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Abstract :

We investigate the strongly II-regularity of rings whose simple singular right R-module are TI-flat . Next we
give the following notion, a ring R is said to be right (left) TIF-ring , if for any maximal right (left) ideal M
of Randany ye M, R/yM (R/My)is II-flat right (left) R-module .Conditions are given for each rings

to be regular rings and right Kasch rings .
1-Introduction :

Throughout this paper R denotes an associative ring
with identity , and R-modules are unital . For a subset

X of aring R the right annihilator of X in R is
r,(X)={reR:xr =0 forall Xe X}.For any

ae R ,we write ry(a) for ry({a}). Some times
we simply write r(X) for ry(X) and
r(a)forry(a). Left annihilators are defined

analogously .\We use J(R),Z(R)(Y(R)), for the
Jacobson radical and the left (right) singular ideal of
R, respectively .

Following [5] aring R is called a right (left) SF-ring
if all of its simple right (left) R-modules are flat .It is

well known that a ring R is regular if and only if
every right (left) R-module is flat [6] .As a
generalization of this concept Mahmood and
Mohammed [3] ,defined right (left) simple II-flat

ring, where we call a ring R right (left) simple II-flat
if every simple right (left) R-module is II-flat. An

element k of aring R is called left minimal if RK is
a minimal left ideal of R , and an idempotent € of
R is said to be left minimal idempotent if € is a left
minimal element of R, An idempotent element
e R is said to be right semicentral element if
ea=eae forall ae R [9]. Aring R is called
strongly right min-able if every right minimal
idempotent element is left semicentral [9] .The ring
R is said to be reduced if R has no nonzero
nilpotent elements[13] . The ring R is called right
(lefty SXM [9] , if for each OzaeR,

r(@ =r@"[I@)=1@")] for all
integer n satisfying a@" # 0. For example ,reduced
rings are right (Ief)SXM ring .A ring R is called
reversible [2] if for a,be R, ab=0 implies
ba=0.A ringR is said to be regular (strongly

regular) if ,a€aRa (a EaZR)for every
aceR ,and R is called strongly II-regular

ifa" € a’"R, for some positive integer n [8], A ring
R is said to be ERT ring if every essential right ideal
is a two-sided ideal of R[12]. A ring R is called right
MC2-ring if eRa=0 implies aRe=0, where a, e’ = e
eR and eR is minimal right ideal of R, or

positive

equivalently if K ~ eR are minimal, e?’=e e R;
then K=gR for some g° =g € R [11].

In section 2 ,we study first simple right R-module
is M-flat .Next ,we show that , R is strongly II-
regular if R is strongly right min-able ring and every
simple right R-module is I1-flat .

In section 3, we introduce the notion of IIF-ring
Next , we show that if R is an ERT, SXM , fully

right idempotent and TIF-ring, then R is regular .
2-TI-Flat Modules

In this section develop meats of IT-flat modules with
some of its and some basic properties are given. Also
we give the connection between simple (simple
singular) II-flat modules and strongly regular rings.
Definition 2.1 : [3]

Let I be a right (left) ideal of R .Then R/l is a right
(left) II-flat R-modules if and only if for each

ael, there exist b el and a positive integer n

such that " #0and a" =ba"(a" =a"b). The

ring R is called right (left) simple II-flat if every
simple right (left) R-module is II-flat. While [3] and
[4] took the term N -flat for this notion.

Following [3] let | be a right (left) ideal of R .Then
R/l is a right (left) generalized flat module if and only

if for each @ € | ,there exists b € | and a positive
integer n such that @" =ba"(a" =a"b) .The ring
R is called right (left) generalized SF-ring if every
simple right (left) R-module is right (left) generalized
flat .

Examples and Remarks :

1-Let Z be the ring of integers modulo 6 and
1={0,2,4} J={0,3}. ThenZ, /| ,and Z,/J are 1I-

flat . Therefore Z is II-flat ring .

2- Every SF-ring is simple II-flat ring .

3- 1t is clear that in case of reduced rings ,
generalized flat modules

coincides with TI-flat.

