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Abstract

The aim of this paper is to introduce and study some properties of pre-6-open
sets,and study a new class of spaces, called P¢-regular space. Determine some
properties of P € -regularity and compare with other types of regular spaces.

Introduction

julian Dontchev, Maximilian Ganster and Takashi Noiri (2000) has
introduced the concept of pé&-open sets in topological spaces. The purpose
of the present paper is to introduced and investige a new separation axiom
called p@-regular space, by using such sets, we have proved that P?-open

and @-open set are identical in P¢-regular spaces.

Definitions and Preliminaries

By a space X we mean a topological space on which no separation
axioms is assumed, we recall the following definitions, notational
conventions and characterizations. The colsure(resp., Interior)of a subset A
of X is denoted by ClA(resp.,IntA). A subset A of X is said to be
preopen(Mashour A.S., Abd-El-Monsef M.E. and El-Deeb S.N.,1982)
(resp.,pre-regular p-open (Ganster,1987),0-open(Velico,1968), p6-open
(Ganster,2000),56-open(Velico ,1968), pd-open(Hussein,2003)of a space X,
if and only if A<InclA(resp., A=pIntApCIA,if for each x <€A there exist an
open(resp.,preopen,open,preopen) set G, such that x eG< clG< A, (resp.,
X €Gc pelGe A, x €eGe IntCIG< A, x €G< pIntpCIG< A).The family
of all preopen(resp.,pre-regular p-open ,0-open, p6-open,d-open, pd-open)
set of a space X,is such that x eG< clGc A (resp., X €Gc pclGe A, X
eGc IntClIGc A, x €Gc pIntpCIG=A).The family of all preopen
(resp.,pre-regular p-open ,0-open, pO-open,3-open, pd-open) set of a space
X,is denoted by PO(X)(resp.PRPO(X), 8 O(X), P8 O(X),60(X), P6O(X)).
The complemnet of preopen (resp.,pre-regular p-open, 8 -open,p6-open,
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d-open,po-open)set is called preclosed(resp.,pre-regular p-closed, 4 -closed
,Po-closed, o-closed,pd-closed) set. The intersection of all preclosed
(resp., 6-closed, 5-closed, po-closed)sets containing A is called preclosure
(resp., @-closure and Pg—closure, 5—closure, ps—closure).and is denoted by
pclA (resp., clgA and pclgA, o-clA, pclsA) The union of all preopen
(resp., #-open, d-open, pd-open)sets contained in A is called preinterior
(resp., @-interior and P@—interior, o—interior, po—interior) .and is denoted
by pIntA (resp., #-IntA and pintg A, o-IntA, pInt;A) . A space X is said to
be submaximal (Ganster,1987) if and only if every dense subset of X is
open set. A space X is said to be pre-T, (Mashour et al,1982) if for each
X,y e X, such that x=y,there exist disjoint preopen sets G,H,such that x G
and yeH. A space X is said to be p-regular (Ahmad,1990)(resp., p -
regular) iff for every xeX,and every preclosed set F such that x¢F,there
exist disjoint preopen(resp.,open) set G,H such that x «G and FcH.

Definition 1:

Let A be any subset of aspce X. A piont xeX is in the preclosure of
A(briefly x e pclA) (resp., xeclgA, xepclgA , xe pclsA) if and only if,
for each G ePO(X)(resp.,G e1, G ePO(X), G €Pd0O(X)) containing X,
ANG=op(resp., ANCIGzep, AnpCIG=p, AN pclsG=e). For properties of
definition 1 see (Hussein,2003).

Theorem (1):

The following are equivalent about a space X:
1-X is Alexandroff.

2-Any intersection of open sets is open.
3-Any union of closed sets is closed.

Theorem (2): (Ganster,1987)
A space X is submaximal iff every preopen set is open.

Theorem (3): (Ahmad,1990)
pCI(G1XG;) =pCl(G1)xpCI(Gy).

Theorem (4): (Dontchev et al, 2000)
Let (Y,z,) be a subspace of a space X .AcY, if Ae PO(X),then Ae PO(Y).

Theorem (5): (Ganster&Jafari, 2002)
If Ye PO(X)and Ae PO(Y),then Ae PO(X).
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Some properties of pre-0-open sets

Lemma 1:

Each pre-06-open sets can be written as a union of preopen set.

