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Abstract

13 /12 /2010)

In this work, we introduce the concept of finitely pseudo-N-injective modules as a generalization for the
concepts of pseudo-N-injective modules and finitely N-injective modules. Many characterizations and properties
of finitely pseudo-N-injective modules are obtained. Relationships between finitely pseudo-injective modules
and other classes of modules are given. New characterizations of semi-simple artinain rings and strongly regular
rings are given by finitely pseudo-injectivity property. Furthermore, Endomorphisms rings of finitely pseudo-

injective modules are studied.

Introduction

Throughout this paper, R will denote an associative
commutative ring with identity ,and all R-modules
are unitary(left) R-modules. Given two R-modules M
and N, M is called pseudo-N-injective if for any R-
submodule A of N and every R-monomorphism from
A into M can be extended to an R-homomorphism
from N into M[13]. An R-module M is called pseudo-
injective if M is pseudo-M-injective[13]. An R-
module M is called finitely N-injective if for any
finitely generated R-submodule B of N and every R-
homomorphism from B into M can be extended to an
R-homomorphism from N into M , and M is called
finitely quasi-injective if M is finitely M-injective
[14]. For an R-module M , E(M) stand for the
injective envelope of M and Hom(N,M) is the set of
all R-homomorphism from an R-module N into an R-
module M. This paper is based on M .Sc. thesis
written by the third author under supervision of the
first and second authors and submitted to the college
of Education ,university of Tikrit in September 2007.
81:Basic properties of finitely pseudo-N-injective
modules. Definition 1.1

Let M and N be two R-modules. M is said to be
finitely pseudo-N-injective if for any finitely
generated R-submodule H of N, and any R-
monomorphism f: H— M can be extended to an R-
homomorphism from N into M. An R-module M is
called finitely pseudo-injective if M is finitely
pseudo-M-injective.

A ring R is called finitely pseudo-injective if R is
finitely pseudo-R-injective R-module.

Examples and Remarks 1.2

1-Every pseudo-N-injective module is finitely-
pseudo-N-injective for any R-module N. We do not
have a finitely pseudo-N-injective module which is
not pseudo-N-injective.

2-Every finitely N-injective module is finitely
pseudo-N-injective module. The converse need not be
true .The Z-module Z, is a finitely pseudo-Q @ Z,-
injective, but Z, is not finitely Q@ Z,-injective,
where Q is the set of all rational numbers.

3-A finitely-pseudo-N-injective ~ R-module is not
closed under direct sum. For example: Z, and Z, are
finitely-pseudo-injective Z-modules, but Z,® Z, is
not finitely- pseudo-injective Z-module.
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In the following theorem, we give many
characterizations of finitely-pseudo-N-injective R-
modules.
Theorem 1.3
S=End(M).
equivalent.
1- M is finitely-pseudo-N-injective.

2-For each finitely generated R-submodule
L= >° Rm, S M and for each finitely generated

Let M and N be two R-modules and
Then the following statements are

R-submodule K=$~ grpn <N , where 5 & z

A=1
,and for each finite subset {r; ,r, ,...nrs } of
R’Zizlrznz =0 ifandonly if S~ ' m —o
there exists an R-homomorphism g: N— M such that
gin, )=m, forall 1=12,...s.
3-For each finitely generated R-submodule
L= Zzﬂ Rm, &M and for each finitely generated

R-submodule K:ZLR”A N where seZ and

for each finite subset {r, ,r, ,...rs } of R,
S ., =0 if and only ifz;1 rm, =0, then
for each feS , there exists R-homomorphism
heHom(N,M) such that f(m,)=h(n,), for
allA=1,.2,....s.

4-For each R-monomorphism f: A—M , where A is

any R-submodule of N, and for each finite set {a; ,a,
,...,as} , there exists an R-homomorphism g:N—M

suchthatg(a, )=f(a,),forall 1=12,...s.

Proof: (1)=>(2) Let f: K—>M defined by f
(Z:Zﬂrﬂn/l )= > rm, -

It is easily proved that f is an R-monomorphism.

Since M is a finitely-pseudo-N-injective R-module,
so there exists an R-homomorphism g:N — M such

that g(k )=f(k), for each k € K. In particular,

gn, )=f(n,)=m , foralln , eK

(2) = (3) Let @ € S. By hypothesis, there exists an
R-homomorphism  g:N— M such  that
g(n,)=m, where n,eK and m, el .Thus

a(m;)=a (@ ;))=(x og)n ), for all
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A=12,..s. Hence a (L)< (a og)(K). Since
o 0oge Hom(N,M), so« (L) < Hom(N,M)(K), for
all o €S. Therefore S(L)
< Hom(N,M)(K).(3) = (4) Let f: A—M be any R-
monomorphism. Put K= S Ra,

A=1

and f(a ,)=m ,,

where m ; € M. Thus L= S Rm, © M , and for
A=1

each finite set {r; ,r»,....,rs } of R, Z:eral —q If

and only if > rm, —o.Let EIM—>M be the

identity R-homomorphism. But I €S, so there exists
an R-homomorphism g€ Hom(N,M) such that g(a ,
)=m, =f(a, ), forall 1=1.2,. s
4 = (@) Let A= Zizl Ra,

generated R-submodule of N and f: A— M ,be any
R-monomorphism. By hypothesis there exists an R-
homomorphism g: N— M ,such that g(a , )=f(a , ),
for all A=12,...s. For each x eA |,
X:Z:i:lr/la/1 where r, €R, for all A=12, s

Thus 9= > r.g(a,) > r. f(a,)=f) .
proving that g is an extension of f. Therefore M is
finitely-pseudo-N-injective .