4-Obviously right TII-flat modules are right
generalized flat modules , but the converse is not
true .

5-Let Zgbe the ring of integers modulo 9 and

K={0,3,6}.Then Z4 /K is generalized flat which is
not TI-flat.

Yvs
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The following proposition gives the relation between
right and left

II-flat modules .

Proposition 2.2 :

If R is reversible ring and | is any ideal of R, then
R/l is aright

II-flat R- module if and only if R/I is left I-flat R-
module.

Proof:

Assume that R/l is a right TI-flat module, then for

each ael, there exists bel and a positive
integer n such that a" =0 and a" =ba" implies
that 1-bel(@")=r(a") (R is reversible) . So

a" =a"b. Therefore R/I is left II-flat R-modules.
Similarly we prove the convers. =

The following results are given in [4] and [11]
respectively .

Lemma2.3:

Let R be a strongly right min-able ring satisfy
condition I(a) < r(a) ,if every simple singular right
R-module is II-flat . Then R is a semiprime ring.
Lemma 2.4 :

If for any a€ R and right minimal idempotent
ee R with eaR =0

implies aRe =0 , then R isright MC2ring .
Recall that , a ring R is called fully left (right )
idempotent ring if every left (right) ideal of Ris
idempotent [12] .

Theorem 2.5 :

Let R be a left SXM .Then The following conditions
are equivalent :

1-Ris a fully left idempotent ring .

2-R is ERT and R/N is II-flat where N is essential
right ideal .

Proof :

(1)=(2) ,let E be an essential right ideal of R which
is an ideal of R .For any Yy € E and there exists a

y"#0
,Ry" = (Ry")*which implies that y" =uy" for
some UeRy"Rc E. Therefore y" € Ey" for
each y" € E. This proves that R/ E is right II-flat

positive  integer n  such that

2 —() : For any aeR. Set
T=RaR+I(RaR). Let K be a complement
right ideal of T in Rthen T @ Kis an essential
right ideal of R .Now
KRaR c KI RaRc KI T =0 implies that
K cI(RaR) whence K< KI T=0. This
show that T is essential right ideal of R ,which is an
ideal of R .By hypothesis R/T is right II-flat .So
for every aeT,there exists a positive integer n

such that @" = 0and a" =da" for some d eT

Yéo
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implies that (1—d) el(@") =1(a) (R is left SXM
) and S0 a=da. If
d =u+v,ueRaR,vel(RaR),then

da=a=ua+va=ua,which implies that
a e (Ra)® where Ra=(Ra)’.Hence Ris fully

left idempotent ring. m
Theorem 2.6 :

Let R beleft SXM ring. Then R is regular ring if
and only if every cyclic singular right R-module is II-
flat .

Proof :

Let b € R. Then there exists a right ideal K such
that L = bR @ K is essential in R . Now , the cyclic
singular right R-module, R/ L is II-flat ,then there
exists a positive integer n such that b" =0 and
b" =cb" , with some ceL. So b=cb (R is

SXM) Setting c=ba+k (aeR,keK)
implies that b=cb=bab+kb we have
b—bab=bk ebRTI K=0. Therefore
b =bab.

The converse direction is clear . m
The following lemma is proved in [14] .
Lemma 2.7 :

Let Y(R) =0 , then there exists 0= X eY(R)

such that x> =0 .

A consequence of the Lemmas (2.4 and 2.7), we have
the following theorem :

Theorem 2.8 :

Let R be a ring with every minimal idempotent
element of R be a left semicenteral and
I(a) cr(a) for every aeR.If every simple
singular right R-module is II-flat , then Z(R) =0 .
Proof :

