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Abstract

In this paper we have use vector Lyapunov functions and the comparison principle and we give sufficient
conditions for conditional stability of the zero solution of systems under consideration.
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1. Preliminary

Let t, ER, r =0, Let

llxll = lxy| + lx,] + -+ |x,| be the norm of
x € R™, Consider the system
i(t) = fltx ).t # ¢,
Ax(t) = L(x(),t =t k=12, .. (1.1

Where  f: [ty 0) X PC[[-r,0],R"] = R™;
I:R" — R" k=1,2,... ;
tg <ty <ty ety < by, < -and
lim, . t, = o.

Let @, € PC[[-r,0], B"].
x(t) = x(t; ty, @,) the solution of system (1.1),
satisfying the initial condition

Denote by

{x(titn:@o]=‘Pu-(t_toj:to_7'5t5to (1.2)
x(ty + 0; £, 995) = @, (0), )
Let M(n—1),l < nbea (n—1)-dimensional

manifold in IR™, containing the origin.

We set

My(n—10)= {cp: @ E PC[[—T, 0],M(n — l]]}

We shall give the following definitions of conditional
stability of the zero solution of system (1.1) with
respect to the manifold A (n — 11.[1][2][3]

Definition 1.1[5] : The zero solution of system (1.1)
is said to be :

(a) Conditionally stable with respect to the manifold
M(n —1),if

(Wiy, € R} (Ve = 0)(36 = 5(ty.5) = 0)

[V% € 55(PCy) N My(n — l))(Vt =ty)ix(tity, @) €5,
(b) Conditionally uniformly stable with respect to
M(n — 1), if the function & in (a) is independent of ty;
(c) Conditionally globally equi-attractive  with
respect to M(n — 1), if

(vi, € R)(Va = 0)(Ve > 0)(3T = T(tya,s) = 0)
(_pr[, € S_E(PCD) n Mo(n_ i])(Vt =ty + T):x(t; tor g’oj €5
(d) Conditionally uniformly globally attractive with
respect to M(n —1),if the number T in(c) is
independent of ty;

(e) Conditionally globally equi-asymptotically stable
with respect to M (n — 1), if it is conditionally stable
and conditionally globally equi-attractive with respect
toM(n —1);

(f) Conditionally uniformly globally asymptotically
stable with respect to M(n — I}, if it is conditionally

uniformly stable and conditionally uniformly globally
attractive with respect to M(nn — I);

(g) Conditionally unstable with respect to the
manifold M {n — 1), if (a) fails to hold.

Remark 1.2[2][3] If M(n —1)=R", then the
definitions (a)-(g) are reduced to the usual definitions
of stability by Lyapunov for the zero solution of
system (1.1).

Together with the system (1.1), we shall consider the
following system of impulsive ordinary differential
equations:

{ w(t) = D(u(t),t #t,.t = ¢,
Aul(t,) = Dyu(t, ),k =L12,.., 5, = t,
Where u: [ty,x) = RT; D(t)is an (m X m)-
matrix function; Dy;k=12,.. are
{(m x m)-constant matrices.

Let ug € RY, We denote by u(t) = u(t; ty,u,)
the solution of system (1.3), which satisfies the initial
condition wu(t,) =wu, , and by J*(tyu,) the
maximal interval of type [¢,, ) in which the solution
u(t; ty, ) is defined.

Let e € RT be the vector (1,1,......,1). We
introduce the sets:

Bla)={fu e R7:0 =< u < ae},

Bla)={ue RY: 0 = u < ae},a = const =0,
Rm-D={u=(up...u, ER™:uy=u,=--=u, =0}l <m.
Introduce the following conditions:

H1: The matrix-valued (1 X m)-function D(t) is
continuous for t € [tg,a0).

H2: The functions
P, RY = RY, ¢, (uw) =u+Dyuk =12,..,are
non-decreasing in BT,

H3: J*(t5,u0) = [tg,0)-

Haity <ty <ty < =ty <ty <

H5: lim,, .. t, = oo,

H6: f(t,0) = 0,t = t,.

H7:1,(0) =0,k =12, ...

(1.3)

valued
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H8: The function f s
[to. 20) X PC[[—r,0],R"].

H9: The function f is locally Lipschitz continuous
with respect to its second argument on
[ty 00) X PC[[—r, 0], R™].

H10: There exist a constant P == 0 such that
If(t,x )l < P < w0 for (t,x,) € [ty @) X PC[[-7,0], R"]
Hil: 1, € [R™ R"]k = 1,2, ...

continuous  on

We shall consider such solutions 2 (t)of the system

(1.2) for which w(t) = 0. That is why the following

definitions on conditional stability of the zero
solution of this system will be used.

Definition 1.3[2][3] The zero solution of system (1.2)
is said to be:

@) Conditionally stable with respect to the
manifold r(m — 1), if

(vty € R} (We = 0)(36 = §(ty5) = 0)

(Vuy € B(&)N R(m— D)(¥t = tp):u* (£ ty,u,) € B();
(b) Conditionally uniformly stable with respect
to R(m—1), if the function & from (a) does not

depend on ty;

(c) Conditionally globally equi-attractive with
respect to R(m — 1), if

(vty € R)(Va = 0)(Ve = 0)(3IT =T(ty o, ) = 0)
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H3: (E+1,):0-50k=12, . ,whereE is the

identity in f2.

