

L R A A T T T

| \
=

Ul

230



2012 / ale / a ) aaad) - dlad) Alaal) — dsalad) o3 S daaly Ay

A jad) cliidall Adine — b_paliaea cdlalSal 4l cdlalsal) o Lils
Double Integrals For Continuous Integrands With Singularity in Partial Derivatives
Jalill Lgal 4l a5l - A g¥) Al

Yn X

J=jjf(x,y)dxdy (7)
Yo Xo
adlall o) s f &M\M&SJA&M [xo,xn]x[yo,yn] Adaail) aie ASiial) dliea L] (Xovyo) @Li..u
ynxn
Y JSEIL e ) JalSill 4 ] = I If (x,y)dxdy =

Yo Xo

Y1 X Yn Xy

.”f (x,y )dxdy +TTf (x,y)dxdy +yfxff (x,y )dxdy +_[ _ff (x,y )dxdy

Yo Xo Y1 Xo Yo X1 Y1 Xy
OsS Alg(x,,y,) Adaill Jsa L0 Aluluda aladiuly f (X, y ) 8 aakaied (31X, y,) Adadil) die 48 e A1 ol Ley
Lyl

% )2 IRVRY:
f (X,y):|:l+(X _Xl)Dx +(y _yl)Dy +%DX2+(X _Xl)(y _yl)Dny + (y 2?’1) Dyz

_ 3 _ 2 _ _ _ 2 _ 3
(%) o, XY =Y pap XD =Y oz, (XY )’
41 g ! o 212! o 3!

3
y+

(y -y (x =x,)°
D,D; + 4!1 D, + 5!1 D>+ |f (X, Y,) ---(8)
e drand (XO’Xl)X(yO’yl)M\‘;(S) lalSay 5

Y1 Xy _ 2 _ _ _ 2
[ cc.yxncy =[(x1—xo)(yl—yo>—(x° Vel p LaX el p
Yo Xo
(XO_X1)3(Y1_yo) D2+(X0_X1)2(yo_y1)2 D D _(Xl_xo)(yo_y1)3 D2_
6 X 4 Xy 6 y
(XO_Xl)A(yl_yO)D3+(XO_X1)3(y0_y1)2 D2D +(X0_X1)2(y0_yl)3D DZ_
24 " 12 ) 12 o
(Xl_xo)(yo_y1)4 3_(X0_X1)5(y1_y0) 4 (XO_X1)4(yo_y1)2
D D, + D
24 g 120 " 48
(Xo_x1)3(yo _y1)3 DXZDZ + (Xo_X1)2(yo _yl)4 DXDS _(Xl_XO)(yo_y1)5 D4
36 ’ 48 ' 120 y

3
XDy+

_(Xo_x1)6(Y1_y0) 5.,
220 D, + }f (X1, Y1) (9)

231



2012 / ale / a ) aaad) - dlad) Alaal) — dsalad) o3 S daaly Ay

O oxi-h o (YO_yl)U‘:J (Xo_Xl)U‘: dxy, h = (Xl_XO) oesh = (yl_yo)o‘: ua sl

RS h3 h3 h4 h4 h4 h5 h5 h5

f (x,y)xdy =|{h?*~—D, -—D,+—D?’+—D D, +—D?-—D3-—D’D,—— D,D?
y{x[(y)dy{ 2 Y 2 7Y 6 X4 YV e Y24 * 12 XY 12 Y
h® h® h® h® h® h® h’
~3705 + 125 Di+4=DiD, +2-D/D] +7-D,D] + D ~ D - }f (X.,Y,) -(10)

sle diani (8) drpall Sy 2y o5 X, 2X s pas Y

X _X 2 _ 2
f (xo,yo){u(xo—xl)ox #(yo-y)D, + 22X D2 (6, —x,)(y, -0, D, + Lo L o

+(X0_X1)3D3+(X0_X1)2(y0_y1)D2D +(X0_X1)(yo_y1)2D D2+(YO_y1)3D3+(X0_X1)4
X Xy 2 Xy y

6 24
DX4+(X0_X1)3(Yo_y1) stD +(X0_X1)2(yo_)’1)2 DX2D2_|_(Xo_Xl)()’o_yl)SDxDs_|_(yo_yl)4
6 y 4 Y 6 Y 24
5 4
D4+(X0_X1) D5+(X0_X1) (yo_y1)D4D e | (X, (11
y 120 X 24 X y ( 1 yl) ( )