If eRa=0 where acR and eeRis right
minimal idempotent .By hypothesis ,€ is left

semicentral of R thus aRe=eaRe=0 . By
Lemma (2.4). R is right MC2 ring .Now suppose
that Z (R) # 0 ,then there exists 0 = a € Z(R) ,such

that a®=0, Lemma (2.7) .We claim
thatZ +r(a) =R. Otherewise there exists a
maximal right ideal M such thatZ + r(a) —M .If M

is not essential , then M=r(e), €* = e e R .Hence
ea=0 ,because acr(a)cr(e) . If eRa =0,

then eRaR =eRbecause eR is a minimal right
ideal ofR .Since aeZ(R),eRaR < Z(R) then

eeZ(R) ,which is a contradiction. Hence

eRa=0 and so aRe=0, (Ris MC2 ring )
e e r(a) — r(e) which is a contradiction .Hence M

is essential in R. Thus R/M is II-flat , so there
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exists a positive integer n such that a" # 0 and
a" =ba".sincea® =0 then a =bathis implies

that @-b)el(@cr(@cM, S0
1e M ,which is a contradiction .Hence
Z+r(@)=R Write 1=x+y

,Xe Z(R),y er(a) then a=ax. Since X € Z(R)
and I(X)T I1l-x)=0 ,IL—x)=0. Thus
a=0because ael(@l—X),which is a
contradiction . Therefore Z(R) =0 m

Following [9] , a right R-module M is called YJ-
injective if for any O # a € R there exists a positive
integer n such that a" = Oand every right R-
homomorphism from a"R to M extends to one
from Ry to M ; Riis called right YJ-injective if the
right R-module Rj is YJ-injective .

Proposition 2.9 :

Let R be a ring with every simple right R-module is
either YJ-injective or IT-flat .Then J(R) =0 if and
only if J(R) isareduced ideal of R .

Proof :
Suppose that J (R) is a non zero reduced ideal of R

f0=bed, Set L=bR+r(b). If we suppose
that L=R,then 1=ba+c, aeR, cer(b) ,

which implies that b=b?a. since belJ,
(b—bab) € J and (b—bab)> =0 yields
b=bab . Therefore b=¢€b, where e=bais

idempotent , Since J can not contain a non zero
idempotent , then b =0. This proves that L # R.
Let M be a maximal right ideal of R containing
L. If R/M is YJ-injective , then there exists a

positive integer n such that b" = 0 and any right R-
homomorphism define the map f :b"R —>R/M
by f(b"a)=a+M for all aeR. Then
f(b")=ch" +M for some ¢ € R and therefore

1+M=cb"+M, which implies that
l-cb"eM, whence 1e M (because
cb" eJ/cM),  contradicting R=M .If

R/M is II-flat .Since b € M then there exists a

positive integer n such that b" # 0 and b" = db"
for some deM. Now

1-del(®")=r(b)cM (Jreduced ) which
implies that 1€ M, again a contradiction .This

proves that if J is reduced ,then J =0.
Conversely : It is trivial .

Theorem 2.10 :

Let R be aring with the following properties :
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1- J(R)=0
2- every maximal left ideal M of R is an ideal such
that R/M is either a left or right II-flat R-module

.Then R is strongly regular .
Proof :

Let a € R such that a®> =0 .Suppose there exists a
maximal left ideal T not containing a. Then
(@) T implies R=T +1(a) andif L=y +D,
yeT, bel(a), when a=yaeT (an ideal of
R) which is a contradiction . This proves that
a € J =0 which implies that R is reduced .

Now suppose that R is not strongly regular .Then
there exists C € R such that Rc+1(c) #R. Let
M be a maximal left ideal containing Rc +1(C). If
R/M is a left II-flat ,Since ce M
exists a positive integer n such that ¢" # 0 and
c"=c"d for some deM and since R s
reduced , then c=dc (I(c" =1(c)). The same
result holds if R/M s right II-flat . Now
(@—d) el(c) = M implies 1€ M , contradicting
M # R .Therefore Rc+1(c)=R and R s
strongly regular ring .

Now, we recall the following result which are due to
Wei [9]

Lemma 2.11 :

Let R bearing.Then R is a reduced if and only if

R is semiprime reversible ring .

The next result is considered a necessary and
sufficient condition for rings whose simple singular
right R-module is TI-flat to be strongly ring .
Theorem 2.12:

Let R be a reversible ring . Then R is strongly TI-
regular if R is strongly right min-able ring and every
simple singular right R-module is II-flat .