As an immediate consequence of Th. 1.3, we have the
following corollary in  which we get many
characterizations of finitely-pseudo-injective
modules.

Corollary 1.4

The following statements are equivalent for an R-
module M.

1-M is finitely-pseudo-injective.

2-For each finitely generated R-submodule

L= > Rm, and K= > Rk, of M, where m ;

K, eMand seZ, and for each finite subset {r, ,r,

yoools of R, Z;l r,n, =0 if and only

if ZA rm, = othere exists an R-
=1

be any finitely

homomorphism g:M — M such that g(k , )=m , ,for
allk , eK,m, eLand 1=1.2,....

3-For each finitely generated R-submodule
L= > Rm, and K= > Rk, of M where m ;
, Kk, eMands eZand for each finite subset {r, ,r;
,....ts ¥ of R | 2;1 r.k, =0 if and only if

S rm, =0, then for each  f €S, there exists h

eSsuch that f(m , )=h(k , ), forall A=12,...,s
,and hence S(L) < S(K).
4-For each R-monomorphism f: A — M, where A

be any R-submodule of M, and for each finite subset
{a; /2, ,...,a } of A ,where s €Z, there exists an R-
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homomorphism g € S such that g(a , )=f(a , ) ,for all

A=12,...s.
Recall that a function f: N — M is split, if there
exists a function g: M — N such that g of=I [10].

Before we give the following proposition, we define
the concept of finitely-split.

Definition1.5

An R-monomorphism f: N — M, where N and M
are R-modules, is called finitely-split if for each finite
subset B={b, ,b, ,...,bs }of N, where s €Z, there

exists an R-homomorphism g,:M —N (g5 may

depend on B) such that (g5 of)(a,)=a, for all
A=12,...,s.
Proposition 1.6:Let M and N be two R-modules. If
M is finitely-pseudo-N-injective, then every R-
monomorphism ¢ : M —> N is finitely -split.
Proof:Let & :M—>N be any R-monomorphism, and
a;, a,....a€M. Define f:a(M) —M by
S (a (m))=m, for all me M. It is easily proved that
[ is an R-monomorphism. Let L be the R-submodule
of N generated by @ (a;), @ (a,),..., o (as)
and let y=/|:L—>M. Consider the following
diagram

L——>N

y\ /
M
Where i: L—>N is the inclusion map. Since M is
finitely -pseudo-N-injective, and @ (a; ) € a (M),

forall A=1,2,....s, hence by Th.1.3 there exists an R-
homomorphism h: N— M such that (hol ) ( & (a ;))
= y( a@, )), for alA=1.2,..,s .Whence h
(a@, )=y(af@,)), foralA=12,..s.Buty
(a(@, )=a,, forallA=12,..,s,s0ho a)(a ;)
=a ,, A=1,2,...,s. Therefore « is finitely -split .
The  following  corollaries are  immediate
consequences of Prop.1.6.

Corollary 1.7 If M is a finitely -pseudo-injective R-
module, then every R-monomorphism o :M—>M
is finitely -split.

Corollary 1.8 If M is a finitely -pseudo —E(M)-
injective R-module, then every R-monomorphism
o ‘M —>E(M) is finitely -split.

In the following result, we characterize finitely
generated injective modules by finitely -pseudo-
injectivity

Proposition 1.9 Let M be a finitely generated R-

module. Then M is injective if and only if M is
finitely -pseudo-E(M)-injective.

Yvs
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Proof:The only if part is clear. Let M be finitely -
pseudo-E(M)-injective and let f: M—E(M) be a
monomorphism. Consider the following diagram:

0>M—"5>EM)
l g
N
where I:M—M is the identity R-homomorphism.
Since M is finitely -pseudo-E(M)-injective, thus
there exists an R-homomorphism g: E(M) — M such
that gof=l which implies that f is split. Hence

E(M)=f(M) @D A" where A" is a R-submodule of
E(M). Since E(M) is injective, then f(M) is injective

[13]. But f(M)= M, so M is injective.

As a particular case of Prop.1.9, we have the
following corollary

Corollary 1.10 A ring R is self injective if and only
if R is a finitely-pseudo-E(R)-injective R-Module.
The proof of the following proposition is left as an
easy exercise to the reader.

Proposition1.11 Let M, N be any two R-modules. If
M is finitely-pseudo-N-injective, then M is finitely -
pseudo-A-injective for each submodule A of N.

As an immediate consequence of proposition 1.11 we
have the following corollary.

Corollary1.12 Let N be any submodule of an R-
module M. If N is finitely -pseudo-M-injective, then
N is finitely -pseudo-injective.

The next proposition shows that the finitely -pseudo-
N-injectivity is inherited by direct summands.
Proposition 1.13 Any direct summand of finitely -
pseudo-N-injective R-module is finitely -pseudo-N-
injective.

