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Abstract

In this paper, we propose a new class of Quasi- Newton update based on the non monotone line search
technique for solving non linear equation under suitable conditions the global convergence of the method
is proved. Numerical experiments indicate that this new algorithm is practicable for the test problems.
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Introduction
Consider the an constrained optimization problem with the following non-linear equation

{ min,egn f(x) where f(x): R™ - R }

gx)=0 where g(x): R® - R" - (1)

be continuously differentiable and its Jacobin, Vg(x) is symmetric for all xeR". This
problem can come from unconstrained optimization problem a saddle point problem, and

equality constrained problem [1,2]. Let @(x) be the norm function defined by

B(x) =2l g@)I° - (2)

Then the non-linear equation problem (1) is equivalent to the following global

optimization problem [2]
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min @(x),x € R" . (3)
The following iterative formula is often used to solve (1) and (2)
Xk+1 =Xk +afkdk (4)

Where ay is a step length and d,, is one search direction .To begin with ,we briefly review
some methods for (1) and (2) .First we give some line search technique for a;[2]. proposed

an approximate monotone linear search technique to obtain the step —size ay satisfying
O (xx +axde) — (x) < =61l awdill® —82ll ar giell® +eill giell? ..(5)

Where §; > 0 and §,> 0 are positive constants, ay =y, ¥y € (0,1); ix is the smallest non

negative integers , and & satisfies
S0t <o -

Combining the line search (5) with one special BFGS update a formula, they got
some better results [2].Inspired by their idea there are some results on non linear equations
can be found at [8,12,13] we made a further study using nonmonotone line search technique
for unconstrained optimization problem. They prove the global convergence for non convex
function and R- Linear convergence for strong to convex function. Motivated by their
technique, we propose a new non monotone line search which can ensure the descent
search direction on the norm function for solving symmetric nonlinear problem (1) and
prove the global convergence .Second ,on the possibility to efficiently solve a linear system

which arises when computing the search d,, at each iteration

Yidr = — gk (7

Moreover, the exact solution of the formula(7) could be combining the new line search with
the most effective method for minimizing problem (1) .At present ,a lot of algorithms have
be proposed .The famous BFGS  for solving these two problem (1) and
(2)[6,7,9,10,11,12,14]. The famous Quasi — Newton method, where the dy is the solution of

the equation linear equations.
Bkdk+ gk:O (8)

Where By is generated by the following BFGS update formula
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—p _ BiVkV{ Bi | YV
By =By — 5 it o ...(9)
Where Vk = Xg4+1 — X
And Yy = git1 — Gk .. (10)

This paper is organized as follows, in the next section determined the point x;,, and

generated B by

ViVl BgYiYI By

_ T
Bwr = By + i — PllP . 5R, R (1)
Where R, = —k— — Bi Vi B, =1
K=y YTByy k=

6 is parameter in (0,1)

Difference values of the scalar § in equation (11) correspond to different f(x) Broydens

Quasi-Newton family [4]. The global convergence and numerical result are established.
1.0utlines of The New Algorithm
Step(1) :Choose an initial point x, € R™, an initial symmetric positive defined
matrix B, € R™"™ and constants p €(0,1),0<p <1, |lgoll* =1
and k=1.
Step(2): If g,=0 then stop; otherwise set B, d; + g, = 0 ,to obtain d;and
go to step (3)
Step(3):Let i), be the smallest non negative integer i such that
I Grsrll® -1 gil® < SaZgid, holdsfor a=p' let a,=6— pi
Step(4): Let xpyq = xx + apdy , Vik = Xpqq - X aNd Yy =gry1- Gi
if yTV, > 0.Update By, to generateB, ., by the formula (11)
otherwise, let B,,; = By ( gotostep (2)) .

Step (5): If restart criterion is satisfied, g7, ,dy+1 > 0 and B(x) d <O

A —————————
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go to step(2), else k =k + 1 and go to step (3) .

By the technique of the step(4),we deduce that By ;can inherits the positive and symmetric

property of B, then, it is not difficult to get dj, g, < O.
2.Some Theoretical Back ward of The New Algorithm
The new line search rule was implemented by considering the following assumption.