Proof :

From Lemma (2.3 and 2.11) R is reduced . Next ,

we shall show that a"R+r(@")=R for all
a < R and a positive integer n . Suppose that there
exsits b e R such that b"R+r(b")# R . Then
there exists a maximal right ideal M of R
containing b"R +r(b"). Observe that M must be
an essential right ideal of R . If not , then M is a
direct summand of R .So we can writt M =r(g)
0xe’=eeR and
eb" =0 .Because €R is a minimal right ideal of
R .Since R is a strongly right min-able ring,
b"e=eb"e=0 Thus eer(")cr(e).
whence € =0 .This is a contradiction . Therefore
M must be an essential right ideal of R . Thus

then there

for some hence
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R/M s II-flat ,hence there exists a positive integer
m such that (b")™ #0and (b")"™ =c(b")™ for
some ceM implies that
@-c)el(d™)™ =r((b")) (R is reduced) and so
1eM , which is a contradiction . Therefore
a'"R+r(@")=R. In
particulara"x +y=1,xe R,y er(a").Thus

a’"x =a". Therefore R is strongly TT-regular . m
3.IIF- rings :

In this section we introduces the notion of IIF-ring .
We study such

ring and give some of its basic properties . Also we
give the connection

of IIF-rings and other rings .

Definition 3.1 :

A ring Ris said to be right(left)[IF-ring ,if for any
maximal right (left) ideal M of R and any
yeM,R/yM (R/My) is II-flat right (left) R-
module .

Examples

1-Let Z,, be a ring
M, =(2),M, =(5) are both maximal ideals of
Z,,. Clearly for every a€M; and beM,,
Z,,/aM, and Z,,/bM, are T-flat . Therefore
Z,, isF-ring .

of integer module 10 and

2- Let le be the ring of integers modulo 12 and
|\/|l = (2), M2 = (3), are maximal’s ideals in
Z, beM,,
Z,laM, and Z,,/bM, are ni-flat .Therefore
le is TF-ring . On the other hand le is not TI-

flat .(Z,, / M, is not II-flat )

Theorem 3.2:

Let R be a right TIIF-ring and M a maximal right ideal
of R Thenforany aec M , R=M +1(@*"), for
some positive integer n .

Proof:

Let M be a maximal right ideal of Rand a€ M.
Since R is IF-ring, then R/aM is I-flat and there
exists a positive integer n such that a®" %0 and
a”" =aba® for some b e M.This implies that

1-abel(a*"). Now consider 1=ab-+1-ab.

Therefore R=M +1(a*") =

In [7] proved that :
Lemma 3.3 :

If0-xaeY(R) , then r(l—a)=0.
Next , we shall give several basic properties of right
IF-rings .

. Clearly for everyae M,

Yey
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Proposition 3.4 :

Let R be a right IIF-ring . Then
1-Any non zero divisor of R is invertible .

2-721YcI(R)
.Proof : (1)
Let a € R be a non zero divisor of R . Then there

exists a positive integer n such that 1(a")=0 .

Suppose that aR = R .If M is maximal right ideal
containing aR, then R/aM is II-flat this implies

that (@*") = axa®" for some X € M and a*" # 0
so  (L—ax)a® =0.Hence (1l—ax)el(@™")
(because 1(@")=0), thus ax=1 , which is a

contradicts ,aR # R . Therefore aR =R, and
hence a is a right invertible .

Proof : (2)
Let 0yeZ(R)I Y(R) .For any aeR if
cer(l-ya) ,  then c=yac and

CcRI r(ya)=0 implies c=0 .Similarly , if
d el(l-ya) since yae Z(R), then d =0 .By
(1) ,(1-ya)w=1 ,forsome we R,so ye J(R). m
Proposition 3.5 :

Let R be IF-ring .Then J(R) =0.