Proof: Let M be any finitely -pseudo-N-injective R-
module, and A be any direct summand R-submodule
of M. Thus there exists an R-submodule A of M such
that M=A® A. Let B be any finitely generated R-
submodule of N, and let f: B—A be an R-
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monomorphism. Let g=jof ,where JA—>M is the
injection mapping. It is clear that g is an R-
monomorphism. Consider the following diagram

B— 3N

M= A @4
where i B —N is the inclusion map. Since M is
finitely -pseudo-N-injective R-module, then there
exists an R-homomorphism h: N —M such that
hoi=g. Let 7z: M—> A be the natural projective R-
homomorphism .Put « = oh. For each beB,
a (b)=
(7r oh)(b)=7 (h(b))= 7 (9(b))= 7 (f(b),0)=f(b).
Therefore A is finitely-pseudo-N-injective .By virtue
of Prop.1.13 and Cor.1.12, we have the following
result.
Corollary 1.14 Any direct summand of a finitely-
pseudo-injective R-module is also finitely-pseudo-
injective.
Proposition 1.15 Let N be a finitely generated R-
submodule of an R-module M. If N is finitely-
pseudo-M-injective, then N is a direct summand of
M.
Proof: Let {a; ,a,,...,as} be a set of generator of N
and let I: N—N be the identity R-homomorphism.
Since N is finitely-pseudo-N-injective , thus there
exists an R-homomorphism & :M—N such

thatar (a, )=I(a, ), for all A=12,...s (Th.1.3(4)).
Consider the following diagram

N —> M

|

\ N
where i: N— M is the inclusion map. & oi=I, thus
i split .Hence N is a direct summand of M [10].
Proposition 1.16
1-Isomorphic  R-module to finitely-pseudo-N-
injective is finitely-pseudo-N-injective for any R-
module N.
2-Let N; and N, be two R-modules such that N; = N,.
If M is finitely-pseudo-N;-injective, then M is
finitely-pseudo-N,-injective
Recall that an R-module M satisfies(FC,) if each
finitely generated R-submodule of M which is

Yv.

/ )

isomorphic to a direct summand of M is a direct
summand of M.

Proposition1.17 Any finitely-pseudo-injective R-
module satisfies(FC,).

Proof: Let M be an finitely-pseudo-injective R-
module, and A be any finitely generated R-
submodule of M which is isomorphic to a direct
summand B of M. Since M is finitely-peudo-
injective, thus by Prop.1.13 , B is finitely-pseudo-
injective . And by Prop.1.16 A is finitely-pseudo-M -
injective. Also since A is finitely generated thus A is
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a direct summand of M by Prop.1.15. Therefore, M is
satisfies(FC,).

§2:Endomorphisms rings of finitely-pseudo-
injective modules

In this section, we study some properties of
Endomorphisms rings of finitely-pseudo-injective
modules.

Arring R is regular ( in the sense of Von-Neumann) if
for each element x in R, there exists an element y in
R such that x=xyx [8],and a hon-zero R-submodule K
of M is called essential in M If KI L0 for each
non-zero R-submodule L of M [8].

We preface the section by the following lemma which
appears in [8].

Lemma 2.1 Let M be an R-module, S=End(M) and
W(S)={ & €S: ker( ) is essential in M}, thus W(S)
is a two sided ideal of S.The Jacobson radical J(R) of
a ring R is the intersection of all maximal ideals of
R[6]. A ring R is called quasi-regular if for each
aeR,1-a has an inverse in R [4]. Let N be a
submodule of an R-module M. A relative
complement of N in M is a submodule H of M which
is maximal with respect to the property H I N=0
[10].An R-module M is called Noetherian if every R-
submodule of M is finitely generated[9].

Theorem2.2 Let M be a finitely -pseudo- injective
Noetherian ~ R-module, S=End(M) and et
W(S)={ & €S: ker( ) is essential in M}. Then J(S)
=W(S) and S/J(S) is a regular ring.

Proof:

Let f+W(S) € S/W(S),where f €S. Put K=ker(f) and
let L be the relative complement of K in M.
Let{x1,X5,Xs,...,X,} be a set of generators of L. Define
6 :f(L) > M by 4 (f(x))=x, for all xeL. We prove
that @ is well defined. For that, let f(a)=f(b), where a
,be L. Thus f(a —b )=0 and hence a -b € ker(f)=K
which means that a =b . It follows that & (f(a))= €
(f(b)).Therefore @ is well defined. It is easily seen
that @ is an R-monomorphism. Since M is finitely -
pseudo-injective , there exists an R-homomorphism
a:M—>M such thata (f(x))= 6 (f(x;),where
i=1,2,3,...n. If u=x+tyeL@® K where xeL, and
yeKk, then (f-fo a of)(u)=f(x+y)-
(foa of)(x+y)=f(x)+f(y)-(fo a of)(x)-

(foa of)y) . But yeK, so f(y)=0.Let
X:iﬁ x, \where r;eR. Thereby (f-

i=1

ot f)(W)=F0)-(F & HX)=FX)-(F0 0 )(Fx)=F(0)-
(0t (F( 1, MEIOOFCS e (,0)=100-

f( Z r,o(f (x;))=f(x)-f(x)=0 which implies that
i=1

ueker(f-foa of). Therefore LO®K < ker(f-

foa of). Since L@ K is an essential R-submodule

of M, thus ker(f-fo & Of) is an essential submodule

of M[9]. This prove that f-foa of eW(S) and
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hence F+W(S)=(fF+W(S))( o +W(S))(fF+W(S)).
Therefore S/IW(S) is a regular ring.

Let o €J(S). By (1), S/IW(S) is a regular ring, thus
there exists f €S such that a- a of 0 &
eW(S).Put f= a- a of o a. Since J(S) is a
two sided ideal of S, thus @ of €J(S) .Also since
J(S) is quasi-regular, then (I- ¢ of)™ exists where |
is the identity R-homomorphism from M into M.
Hence (I- ¢ of)Y (- a of oa)=(I- a of)*(I-
a of) a =a, thus (I- @ ofyt o B=a . Since
S eW(S), (- a ofytes and W(S) is two sided
ideal, then by Lemma 2.1, a € W(S). Therefore J(S)
cW(S).Given any feW(S),we have ker f is

essential in M and ker(I-f) 1 kerf=0 ;hence ker(l-
f)=0. Then I-f provides an isomorphism of M onto (I-
)M, and the inverse isomorphism (I-)M—M extends
to a map g € S such that g(I-f)=I. Thus fis a left
quasi-regular element of S. Now W(S) is a left quasi-
regular ideal of S, and so W(S) < J(S).Thereby
J(S)=W(S).