Proof :

Let Ae PO (X) then for each x <A there exist BePO (X) s.t.
xeBcpclBe A, then U{xxe Ajc U BcA Therefore A= U B

Lemma 2:
Any union of P&-open set is Pg-open.
We have the following diagram of implications and any other implication,
except these resulting by transitivity can not be add in general

GO(X)———> PIO(X) —————— — PO(X)

l \A

JO(X) ———— PSO(X)
it is clear that from diagram every p0-open set is preopen set, and every
0-open set is P@-open set. but the converse may not be true in general as in
the following example shown.
Example 1 :Let X={a, b, c},and 1,={®, X, {a}},1,={®D, X,{a, b} },then
PO(X,t))={®, {a}, {a, b}, {a, c}, X} and POO (X,11)={®, X}. Also POO
(X,12)=P (X){{c}} but 60 (X,1)={D, X}.
Remark 1:
The intersection of two P@-open sets need not be P&-open set in general
Example 2 :Let X={a, b, ¢}, 1={®, X, {a,b}}, then {a, c}ePoO (X)and
{b, c}e PO (X) but {a, c}N{b, c}={c} e POO (X).
Lemma 3:
00 (X) and POO(X) are identical if (X,t) is submaximal.
Proof :From diagram we have every 00(X) is POO(X),so to show that
00(X) is POO(X) are identical,we have only to show that POO(X) is
0 0O(X) . Let A ePOO (X) then for all x € A, there exist GePO (X) s.t.
xeGcPclGcA, but since X is submaximal, we have PO (X)=rt, so that Get
therefore PclG=cIG, it follows that xe GcclGcA, hence A€60 (X).

Proposition 1:

If (X,7) is P -regular, then every open set is P@-open.

Proof :Let Aet, we have to show that AP0 (X), AePO (X) by theorem
3.2.1 [1]. For each xeA, there exist BePO (X) such that xeBcPcIBCA,
which implies that Ae P60 (X).
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Corollary 2: PO (X) and POO (X) are identical if X is p -regular space.

Proposition 2:

Let Xy, X, be two topological spaces and X=X, x X,,let AcPOO(X;) for
1=1,2, then A X AZEPG(X]_ X Xg)

Proof : Let (X1, Xo) €A1 X A, then x;€ A and X,€ A, since Ay, A2eP60(X;)
,there exist preopen sets G4,G; such that x; e G;cpCIG;cA; and .

X, € Go,pCIG,cA,,(X1,X2) € Gy X GocPelGy X PelGy,cAr x A, but Gy X
G,ocpCl(G; X G,), and pCI(Gy x G,)cpCIG, x pCIG; it follows that (X1,X,)
eG1 X GycPcl (G X Gy) Ay x A, so that A; XxA,ePO(X, X X5).

Proposition 3:

Let (Y,ty) be a subspace of a space (X,1). If AeY and AeP60 (X) then
AecPO(Y)

Proof :Let AePOO(X), to show that AePO(Y) we have AcP60O(X) , then
for each xeA, there exist GePO(X) such that xe GcPcl,GcA ,but GePO(X)
and GcA, but AcY, then GcY so that GePO(Y) by theorem(3), hence
GcPcl,G,but G=GNYcPcl,GNYcANY=A so for each xeA,there exist
GePO(Y)such that xeGcPclyGcA,so that AePOO (Y).

Proposition 4:

Let (Y,z,) be a subspace of a space X, If Ye PO(X)and Ae PAO(Y) ,then
Aec PAO(X).

Proof: follows from theorem (4).

Proposition 5:

A space X is pre-T, iff for each x,ye X, such that x=y,there exist preopen
sets G,H,such that x € G and y¢pCIG.

Proof: Obvious.

Theorem (6):
A space X is pre-T, if and only if every sengelton set is pre-0-closed
Proof: (Necessity)

Let H={a},and let b¢H,we have a=b,since X is pre-T2 by theorem5,
there exist a preopen set G such that beG and agpCIG, pCIGNH=¢,
therefor bepClgH, it follows that H pre-6-closed set. (Sufficiency) Let
a,be X such that a=b,and let H={a},by hypothesis H pre-6-closed,we have
bgpClgH ,there exist a preopen set G such that beG,pCIGNH=¢@,then
agpClG,ae X/ pCIG, X/ pCIGNG=¢,G and X/ pCIG are preopen setswhich
containing b,a respectively,therefor X is pre-T,.
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PO-reqular space

Definition 1:

A space X is said to be PO-regular iff for each P6-closed set F and a
point xe X such that x¢F,there exist two open sets G and H such that xeG,
FcHand GNH=®.

Proposition 1:

Each P™- regular space is PO-regular.

The converse of the a above lemma is not true in general as the following
example show

Example 1: Let X={a, b, ¢}, and =={®, {a},{b},{a, b}, X} then PO (X)=,
and POO(X)={ @, X}, then X is PO-regular which is not P~ -regular.