Proof :

Let 0zueJ(R)< M Since R/uM is I-flat
,then there exists a positive integer n such that
u® =0 ,and u®" =ubu® for some beM .So

(1—ub)u® =0 and this implies that either
(1—ub)=0 or u* =0 .But U* %0 then

1-ub=0,and hence 1=ubeJ(R)a
contradiction . Whence J(R) =0m
Theorem 3.6 :

Let R is aleft SXM and M is a left maximal
ideal of R with the following properties :

a- R/M s a left flat and

b- For any a€ M, aM s a right ideal such that
R/aM is a right II-flat Then J(R)=0
Proof :

If beJ =M then R/bM is a right II-flat ,and

forany ¢ € M,bc e bM and there exists a positive
(bc)" #0

some

integer n such that implies that
(bc)" = bd (bc)" for deM. so
(@L-bd) el(bc)” =1(bc) (R is a left SXM)
and bc =bdbc .Since w(l—bd)=1 for some

weR (because bd eJ) sthen
bc =w(l—bd)bc =w(bc —bdbc) =0 , which
yields bM =0 .Now R/M is left flat which
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implies that b =bX for some X e M .Therefore
b=bxebM =0.Whence J(R)=0.m

Now ,we give the relation between IIF-ring and
regular rings .

Theorem 3.7:

Let R be MF-ring and ,1(a®) — r(a) for every
a € R. Then every maximal ideal of R is II-regular
ring .

Proof :

Let M be a maximal right ideal of R. Since R is
IF-ring then for every ae M,R/aM is II-flat
right R-module .So there exists a positive integer n
and a®" #0 such that (a)*" =aba®" for some
beM implies that
(L—ab) el(a™) = r(a").Therefore

n

a"=a""b andso M is M-regular ring . m

A ring R is called right (left) Kasch ring if every
maximal right (left) ideal of R is a right (left)
annihilator [13].

Example 3 :

Let Z3 be a ring of integer module 3 , and let

ZS ZB . .
R= . Then R is right Kasch ring .
0 z,
As a parallel result to [1,Th 2.4.5] , the following
result was obtained:

Theorem 3.8 :

Let R a left SXM , right IIF-ring and
I(a) cr(a)for every aeR.Then R is right

Kasch ring .
Proof :

Let M be a maximal right ideal in R . Suppose that
Y(R) is singular right ideal in R |if
MI Y(R)=0 , then forall yeY(R),ygM
and this implies that r(y) right essential in R .
rl—y)=0. So
. From Proposition

From Lemma [3.3] we get

I1-y)=0 (I(a) cr(a))

(34) ,(L—y) is invertible in R .Hence
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yeJ(R) =M, which is a contradiction . So
MIY(R)=0 Suppose that
OxaeMI Y(R) ,then acMand R/aM is
I —flat right module and there exists a positive
integer n such that forany be M (ab)" =0 ,and
(a b)" =ac(a b)" for some ¢ € M this implies

that ab=acab (left SXM) .We claim that
r(ac)l (ab)R=0.1f not ,suppose that

der(ac)l (ab)R then d=(ab)r and
acd =0 where r € R ,thus ac(ab)r =0

this implies (ab)r=0 hence d =0 then
r(ac)I (ab)R =(0).Since r(ac)isessential right
ideal then (ab)R=0 thus (ab) =0 and this
implies that b € r(a) , hence M =r(a) Therefore

R is right Kasch ring m

The next result will consider some conditions for TIF-
rings to be a regular ring .

Theorem 3.9:

Let R bean ERT, SXM , fully right idempotent and
IIF-ring. Then

R isregular.

Proof :

Suppose there exists b € R such that bR is not a
direct summand of R .

If K isacomplement right ideal such that bR @ K
is an essential right ideal .Let M be a maximal right
ideal containing DR+ K .Since Ris fully right
idempotent and M is an ideal of R ,then R/M s
a left flat which implies b =bd for some d e M
Now , R/bM is II-flat then there exists a positive

integer n such that b®" = 0 and b*" =bcb®" for
some c e M this implies that

b =bcb, (I(b*") = 1(b)) , which proves that bR is

generated by the idempotent bC, contradicting our
hypothesis.m

Yey
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