Corollary 2.3 Let M be a finitely -pseudo-injective
Noetherian R-module. Then HI K=HK+W(S)I

(HI K) for each two sided ideals H and K of S.
Proof: By Th.2.2, S/IW(S) is a regular ring. Let
feHI K. Then there exist o +W(S) € S/W(S) such
that f+W(S)=fo a of+W(S), and hence (f-fo o of)
€ W(S). From that, we have (f-foa of) e W(S)
I (HT K). Put f=f-foa of, then
f=foa of+ f# e HK+W(S)I (HI K). It follows
that HI KcCHK+W(S) I (HI K).  Since
HKcHI K and W(S)I (HI K) cHI K ,s0
HK+W(S) I (HI K)YcHI K. From previous
argument, we have HI K=HK+W(S) I (HI K).
The following corollary is direct from corollary 2.3 .
Corollary 2.4 If M is a finitely -pseudo-injective
Noetherian R-module, then K=K?*+W(S) I K for
each two sided ideal K of S.

Proposition 2.5 If M is a finitely-pseudo-injective
R-module and S=End(M), then SA=SB for each
isomorphic R-submodules A,B of M.

Proof: There exists an R- isomorphism ¢ :A—>B.
Let beB. Thus there exists an element a€ A such
that « (a)=b. It is clear that for each reR , ra=0 if
and only if rb=0. Since M is finitely -pseudo-
injective, then by Cor.1.4(3), Sbc Sa and hence
Sb c SA for each b in B. Thus SB C SA. Similarly,
we can prove that SAC SB . Therefore SA=SB.

As an immediate consequence of proposition 2.5, we
have the following result.

Corollary 2.6 If R is a finitely -pseudo-injective ring
and A,B are two isomorphic ideals of R, then A=B.
83:Relationships between finitely -pseudo-injective
R-modules and other classes of Modules

Yy
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This section is devoted to study finitely-pseudo-
injectivity property in some classes of modules such
as fully invariant submodules, multiplication modules
and uniform modules among others.

We preface our section by the following theorem
which gives the relationship between two direct
summands of finitely -pseudo-injective R-modules.

Theorem 3.1 If M@ M, is a finitely-pseudo-
injective  R-module, then M is finitely- M-

injective forall &, f=12anda # [ .

Proof: We show that M, is finitely -M,-injective .
Let A be any finitely generated R-submodule of M,,
and let :A—> M; be any R-monomorphism. Define
gA—=>M @ M, by g(@)=(f(a),a) ,forallac A. ltis
easily proved that g is monomorphism. Since
M; @ M, is finitely-pseudo- M; @ My-injective R-
module, thus M; @ M, is finitely-pseudo-M,-injective
R-module(Prop.1.10).Then there exists an R-
homomorphism h: M;— M;@® M, such that

h(a)=g(a), for all aeA. Consider the following
diagram

A | M,
e
F hl .’.
Ml ./., h
T ,~/.
’.I
M1 ® M;

where i: A —> M, be the inclusion map. Let 7 4:

M; @ M, — M, be the canonical projection. put

hy=7 ,0h: M, — M, .Thus for all a € A, we have
that hy ()= 77 1(h())= 7 1(9(a))= 77 1( f(a),2)=f(a).
Therefore M; finitely-M»-injective R-module.

The converse of Prop.3.1 is not true in general as the
following example declare that.

Example3.2 Let Z, and Zg be Z-modules. It is easy to
prove that Z, is finitely-Zs-injective, and Zg is
finitely-Z,-injective. But Z,® Zg is not finitely-
pseudo-Z, @ Zg injective

The following result is concluded from Th.3.1.
Corollary 3.3 If @& Z M , is a finitely -pseudo-

AeA

injective R-module, then M, is finitely-M 5"
injective for all distinct &, € A.

The following proposition gives a condition under
which finitely-pseudo-injective module is finitely
quasi-injective.

Proposition 3.4 Any uniform finitely-pseudo-
injective R-module is finitely quasi-injective.

Proof: Let N—>M be any R-homomorphism,
where N be a finitely generated R-submodule of M. If

Yvy
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ker(f)=(0), then f is R-monomorphism. Since M is
finitely-pseudo-injective R-module, so there exists
an R-homomorphism f;:M — M such that f;(n)=f(n),
for all neN.If ker(f)# (0), let itN—>M be the
inclusion R-homomorphism, and let a =i+f:N— M.
It is clear that « is an R-homomorphism and ker(f)
I ker(ax)=(0). But ker(f) is an essential R-
submodule of M, so ker( & )=(0). Therefore o is R-
monomorphism. Since M is finitely-pseudo-injective
R-module, thus there exists an R-homomorphism h:
M —> M such that h(n)= & (n), for all ne N. Put g=h-
IM—M, where IIM—>M is the identity
homomorphism, g is an R-homomorphism. Now, let
neN, then g(n)=(h-N(n)= & (n)-n=(i+f)(n)-
n=f(n).Hence g is an extension of f. Therefore, M is a
finitely quasi-injective R-module.

The class of finitely-pseudo-injective R-modules is
not closed under submodule in general, as we
mentioned in section one (examples and remarks
1.2).In the next proposition, we give a condition
under which the class of finitely-pseudo-injective
modules becomes closed under submodule.

Recall that a submodule N of R-module M is fully
invariant submodule of M if f(N) <N, for all
fe End(M)[10].