Assumption (1) The Global Convergence Analysis of New Algorithm. The level set Q is
defined by

Q={xeR™gx)I<Ngex) I} ...(12)
Assumption (2) The Jacobean of g(x) is Symmetric and there exists a constant
M > 0 holds
lg(x) — g(x )l <M llx — x|l ...(13)
For xe Q since B, approximates Y, along direction V,
Assumption (3) B is agood approximation to y;, i.e
I (yx —Bx ddpll <6 gl . (14)
Where § € (0,1) is a small quantity .

Assumption (4) there exist positive constants a, and a, satisfy

gr di < —a;llgil® ...(15)
And
Nlde Il < a; Il gk ...(16)
for all sufficient large iteration k , by step(2) and assumption (4) we have
all gl <N dp I < ayll gill .. (17)

Lemma 2.1 Let assumption (3) hold and the step length and direction

search be generated by New algorithm then d;, is descent direction for @(x;, )
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ie Vo(x ) d,<0
Proof:- By equation (8) We have
VO )" di =gk Yidi ...(18)
=gk [k di = Bi) di — gi]
= grk dx — Bi) di — gk ...(19)
Using formula (14) and taking norm of the formula(19) we get
Vo) dill < 1 gk (yie die — Bie ey I -llgell®
<—(1-8) llgel® . (20)
Since § € (0,1) then we get the lemma.
Remark: By the above lemma , we know that the norm function @(x)is dosent
alonyd, then||gy1 1| < llgkll holds.

Lemma 2.2: Let assumption (3) holds and the step length and direction search a generated

by New Algorithm , then{x, } € Q moreoverll g, Il convergent.

Proof: Using Lemma 2.1 we get

lgr+1 I <Il gill then, we conclude that || g, |l convergent for all iteration k,we have
I Grsr l S N grll < 1 gr—11I< - <l goll

Which means that {x,} € Q

Lemma 2.3 : Let assumption 2,3 and 4 hold ,then New Algorithm will produce an

iterate, x;, ., =x; + a,d;,  In a finite number of backtracking step.

Proof: From Lemma 3-8 in [5]. We have that in a finite number of backtracking steps, a

must satisfy

I Graal® -1 giel® <8 ay gF vi di ...(21)

Where § € (0,1) by formula (20) and (15) we get
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ar gy Vi di < —ay (1- ©)llgyIl?

T
_ Irdk 2
=ap(1- € )= | gkl
9r Ak

1
< @ (1-8) = gF d
1
< af (1-6) =g d

Using a; € (0,1) ,Let a, € {0, min(1,6(1 - 6) ai} by restart criterion of new algorithm we
1

get the line search at step( 3) of new algorithm, the proof is complete.

Numerical Experiments

In this section, we present the computational performance Of a newly — programmed
Fortran implementation of the new Algorithm , we report some preliminary experiments
numerical . The 12 test problems (Appendix 1 ) are the unconstrained problems in the
Cute|26] test problems library . Considered in [3] We stop the iteration, If the inequality ||
g(x) II< 107° is satisfied. Table 1 gives the total number of iteration (NOI) , The total
number of evaluation function (NOF) .Taking over all, the tools as 100 % for the BFGS
method , the New- method has an improvement in about (43,53%) No.1 and (44,35%) NOF.
We have show numerically that this method proves to be successful and reliable for function
to four variables, numerical result also suggested that is method converge globally .Further
interest is to investigate its behavior for function with more variable(n> 5). We compare the
performance of the BFGS algorithm and the New method with that of the BFGS method it
is clear from table (2)that the new method with non monotone line search , we can see that
the numerical results are quite well for the test problems with the proposed method . The

initial points and dimensions don’t influence the performance of the Algorithm.
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Table (1): Comparison between the BFGS algorithm and NEW algorithms using
different value of 2" class of test function .