O aai (8)dxpall (& y =y Oes X = X e pas el

| VoY) n2, oY) ns . (Vo—Y)*
f(xl’yo): :L"‘(YO_)H)Dy+ 02! : D;"‘ 03! : Dj"‘ 04! : D;"‘"']f (X1'y1) "‘(12)

O i (8) Axpall 8y, Al y 0oy X Al X O Ol

B _ 2 _ 3 _ 4
f (Xo,Y,) = 1+(x0—xl)DX+(X°2|X1) Df+(x°31X1) DX3+(X°4IX1) D;‘+--}f (X, Y,) -+ (13)

(11),(12),(18) <¥axdll 3 —h 2 (X, —X,) o5 —h = (Yo = Yy) o oaseils
Sl (11) Adad) (o Jeanié

h? h? h® h® h? h*
f(XO,yo)z[l—hDX—hDy +?Df+h2Dny +?D5—€Df—7Dny _E DXDVZ_FDj
h44h43 hAzzh4 3h44h55h54
+—D'+—DD, +—DD+—D D’+—D;-——D>-—D_D_, —--|f (X,, ---(14
24x 6xy 4xy 6xy24y120x24xy (1y1) ()
se (12) dlaadl e Jand QS
o hioa e ht ]
f (x1¥o)=|1-hD, +EDY _aDy +ZDV _EDy +eoe F (X0 Yy) -+-(15)
e (13) Aabeall (0 Jaasi Liay)
B hZ ) h3 3 h4 . h5 5 N
f(XO7yl): 1—hDX +EDX —ED +EDX —EDX +-e- f(Xl’yl) (16)
2
sle Jani(10) Uabeal) pa lgaea s —hT—J (14),(15),(16) <Yabaall (s yuiay
Y1 % h2
J 10y dedy = [f (o y o)+ (oY) +f (X1 yo) +F (i, y)]+
Yo Xo

[h*(#D7+3D7)+h*(4D+£D/D, +4D,D; +4D7 )+h® (5D ++)+- |f (x,y,)  --(17)

232



2012 / ale / a ) aaad) - dlad) Alaal) — dsalad) o3 S daaly Ay

Uadl) dapa Lgiaay [X o, X, I%[Y o, ¥, ] 2akiall Gy | X cpamd) e cajaiall 4 sae ) JalSil) dad Jiai(17)4a el
GlAY Ll ) yid 8 AEdal) jatese JalSall (4l A ) Gt colalSill dplly Ll (Xy,Y,) Absll Jsa (sl 250a)
VS5 Y ) 8 Llad LS Lgadd () o€ 5 JDUie D dpilly A0S0 4 Lo 2 5 Y

n-1Yia X1 h2n1
ij(x y)ixdy =Y [ [f(x, y)ixdy =03 [ 00, YD+ (oY) +F 060,y 4T (Y 1))
Y1 Xo 1=l y; x, =1
+Ah?+Bh*+Ch° +... -+ (18)
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+(Xn_xn—1)(yn_yn—1)2D DZ_'_(yn_yn—l)3 D?;_'_(Xn_xn—l)4 D4+(Xn_xn—l)3(yn_yn—l)
2! o 3! y 4! X 3!
D3Dy +(Xn_xn—1)2(yn_yn—l)2 D2D2+(Xn_Xn—l)(yn_yn—l)sD D3+(yn_yn—1)4D4
g 2121 o 3! o 41 Y
+(Xn_xn—1)5D5
5!

e (F (X0 Y o) ++(26)

e daai (23) el Ay oy o5 X = X 0m Uil

_ 4
f ()= 1007, -y, 0D, + e Yaal pe 0o Yaid s +WD;‘+---}° (p¥ed) @)
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6 | 098 889 630 27 141
) 2525 ) 0.16787443368
RTT saeldll duasial [ [ cos((X +y ) 5)lxely Jolsil Aad o (1)dsos 141
2 2

238



2012 / ale / a ) aaadl - pdlad) Alaal) — dsaladl o3 S daals Ay

11
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n TT k=15 k=2 k=2.5 k=3.5 k=4 k=4.5 k=5.5 k=6
1 1.96349540849
2 1.40717170942 | 1.10290817518
4 1.22941332917 | 1.13219404279 | 1.14195599866
8 1.17114373021 | 1.13927502832 | 1.14163535684 | 1.14156650310
16 | 1.15166883332 | 1.14101765854 | 1.14159853528 | 1.14159062832 | 1.14159296746
32 |1.14506264783 | 1.14144960501 | 1.14159358717 | 1.14159252463 | 1.14159270849 | 1.14159269122
64 | 1.14279644055 | 1.14155701063 | 1.14159281250 | 1.14159264615 | 1.14159265793 | 1.14159265456 | 1.14159265286
128 | 1.14201250969 | 1.14158376367 | 1.14159268136 | 1.14159265320 | 1.14159265388 | 1.14159265361 | 1.14159265357 | 1.14159265358
256 | 1.14173966080 | 1.14159043478 | 1.14159265848 | 1.14159265357 | 1.14159265361 | 1.14159265359 | 1.14159265359 | 1.14159265359 | 1.14159265359