Proposition 3.5 Every fully invariant submodule of
finitely-pseudo-injective module is finitely-pseudo-
injective.

Proof: Let M be a finitely-pseudo-injective module,
and let N be a fully invariant submodule of M. To
prove that N is finitely-pseudo-injective module, let
X be any finitely generated submodule of N, and let
g: X—>N be an R-monomorphism. Consider the
following diagram

X —be yN—du sy M
g l ,/,h ,//
N‘/ ,//

7/

7/
R ,/
Iy M|\/| »

where ix: X—>N ix:: N—>M are the inclusion
mappings. Since M is finitely-pseudo-injective, then
there exists a homomorphism f: M —M such that
fOiN OiX:iN 0g.

Since N is fully invariant in M, then f(N) < N. Let
fln=h, then for all X in X
(h 0ix) (X)=f(x)=(in 0g)(X)=g(x).Thus h Oix=g.
Therefore N is finitely-pseudo-injective.

Recall that an R-module M is called duo if every R-
submodule of M is fully invariant[10] .

Corollary 3.6 If M is a finitely -pseudo-injective
duo R-module, then every R-submodule of M is
finitely -pseudo-injective.

An R-module M is called multiplication module if
every R-submodule of M is of the form AM for some
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ideal A of RJ[5],and every R-submodule of
multiplication R-module is fully invariant[3] .
Corollary 3.7 If M is a finitely -pseudo-injective
multiplication R-module, then every R- submodule of
M is finitely -pseudo-injective module.

Recall that an R-submodule N of an R-module M
satisfies Baer criterion , if for each R-homomorphism
f:N—M there exists r € R such that f(n)=rn, for all
ne N[1]. And R-module M is said to be satisfied
Baer criterion if each R-submodule of M satisfies
Baer criterion [1].

Corollary 3.8 If M is a finitely-pseudo-injective R-
module which satisfies Baer criterion, then every R-
submodule of M is a finitely -pseudo-injective
module.

Proof: It follows from R-submodule which satisfies
Baer criterion is fully invariant and Prop.3.6.

An R-submodule N of an R-module M is annihilator,

if N=ann, (A) for some ideal A of R [1].And every

annihilator R-submodule N is fully invariant
Proposition3.9 If M is a finitely-pseudo-injective R-
module in which every R-submodule is annihilator,
then every submodule of M is finitely -pseudo-
injective module.

84: finitely-pseudo-N-injective and
setwise-injective modules

In this section, we introduce finitely-setwise-injective
and finitely-setwise-ker-injective concepts. We study
the relations between those concepts and finitely-
pseudo-injective concept. Also we study the relations
among them.

Definition 4.1 An R-module M is called finitely
setwise-injective, if for each R-monomorphism f:
A —B where A and B are two R-modules, and for
each R-homomorphism g: A — M and for each finite
set D={a; ,a ,...,a; }CA, there exists an R-

finitely-

homomorphism h ,:B—M (h; may depend on D)

such that (hp o f)(&,)=g(a)) for each A=1,2,3,...,s.

The following proposition shows that the class of
finitely-pseudo-N-injective  modules contains the
class of finitely setwise-injective modules.
Proposition4.2 Every finitely setwise-injective R-
module is finitely-pseudo-N-injective for all R-
module N.

As an immediate consequence of proposition 4.2, we
get the following corollary.

Corollary 4.3 Every finitely setwise-injective R-
module is finitely-pseudo-E(M)-injective.The next
proposition gives a characterization of finitely setwise
injective module by means of finitely-split.
Proposition 4.4 An R-module M is finitely setwise-
injective if and only if every R-monomorphism
o ‘M —>E(M) is finitely-split.

Proof: By Cor. 4.3, M is finitely-pseudo-E(M)-
injective, and hence by Prop.1.8 every R-
monomorphism ¢« :M —> E(M) is finitely-split.
Conversely ; assume that every R-monomorphism
o ‘M —E(M) is finitely-split. Let N be an R-module
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and let D={a; ,a, ,...,as } N, where s Z. Assume
that f:N—B is an R-monomorphism, where B is an
R-module, and g: N— M is R-homomorphism.
Consider the following diagram

E(M)

where i:M — E(M) is the inclusion map .Since E(M)
is injective, there exists an R-homomorphism
h:B—E(M) such that hof=iog By hypothesis,
i:M—E(M) is finitely-split ,so for the set H={g(a;
).9(@ ),... 0@ )} M there exists an R-

homomorphism ¥  :E(M) — M such that
(y yoi)a(a, )=g(a, ), for each A=123,...s..
Thus y , oh.B —>Mand (y , oh of)a ;)=

Y yhof@ ,)=(y, oi)g(a ,))=g(a,), for each
A=1,2,3,....,s. . Therefore M is finitely setwise-
injective.

In the following proposition, we give a
characterization of finitely setwise-injective modules
by means of finitely-pseudo-injectivity.

Proposition 4.5

An R-module M is finitely setwise-injective if and
only if M is finitely-pseudo-E(M)-injective.

Proof: The only if part follows from Cor.4.3. To
prove if part, Let M be a finitely-pseudo-E(M)-
injective . By Cor.1.8, every R-monomorphism « :
M — E(M) is finitely-split, and hence by Prop. 4.4,

M is finitely setwise-injective. A ring R is Noetherian
if every ideal of R is finitely generated [2].

Corollary 4.6 Let R be a Noetherian ring. Then any
R-module M is injective if and only if M is finitely-
pseudo-E(M)-injective.