Theorem (1):

For any topological space (X,t) the following are equivalent:-

I- (X,7) is PO-regular

li-For every xeX and every PO-open set A containing X there exists an
open set B such that xeBccIBcA.

ii-Every PO-closed set F is the intersection of all closed nbd of F.

iv-For every non-empty subset A of X and every P0-open subset B of X
such that ANB#®,3 an open sets C of X such that ANC#® and clCcB.
v-For every non-empty subset A of X and every PO-closed subset F of X
such that ANF=®, there exist two open sets B and C s.t. ANB#®, BNC=0
and FcC.

Proof :(i)—(ii) Let A be a PO-open set of X containing x, X\A is PO-closed
subset of X and x¢&X\A by(i) , there exist two open subsets B and C such
that xeB, X\AcC, and BNC=®, therefore xeBc=X\CcA hence
xeBccIBccl(X\C)=X\CcA which implies that xeBccIBCA

(if)—(iii): Let F be PO-closed , and xF, then xe X\F, and X\F is a PO-open
subset of X, using(ii) there exists an open set B such that xeBccIBX\F ,
hence FcX\cIBcX\B consequently X\B is a closed nbd of F to which x
dose not belong , this prove(iii).

(ii)—>(iv) let ®£AcX ,and B be any PO-open subset of X s.t. ANB#®, let
xeANB, since x¢ X\B is PO-closed so there exists a closed nbd of X\B,say E
such that x¢E,let X\BcDcE,where D is an open set,then C=X\E and xeC
,and ANC#d also X\D being closed,clC=cl (X\ E)cX\DcB,hence cICcB.
(iv)—>(v): let £AcX,and F be any PO-closed subset X such that ANF=®,
then ANX\F£® and X\F is P8-open subset using (iv) there exists an open
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subset B of X such that ANB#® and BccIBX\F.Putting C=X\cIB then
FcCcX\B and C is open, this implies (v).

(V)—(i): Let xgF where F is P6-closed , and let A={x}#® ,then ANF=®,
and hence using(v) 3 two open sets B and C such that ANB#®, BNC=®,
and FcC which implies that (X,t) is PO-regular.

Proposition 2:

A topological space (X,t) is PO-regular iff for every x¢F, F is P6-closed, 3
two open subsets G and H s.t. xeG and FcH and clGNclH=®.

Proof: The sufficiency follows directly, and necessity follows from theorem4.1ii.

Proposition 3:
If A is clopen subset of X, then A is PO-open set.

Proof: If A=®, there is nothing to prove,if A#®, let xeA, then
xe AcpclA=AuclIntAcA.

Theorem 3:

If X is Alexandroff and PO-regular space, then every p6-open set A is
clopen set.

Proof:Let A be PO-open set, then by (theorem 4.1 ii ), there exist an open

set G4 such that xeG,cclG,cA, hence A=u {G,, XeA}:U {cIG,, xca} it

xeA

follows that A is open set since X is Alexandroff space union of any closed
set is closed Wy aACIGy IS closed, then A is closed. Therefore A is closed as
well as open.

Theorem 4:

If X is PO-regular space then P6O (X)=00 (X).

Proof: Let AecPOO(X),since X is PO-regular,by theorem(4.1ii)for each xeA,
There exist an open set G such that xe GcclGcA, therefor A€00 (X)

The converse part follows from above diagram

Theorem 5:
A space X is PO-regular if PO (X,7)=r1.
Proof: It is not hard and therefore it is omitted.

Theorem 6:

Every PO-regular and pT,-space (X,1) is a T,-space.

Proof: Let X, yeX,such that x#y, since X is preT,-space, then, there exist
a preopen set A containing X but not y, A is PO-open set containing x but
not y, since X is PO-regular and xe A, 3 an open set B s.t. xeBccIBZA.
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Hence B and X\cIB are open subsets of X such that xeB, yeX\cIB and
BNX\cIB=® which implies that X is a T,-space.

Theorem 7:

If XxY is PO-regular then both X and Y are PO-regular.

Proof: Let xe A, where A is PO-open subset of X, then for every yeY,

(x,y)e AXY where AXY is PO-open subset of XxY(by Theorem4.1)usingP6-
regularity of XxY 3an open set G of XXY Such that(x,y) e GcCly,yGc GxY
Putting G=UxV where U and V are open set in XXY respectively.Then
(x,y) eUxVcclyyUxclyw VCAXY, therefore xeUccClx,UcCA, then X is PO-
regular. Similarly we can prove that Y is PO-regular.
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