11
RTT 520l Jlasials [ [sin(x) +sin~*(y Jixdy (U Jul<il dad e (2)d 5o
00

1.14159265359
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n TT | k=15 k=2 k=2.5 k=35 k=4 k=4.5 k=5 k=55 k=6
1,00000000
1 | 0000
1.94990606 | 2.46942693
2 | 1013 6720
2.21098208 | 2.36769156 | 2.33377977
4 | 4953 7210 7373
2.29835426 | 2.34121742 | 2.33239271 | 233209485
8 | 0484 6573 3028 8667
232162577 | 2.33435338 | 2.33206537 | 2.33199507 | 2.33198540
16 | 2566 5151 1343 8396 4415
2.32871100 | 2.33258605 | 2.33199604 | 2.33198224 | 2.33198100 | 2.33198071
32 | 8533 2756 1958 7621 3522 0129
2.33002400 | 2.33213432 | 2.33198375 | 2.33198092 | 2.33198079 | 2.33198078 | 2.33198078
64 | 2562 9185 4662 2858 4411 0471 3723
12 | 2.33163222 | 2.33201956 | 2.33198131 | 2.33198079 | 2.33198077 | 2.33198077 | 2.33198077 | 2.33198077
8 | 7653 8318 5362 1554 8823 7784 7660 7464
25 | 2.33186386 | 2.33199054 | 2.33198087 | 2.33198077 | 2.33108077 | 2.33198077 | 2.33198077 | 2.33198077 | 2.33198077
6 | 2255 7425 3627 8770 7530 7444 7428 7421 7420
51 | 2.33194102 | 2.33198323 | 2.33198079 | 2.33198077 | 2.33108077 | 2.33198077 | 2.33198077 | 2.33108077 | 2.33198077 | 2.33198077
2 | 8910 2756 4533 7548 7430 7423 7422 7422 7422 7422
11
RTT saoli) Jlesinls | j{ L . L dedy JulSill Aad (s (3) Usos | 2.33198077
2ol VI-Xy X4y 7422
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23
ase JalSa 3 L RIS, (4) JEEI (8 ol s Aol Al g e 2 [ [IN(xy —2)dXdy e ) JalSl il
12

Lilaa 5 (Ladll) e laia (e ooy TT saclil) ey aaall Gl il g, (X,y)=(2,1) Ledie lae JalSil) ddkaie 8
Jiad Jleaind 2235 N=2048 5 N=1024 5 N=5125 =256 exic (0.40552) &y ke il yo Lued] il dadll o
il Jll 5 (22) Lapall 8 momaaill 3 g slaiely 5 leand) miliil) e [1] &y,

E (h)=ah® +a,h* +a,h® +o,h® +ach” + g h® +- -
) Uadl) Cluialy lld g n=2048 Ledie dasaia & pde il je g JIY) e Uas | il o, a1, @5, S
RTT (h,)-RTT (h,)|
RTT (h,) |
Jilal (0.405519329)43 e <) yo gl JAY) e dagmia & oDlel b Qe Aad () Cayes Glld ey
(4) Jsaall 0 LS| B b..ax} Nn=1024 Laic ,aYl Caall ‘;2\_3):;; e auil 3 Al alac )

Jsoa (e 4ndi Caall (B Lginds T Aadll ae RTT (h,) 200 dadl) 45 lie; ll3s (107)

logix y-2)