Proof: The only if part is clear. To prove the if part,
suppose that M is finitely-pseudo-E(M)-injective.
Then by Prop.4.5 M is finitely setwise-injective R-
module. Let A be an ideal of R. Since R is Noetherian
ring, so there exists a; ,a ,...,as €A such that
A= ° Ra, - Let f: A—>M be an R-

homomorphism. Consider the following diagram
A—— R
1
/
f /h
l
y
M
Since M is finitely setwise-injective , so there exists
an R-homomorphism h:R — M such that

(hoi)(a ,)=f(a,) for eachA=1,2,3,...,s. . We claim

Yy
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that (h 0i)(x)=f(x) for each x € A. Let xe A, then
X=S ra, wherer ; €R ,for each A=1,2,3,...s.

A=1

Thus (ho)()=(0( S r,a, )=

> _r, f(a,)=f(x), and hence by Bear's criterion

A=1
theorem M is injective.
Before we give another characterization of finitely
setwise-injective R-module, we present the following
lemma.
Lemma 4.7 If M and N are finitely setwise-injective

R-modules, then M@ N is a finitely setwise-
injective R-module.
Proof: Let f: A—> B be an R-monomorphism, where

A and B are R-modules, and let g: A—> M@ N be an
R-homomorphism. Assume that D={a; ,a; ,...,as
} < A,where se Z . Consider the diagram below

A 5B

where 7,, :M@® N—>M is the canonical projection.

Since M is finitely setwise-injective R-module, thus
there exists an R-homomorphism »:B—>M such

that(y of )(a ,)=(7y 09)(@a,), A=1,23,...s.
Similarly, there exists an R-homomorphism f: B
—>N such that ( S of)(a ; )=( 7, 09)(a ), for each

2=1,2,3,....,s, where 77, :M@® N—N is the canonical
projection .Now consider the following diagram

A, — 5B
g " h
¥

M@ N

Define h:.B—>M @ N by h(b)=( 7 (b), S (b)), for all

beB.Then for
(hof)@ ,)=((y of)(a,).( B of)(a,))=

((my og)@,) . (my09)a,))= (7 (9@,)),
Ty(9@,)) =g(@,), for each A=123,...5s.
Therefore M@ N is a finitely setwise-injective R-
module. The next lemma shows that the class of
finitely quasi-injective modules contains the class of
finitely setwise-injective modules.

Lemma 4.8 Every finitely setwise-injective R-
module M is finitely quasi-injective.

each a, eD, we have that

Yv¢
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Theorem 4.9 The following statements are
equivalent for an R-module M.

1-M is finitely setwise-injective.

2- M@ E(M) is finitely quasi-injective.

3-M @ E(M) is finitely-pseudo-injective.

Proof: (1) =(2) By Lemma 4.7, M@ E(M) is
finitely setwise-injective , and by Lemma 4.8,
M @ E(M) is finitely quasi-injective .

(2) = (3) trivial.

(3)=(1) By Th.3.1, M is finitely —E(M)-injective,
and hence M is a finitely -pseudo-E(M)-injective R-
module. Therefore by Prop.4.5, M is finitely setwise-
injective . From Th.4.9 we conclude the following
corollaries.

Corollary 4.10 Let M be a finitely generated R-
module. Then, M is injective if and only if
M@ E(M) is a finitely-pseudo-injective R-module.
Proof: The only if part is direct from Th.4.9. To
prove if part, suppose that M@ E(M) is finitely -
pseudo-injective R-module, then by Th.4.9, M is
finitely setwise-injective, and hence by Prop.4.5 M is
finitely -pseudo-E(M)-injective R-module. Therefore
M is injective (Prop.1.9)

Corollary 4.11 Let R be a Noetherian ring. Then an
R-module M is injective if and only if M@ E(M) is a
finitely -pseudo-injective R-module.

Proof: The only if part is trivial . To prove the if
part, suppose that M@ E(M) is finitely -pseudo-
injective R-module. By Th.4.9, M is a finitely
setwise-injective R-module, and by Prop.4.5 M is a
finitely -pseudo-E(M)-injective R-module. Therefore
M is injective (Cor.4.6). It is known that every
finitely generated Z-module is not injective [13].Thus
by Cor.4.11, we have the following result.

Corollary 4.12 If M is a finitely generated Z-module
then M@ E(M) is not finitely-pseudo-injective Z-
module. Before we give other new characterizations
of finitely setwise-injectivity, we introduce the
following definitions.

Definition 4.13 An R-module M is called finitely
setwise ker-injective if for each R-monomorphism
f:A—> B ,where A and B are R-modules, and for each
R-homomorphism g:A—> M, and for each finite set
D={a; ,a ,... , as } C A there exists an R-
monomorphism ¢ :M—M, and R-homomorphism

pPo:B—>M (B, may depend on D) such that
(fp of)a ;)=(a og)(a,), for each 1=1,2,3,....s.

Definition 4.14 An R-monomorphism f:N—>M is
called finitely setwise ker-split if fore each finite set
B={b; b, ,..,bs } there exists an R-
monomorphism ¢ :N —> N, and an R-homomorphism

gg:M—N
(9gg Of)(a ;)= (a,), foreacha=1,2.3,...s.

( gg may depend on B) such that
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Proposition 4.15 If M is a finitely setwise ker-
injective R-module, then every R-monomorphism
o :M —E(M) is finitely setwise ker-split.
Proof: Assume that & :M—>E(M) be an R-
monomorphism, and D={m; ,m, ,....ms} C M. Let I:
M —M be the identity R-homomorphism. Consider
the following diagram
M——E(M)
/
/

| /
’

MG

2%

M

Since M is finitely setwise ker-injective, then there
exists an R-monomorphism f:M—M, and an R-

homomorphism gp-E(M)—>M, such that

(9p0a)m,)=(p ol)(m,)=F(m,), for each
A=1,2,3,...,s. Therefore « finitely setwise ker-split.
Now we give characterizations of finitely setwise-
injective and finitely setwise ker-injective.