H4: 1, e cla,nl,k=12,..

HS! Dty <ty <ty <o by < gy <o

H6: lim,_,. t, = .

(2) The function F is quasi-monotone increasing,

continuous in the sets
(ty tes ] XRT, ke NU{0}and for k=12, ..and v E RT
there exists the finite limit

lim  F(t,u)

tu)->(tyv)
>ty

(3) The maximal solution u* : j¥(t,u,) = RT of
the system

a(t) =F(tu(t))t =t,
{ﬂu(tk] = u(tk +0)— U»(tk) =r (u(tk))? A )
Is defined for t = &;.
(4) The functions
P, : RY - R, ¢ (u) =u+ [ (u),k=12,. are
non-decreasing in BT

5) The function
Vi [ty o)X 02— RT,V = col(V,,.., V)
V. eV,

j = 1,2, ..,m.such that

(Vuo, € B(a) N R(m — D)) (¥t = ty + T):u’ (8 ty,u) € B(eWi(t, + 0,0, (0)) < u,

(d) Conditionally uniformly globally attractive
with respect to R (7 — 1), if the number T in (c) does

not depend on ty;

(e) Conditionally globally equi-asymptotically
stable with respect to r(m —1), if it is conditionally

stable and conditionally globally equi-attractive with
respect to R (m — 1),

f Conditionally uniformly globally
asymptotically stable with respect to R (m — 1), if itis

conditionally uniformly stable and conditionally
uniformly globally attractive with respect to
R(m -1,

(9) Conditionally unstable with respect to the
manifold r(m — 1), if (a) fails to hold.

In the successive investigations, we shall use
piecewise continuous auxiliary vector functions
V: [ty,0) X R = R,V = col(V,, ..., V,,) such  that
I‘G’ e Vﬁ’j 1,2,..,m.

Theorem 1.4[5] assume that

(1) The conditions

H1l: The function f s
[ty,00) X PC[[—r,0],02]

H2: there exist a constant P == 0 such that
IF(t x| € P << for (t,x,) € [ty 00) X PC[[—, 0],42]

continuous  in
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V(it+0,x+1,(x) < ¢ (V(t.x)xent =t k=12, ..

And the inequality
DHV(tx(8)) = F(t,V(t,x(D))).t #t, k=12,
Where * is the system
{ () = fltx)t #

Ax(t,) = x(t, +0) — x(t,) = L(x(t)).t, = ¢,
Isvalid for t & [t,,00),x € Q.
Then
V(e x(t; ty, @p)) < u' (&5 tg, ug) for t € [t )
2.Main Results

Theorem 2.1[2][5] Assume that
1) Conditions H1-H11in Remark 1.2 are hold.

2 There exist a function
V: [tpe)XxR* - RTY,m<nV =col(V, ..V, )
Vi€V j=12,..,m. such that

bty e V(6 1) = K < 2,
V(t,0) =0t =t

a(llxle< V(t,x),a € K,(t x) € [t,00) X R"
(2.1)

V(t+0,x+L(x) = ¢ (V(tx)) xER"t =tk =12,.

And the inequality
DVt x(®) € DOV(t,x(D)),t # t,k = 1,2, ..,
Isvalid for t = tyand x € 12,.

3) The set
Mn—-D={xeR": V,(t+0,x)=0,k=12,..,1} IS

w



Tikrit Journal of Pure Science 17 (2) 2012

an (n — I)-dimensional manifold in ™ , containing
the origin, [ << m.

Then :
a) If the zero solution of system (1.3) is
conditionally stable with respect to the manifold

R(m — 1), then the zero solution of system (1.1) is
conditionally stable with respect to the manifold
M(n —1).

b) If the zero solution of system (1.3) is
conditionally globally equi-attractive with respect to
the manifold R(m — 1}, then the zero solution of

system (1.1) is conditionally globally equi-attractive
with respect to the manifold M (n — ).

Proof of a : Let t; € IR and £ = 0 (a(s) < K) be
given. Let the zero solution of system (1.3) be
conditionally stable with respect to R(m —I).
Then, there exists a positive function &, = &, (tg, £)
which is continuous in ty for given £ and is such that,
if uy, € B(6,)NnR(m —1), then
ut(titguy) < ale)efort = t.

It follows, from the properties of the function V, there
exists & = (g, £) = 0 such that if x € 55 then
V(t, + 0,x) € B(5;).Let

@y € 55(PCy) N My(n—1). Then g;(0) €55 and
therefore, V(t, + 0, ,(0)) € B(&,).moreover,

Vi(tg+0,0,(0)) =0 fork=12,..,1 i.e.
V(ty +0,¢,(0)) € R(m — 1. Thus,
ut(t;ty, V(ty + 0,9, (0))) < ale)e t=t,
(2.2)

Let x(t) = x(t; t,, @,) be the solution of the
initial value problem (1.1),(1.2) then the

function V satisfies all condition of theorem (1.4 ) for
uy = V(ty 4+ 0,9,(0)) and by (2.1) and (2.2), we

arrive at
a(llx(t) e = V(t,=x(t)) = u+[t; te,V(t, + 0, ¢, (Oj)) < alsg)e

For t = t,. Hence, x(t;t,, ) €S, fort = t,,

i.e. the zero solution of system (1.1) is conditionally
stable with respect to the manifold a{n —1).