(4) . In(xy —2) ) IS cpy otia Jiia
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n 1T k=2 =4 k=5 k=6 k=7 k=8 k=9 k=10 k=11 k=12 k=13
0.51986038
1 5
0.43508852 | 0.40683123
2 3 6
0.41368321 | 0.40654811 | 0.40652924
4 7 5 0
0.40786094 | 0.40592018 | 0.40587832 | 0.40585732
8 5 8 6 9
0.40619745 | 0.40564296 | 0.40562448 | 0.40561629 | 0.40561246
16 9 3 2 3 7
0.40571449 | 0.40555351 | 0.40554754 | 0.40554506 | 0.40554393 | 0.40554339
32 8 1 8 6 6 6
0.40557484 | 0.40552829 | 0.40552661 | 0.40552593 | 0.40552563 | 0.40552549 | 0.40552542
64 6 6 4 9 6 1 1
0.40553492 | 0.40552161 | 0.40552117 | 0.40552099 | 0.40552092 | 0.40552088 | 0.40552086 | 0.40552085
128 | 6 9 4 9 1 3 5 6
0.40552365 | 0.40551990 | 0.40551978 | 0.40551974 | 0.40551972 | 0.40551971 | 0.40551971 | 0.40551970 | 0.40551970
256 |9 4 9 4 5 5 1 8 7
0.40552051 | 0.40551946 | 0.40551944 | 0.40551942 | 0.40551942 | 0.40551942 | 0.40551942 | 0.40551941 | 0.40551941 | 0.40551941
512 | 6 9 0 8 3 1 0 9 9 9
0.40551964 | 0.40551935 | 0.40551935 | 0.40551934 | 0.40551934 | 0.40551934 | 0.40551934 | 0.40551934 | 0.40551934 | 0.40551934 | 0.40551934
1024 | 8 9 2 9 8 7 7 7 7 7 7
0.40551941 | 0.40551933 | 0.40551933 | 0.40551932 | 0.40551932 | 0.40551932 | 0.40551932 | 0.40551932 | 0.40551932 | 0.40551932 | 0.40551932 | 0.40551932
2048 | 1 2 0 9 9 9 9 9 9 9 9 9

23
RTT ke [ [IN(xy —2)dXdly Al ol 3 e (4) o
12
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dJaadle

Aaall 5 &5 el & seadd @l 5 LIt Aadl) 4 Uiay ) Jim oM 8 Jslaall e Jsta IS Jiad) L)

AEBLLY
ghai sl ods o) (TT ) 5583l sae il Al COLISH Gl v ad) Gind) 138 Jglan 8 S (e it
Akl Jlasind 53 A ad) ) (e s3e Jlaninls OIS Zgdall a8l ae 4 lie (R de (il e 3aal) Aapna Lad
dilaie Jali (pe ddai (S 8 3 patasall Ol ol A8l COLISH Glin 8 ST 7 gz gy @lld jeday LS Lgale Ayl

Jalsil)

Wleas J¥) Jalsil) i) Jad) Jaw o, JalSill dikie (o JiST o ddads 8 4 ) coliidiall dliaal) cidlalSall <l elli
Clatiall Jixall Sall Jalsill s, TT el m=n=16,m =n =8 Laic 4 ke il MU daaia 4ad e
 TTeaclall alasicy M =N =128,M =N = 256 Lexic dapmia 4y jdie (il o OO e Ulias(],1)Akil aie 4 3all
Gl JalSill 8 LS JalSill dihaie (o S) 5 Adas 8 Alimal) OIS Alla 8 dagaial) (i) all (e 220 Ulias Gl
&IV Jalsill 8y TT sacldll Jlasivd die Aagaia 4 pde il jo &6 e m =N =128,256,512 Leie Llas
TT e lall Jleril vie Liad dapnia 4 pde il e pwed Gle m =n =256,512,1024,2048 Levic Llas

G EY) Ao pu G (e Juabl il cadac | 3 ) oS0l ac 8l ae @l yae s ) Jimad aladiad IR (e ) Canaa gl Jglaadl ) V)
oSl Al RTT 48y yhay 4y pdie 435 e pdie Aay )Y Aagaa CulS ), Lo 40 Jall ol il (g Jl8 22ey ALl ) )
N Jalsall i Al LS 5l A el cliiiial) Aline G815 pinall Sl il OIS Ala &GS Y
oo llan Jine dalSall Cua QAN Jalsill (85 daiaia 4500 40 e de il o pT A8k alainly Ulas
Aol Cogyeall e aol ) JalSl g5 ) sSaal) Baclall Jlexiuly M =N =512 Ledic g 4y pde 435 je e S
Gk o) sl Comn gl S5 4 ke (i je autl JIYI o dagan JalSH Ay 5 Aad e Ulas Jind) 5 Ablad)
S RTT 4kl e alaie V) (Ko @lly g balall Lgaall adll ) adll ) 581 Janad (85 € paal I3 & jua gy Jina
sl Ak & JalSall @ gl (S Lage Al el ol
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