Theorem 4.16  The following statements are
equivalent for an R-module M.

1-M s finitely setwise-injective.

2-M is finitely- quasi-injective and finitely setwise
ker-injective.

3-Mis finitely-pseudo-injective and finitely setwise
ker-injective.

Proof: (1)= (2) Since M is finitely setwise-injective
R-module, so by Lemma 4.8, M is finitely quasi-
injective

Now, let f: A—> B be an R-monomorphism, where A
and B are R-modules, and let g: A—M be an R-
homomorphism. Assume D={a; ,a ,...,as }ZA.
Consider the following diagram

A —> B

M
Since M is finitely setwise-injective R-module, thus

there exists an R-homomorphism h,: B—>M such
that (h of)(a ;)=g(a ,).Suppose I:M—>M s the
identity R-homomorphism, and S p=h,:B—>M.
For each a,eD ,(f po0f)ia,)= (hyof)(a,)

=g(a ;).Thus M is finitely setwise ker-injective R-

module which complete the proof.
(2) = (3) trivial.
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B =) Let aM—EM) be an R-
monomorphism. By assumption, M is finitely setwise
ker-injective,thus by Prop.4.15,a is finitely setwise-
ker-split. Then for each finite set D={a; ,a; ,...,as
} < M, there exists an R-monomorphism f:M —M

and an R-homomorphism £ ,: E(M) —M such
that (S , oo )(a,)=f(a,;), for each 2=1,2,3,....s.
Whence we have the following diagram
Mlé EM)
f

7z 4
e 4
4 /
x’ By
M ,
/
p M

Since M is a finitely- pseudo-injective R-module and
f: M —>M be an R-monomorphism, thus by Cor.1.7 f
is finitely-split. Thus there exists an R-

homomorphism Jp: M—>M such  that
(9p of)(a,)=a,, foreach A=1,2,3,...,s. Put h ;=g
OB :E(M)—M, hence (hy oa)a, )=(9p oBp

(0] a)(ag):gD ((BD oo )( (ag)):( dp O )( a, )=
a, , for all =123,...s. Therefore each R-
monomorphism ¢« :M—E(M) is finitely-split and
hence by Prop.4.4, M is finitely setwise -injective
Recall that an R-module M is called semi-simple if
each R- submodule N of M is a direct summand of M.
A ring R is semi-simple if it is semi-simple R-module
[10].Since every semi simple R-module is quasi-
injective [11], thus finitely-pseudo-injective. Hence
by Th.4.16, we have the following result.

Corollary 4.17 Every semi-simple finitely setwise
ker-injective R-module is finitely setwise —injective.
From Th.4.9 and Th.4.16 we get the following
corollary.

Corollary 4.18 The following statements are
equivalent for an R-module M.

1-M @ E(M) is a finitely- pseudo-injective R-module.
2-M is finitely- pseudo-injective and finitely setwise
ker-injective

Proof: (1) = (2) It follows from Th.4.9.

(2) = (1) By Th.4.16 M is finitely setwise —injective
R-module, and hence by Th.4.9 M®@EM) is
finitely- pseudo-injective.

Remark 4.19  Direct sum of two finitely- pseudo-
injective R-modules need not be finitely- pseudo-
injective. For example; let p be a prime number, then
Z, and E(Z p) are finitely- pseudo-injective Z-

modules, but by Cor.4.12, Z, @E(Zp) is not

finitely- pseudo-injective Z-module.

The following proposition gives a condition under
which direct sum of any two finitely- pseudo-
injective R-modules is finitely- pseudo-injective.

Yye
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Proposition 4.20 The following statements are
equivalent .

1-Direct sum of any two finitely- pseudo-injective R-
modules is finitely- pseudo-injective R-module.
2-Every  finitely- pseudo-injective R-module is
finitely setwise-injective.

Proof: (1) = (2) Let M be any finitely- pseudo-
injective R-module. By hypothesis M@ E(M) is a
finitely- pseudo-injective R-module. Then by Th.4.9,
we have that M is finitely setwise -injective R-
module. (2) = (1) Let M and N be any two finitely-
pseudo-injective R-modules. Then by hypothesis M
and N are finitely setwise-injective R-modules, and

by Lemma 4.7 M@ N is finitely setwise-injective.

This implies that M @ N is a finitely pseudo-injective
R-module ( Th.4.16).

As an immediate consequence of Prop. 4.20, we have
the following corollary.

Corollary 4.21 Let the direct sum of any two
finitely- pseudo-injective R-modules is finitely-
pseudo-injective. Then

1-every finitely-quasi-injective R-module is finitely
setwise-injective.

2-every semi-simple R-module is finitely setwise-
injective.

3-every finitely generated semi-simple R-module is
injective.

Proof: (3) follows from (2) and propositions 4.20,4.5
and 1.9.