N.of TEST BFGS | NEW
Test | FUNCTIO N NOI | NOF NOI NOF
N
GEN-shallo 5 114 119 15 20
1 10 100 103 15 20
100 113 109 15 20
2 Gen-Edger 5 12 21 8 10
10 12 21 8 10
100 12 21 8 10
3 Gen-Powell 5 112 128 53 67
10 116 132 53 67
100 141 157 53 67
4 Gen- 5 59 85 44 56
Helical 10 59 85 44 56
100 60 87 45 58
5 Gen-Cubic 5 125 207 40 40
10 125 207 30 30
100 126 209 32 32
6 Liarwhd 5 15 24 15 24
10 41 51 16 30
100 49 98 18 35
7 Dqudratic 5 18 28 15 20
10 18 28 15 20
100 16 24 15 20
8 Gen-Non 5 92 155 36 54
diagonal 10 69 122 56 72
100 103 173 36 54
9 Shanno 5 20 32 18 32
10 20 28 18 34
100 16 24 21 36
10 Gen-Beal 5 34 61 10 14
10 34 61 10 14
100 35 62 12 15
11 Almost 5 9 15 9 11
Perturbed 10 13 17 11 20
Quadratic 100 74 74 25 74
12 Tridiagonal 5 13 19 12 16
Perturbed 10 15 21 14 20
Quadratic 100 72 81 70 70
Total 2063 | 2899 915 1262

Table (2): Percentage performance of the new algorithm against BFGS algorithm for
100% in NOF and NOI we have

Total BFGS al | NEW

gorithm algorithm
NOI 100% 43.53
NOF 100% 44.35
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Conclusion

In this paper, we propose a new class of Quasi - Newton method based on the non monotone
line search technique for symmetric nonlinear equations. The global convergence is proved
and the numerical results show that this technique is interesting for used fewer function and
gradient evaluations, the comparison of the numerical results shows that the new search
direction of the new Algorithm is a good search direction at every iteration.
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APPENDIX

All the test functions used in this paper are from general literature:

See Anderi, 2008, for the details of all these test function

1. Generalized Shallow Function:
n/2 , , 5

F) = (G, %) +A=%0), % =[2,2,...-2.,-2].
i=1l

2. Generalized Edger Function:
n/2

f(x)= Z(Xzi_l —2)" + (X0 — 2)2 X5 + (X +1)° X, =[1.,0.,....1.,0]

3. Generalized Powell function:

n/3

()= 2B [t -sin(4™) - (52 ~2)°}

1+(X—Xg; )

X, =[0.1.,2.,...0.1.,2]

4. General Helical Function:

n/3

f(x)=>_(100x; —10*H,)* +100(R, —1)* + X

=) , where
tan—l x3i—l
_ 2 2 _ X3i_p
R =800 X =55 ™ 5 =[-1.0,0..-1.0]0.

5. Generalized Cubic function:

n/2

f(x) = Z[lOO(XZi - Xgifl)z +@— X2ifl)2] X, =[-1.21.,...-1.21]

A —————————
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6. Liarwhd Function (cute):
_ z . 2y2 - _1)2
P09 = 2 40% X707+ 206 ) X, =[4.4.,..4]

7. Dqudrtic Function (CUTE):

f(x) = f(xf +ox2, + dxi2+2)
i=1

X, =[3.3.,...3.3] , ¢=100,d =100

8. Generalized Non diagonal function:

_ N _y2y2 IRVRY
f(x)_i;[lOO(Xl X )+ @=x;) | Xy =[L-1].
9. Nondia (Shanno-78) Function (Cute):

f(x)=(x _1)2 * ilOO(Xl - Xiz_l)z Xo =[-1.-1....-1.-1]

10. Generalized Beale Function:
n/2

f(x) = 2[1.5— Xy +@A— %) + [2.25— Xy, (A — X2, )]2 + [2.625— Xy, (A— X2, ]2

Xo =[-1,~1...,-1,-1]

11. Almost Perturbed Quadratic Function:

N2 L 2
f(x)= ;IXi + 15 (% +X;) X, =[0.5,0.5,...,0.5,0.5]

12. Tridiagonal Perturbed Quadratic Function:

n-1

_ y?2 HW 2
FOO=x+ 2 0+ (ot X +%0)" 10505, 05,05]

i=2
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