Proof of b: Let t; € R and £ = 0 (a(s) < K) be
given.

It follows, from the properties of the function V, that
there exists a, = (ty, &) = 0 such that if x € 5
then V(t,+ 0,x) € B(a,).If the zero solution of

system (2.1) is conditionally globally equi-attractive
with respect to R(m —1), there exists a number

T=T(tya,z)=0 such that if
uy € B(a)n R(m—1), then
ut(t;tyu,) < ale)efort = ¢, + T.
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Let g, €5,(PCy) N My(n—1). Then ¢, (0) € S_EC
and, V(t, + 0, ¢, (0)) € B(a,) n R(m — 1) therefore
u* (o, V(ty +0,0,(0))) < ale)e, t=t,+T
(2.3)

If x(t) = x(¢t; ty, @, ) be the solution of the initial
value problem (1.1),(1.2) then it follows from
theorem (1.4 ) that

V(6x(0) £u* (66, V(6 +0,0,(0))) . t 2 £

The last inequality , (2.1) and (2.3) imply the
inequalities

a(llx=(t)Ne < V(t,x(t)) <u’* [t; te, V(ty + 0,0, (Ojj) < als)e
Fort=t,+T.

Therefore , |[x(t; tg, ¢ )|l <= for t = £, + T, that
leads to the conclusion that the zero solution of

system (1.1) is conditionally globally equi-attractive
with respect to the manifold M (n — I).

Corollary 2.2. let the conditions of theorem 2.1 be
fulfilled then conditional global equi-asymptotic
stability of the zero solution of system (1.3) with
respect to the manifold R{m —1) implies the
conditional global equi-asymptotic stability of the
zero solution of system (1.1) with respect to the
manifold ar(n —1).

Theorem 2.3. let the conditions of theorem 2.1. be
fulfilled, and let a function b € K exist such that
V(t,x) < b(llxll)e for (t,x) € [¢,, ) x R".

Then

(1) If the zero solution of system (1.3) s
conditionally uniformly stable with respect to the
manifold r(m — 1), then the zero solution of system
(1.2) is conditionally uniformly stable with respect to
the manifold M(n —I).

(2) If the zero solution of system (1.3) is
conditionally uniformly globally attractive with
respect to the manifold R(m —1), then the zero
solution of system (1.1) is conditionally uniformly
globally attractive with respect to the manifold
M(n—1).

The proof of above theorem is analogous to the proof
of theorem 2.1. we shall note that in this case the
function & and the number T can be chosen

independently of &;.

Corollary 2.4. let the conditions of theorem 2.3. be
satisfied then conditional uniform global asymptotic
stability of the zero solution of system (1.3) with

respect to the manifold R(m — 1) implies the
conditional uniform global asymptotic stability of the
zero solution of system (1.1) with respect to the
manifold M (n — 1.

3. Examples
Example 3.1 we shall apply theorem 2.1 to the
system
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() = +tDx(t —r() + A= t(t —r () + (2 —Dz{t — ().t = ¢,
()= (1 79_‘}35(1‘71“(:)) +(1+ e't}y(rfr(t)) +(e7F — 1)2((‘7?(0)& E
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Diy V[x(t],_v(t),z(t)) <

1 (1] 0 1 (1] 0
)= (2 — e x(t — r(D) + (™ — Pyt — () + [e“+r:)z[t7r(rj),t#rkz((_g) e;‘ q)V(x[rJ,y(tJ,z(tJ)H(o et q)V(x[r—r(t)J,_v(t—
2 B

Ax(t,) = ayx(t,) + by [v(t) —z(g)] k=12, ..
Ay(t,) = ay ¥(t) + by [2(t,) — x(t. )Lk = 1,2, ...
Az(t,) = ag,z(t,) + by, [x(t,) — ¥(t )Lk =12, ..

Where ¢ = 0,0 < +(t) < 1

Gy =%(_\’1+d1k +y1+dy —2),

Qe =%(\-{1 +dy +y1+dy, _2)’

age = (T dap +1+ dge — 2);
by = (T +dg — T+ d5).
by, = % (\,’fl +dy — \.’fl + dlk):

ba; =% \’rl + dy _\-“rl + d:kJF

-1<d,=0,i=123,k=12,..;0<t, <t, <--and iim t, =
=0

Consider the manifold
M(2)={col(x,v,z) ER}: x+ y =z}

We shall use the vector function

Vigv,z) = (x+v—2)% (—x+y+2)% (x— v+ )9

Then, the set

0, ={(x,3,2) € PC[R,, B3]: V(x(s), ¥(s), 2(s)) < V(x (), y(1),z(1)) t —r < sfsull‘

Fort = 0,t #t, and (x,}?,z]r € £2, , we have
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