Recall that an R-module M is finitely injective if
every diagram of R-modules of the form

0— X ——>Y
h l / g
M

where X is finitely generated, and the row is exact
can be embedded in commutative diagram [14].
Before we give the last proposition of this section, we
need to introduce the following lemma.
Lemma 4.22 If M and N are finitely- injective R-
modules, then M@ N is a finitely-injective R-
module.
Proof: Let f: A—> B be an R-monomorphism, where
A is a finitely generated R-module and B is any R-

module, and let g0 A—>M®N be an R-
homomorphism. Consider the following diagram

A —5 B

/
/
g /
!/
/
v ,
M®&N o
/
/
/
/
ﬂ.M /
/
v’y
M

Yva
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where 77,, : M@ N — M is the canonical projection.
Since M is finitely-injective , there exists an R-
homomorphism ¢ : B— M such that @ of=7,, og
Similarly, there exists an R-homomorphism /'

B—N such that f of=x, 0g, where :
M@®N-—>N is the canonical projection. Now
consider the following diagram
A— > B
g ,/h
/
/
/
>
M@ N

Define h:B—>M® N by h(b)=( & (b), 3 (b)). Leta
e A then hof(a)=( & of(a), B of(a))=(
7Ty 09(d), 7 09(a))=g(a). Therefore M@ Nis a

finitely-injective R-module.

Corollary 4.23 If M is a finitely-injective R-
module, then M@ E(M) is a finitely-injective R-
module.

Proposition 4.24 The following statements are
equivalent .

1. Every finitely-injective R-module is finitely
setwise-injective.

2. Every finitely-injective R-module is finitely-
quasi-injective.

3. Every finitely-injective R-module is finitely-
pseudo-injective.

Proof: (1) = (2) By Lemma 4.8.

(2) = (3) trivial.

(3) = (1) Let M be a finitely-injective R-module. By
Cor.4.23, M@ E(M) is a finitely-injective R-module,

and hence by hypothesis M@ E(M) is a finitely-
pseudo-injective R-module. Then by Th. 4.9, M is
finitely setwise-injective.

85:Characterizations of Rings by means of
Finitely-pseudo-injective R-modules

In this section, we introduce some new
characterizations of strongly regular rings and we
also present some new characterizations of semi-
simple artinian rings by finitely-pseudo-injectivity
property.

An R-module M is called strongly regular if every
finitely generated R-submodule of M is a direct
summand of M ,and a ring R is called strongly
regular if every finitely generated ideal of R is a
direct summand of R [14].

Proposition 5.1 If every finitely generated R-
submodule of an R-module M is finitely-pseudo-M-
injective, then M is strongly regular.

Proof: Follows from Propl.15.

Theorem 5.2 The following statements are
equivalent for a ring R.

1-R is a strongly regular ring.

2-Every R-module is finitely-pseudo-R-injective.
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3-Every ideal of R is a finitely-pseudo-R-injective R-
module .

4-Every finitely generated ideal of R is a finitely-
pseudo-R-injective R-module.

Proof: (1) = (2) Let M be an R-module and let A be
a finitely generated ideal of R. Suppose that f:
A—M be a monomorphism. Since R is strongly
regular, then A is a direct summand of R, that is,

R=A@® B, where B is an ideal of R. Leti: A—>R is
the inclusion homomorphism. Define g: R— M such
that g(r)=g(a+b)={ f(®:if r«B where ac A and be B.

o,if reB
It is clear that g is well defined. Let r; ,r, €R. Thus
r,=a;, +b, and r, =a, +b, ,where a; ,a, € A and b, ,b,
eB. If r, +r, €B, then then a; +ap :b'(b1 +b2 )
e Al B=0, for some be B, and hence a; +a,
=0.From this, we have

g(ry +r2 )={ r@rair nenee  Thus g(rp +r; )=g(n

)+g(r, ).Notice that g(r, r, )=g(a;a, +bib, ). If ry
rn€B, then g(nr)=f(aa;) =a;f(az)=aif(a,)+f(0 )=
arf(ay) +f(01a2) =(ar+bo)f(az)= rig(ra).If rir, €B,
then a; a,=0 Thus g(r; r, )=0=f(a; a, )=a; f(a, )=(a;
+b, )f(a, )=r; g(r» ) .From the above argument g is R-
homomorphism. Then (g 0i)(a)=f(a) .Therefore M is
finitely-pseudo-injective.

(2) = (3) and (3) = (4) are direct.

(4) = (1) By Prop. 1.15.
Theorem 5.3 The
equivalent for a ring R.
1.R is semi-simple artinian.

2. Every R-module is finitely -pseudo-injective.
3.Every finitely generated R-module is finitely -
pseudo-injective and a direct sum of any two finitely-
pseudo-injective R-modules is finitely -pseudo-
injective.

Proof: (1) = (2) Let M be an R-module. Since R is a
semi-simple artinian ring, so M is semi-simple and
hence M is quasi-injective . Thus M is finitely -
pseudo-injective R-module.

(2) = (3) trivial

(3) = (1) Let M be a finitely generated R-module.
By hypothesis (3) , M is finitely -pseudo-injective.
By Prop.4.20, M s finitely setwise- injective . Then
by Th.4.9, M® E(M) is finitely -pseudo-injective R-
module. Thus by Cor.4.10 M is injective. Therefore R
is a semi-simple artinian ring by [9].

Corollary 5.4  If the direct sum of any two finitely-
pseudo-injective R-modules is finitely-pseudo-
injective, then R is a regular ring.

Proof: Let M be a simple R-module. Then M is
quasi-injective. Thus by Cor.4.21 M is a finitely
setwise-injective ~ R-module. Consequently,
M@ E(M) is finitely-pseudo-injective R-module
Th.4.9 .This implies that M is afinitely-pseudo-
M @ E(M)-injective R-module (Prop.1.13). Thus M
is finitely —E(M)-injective(Prop.1.11).By Prop.1.9,
M is injective. This prove that R is a regular
ring[10].The following theorem gives other

following statements are
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characterizations of semi- simple artinian ring which
is a generalization of Osofsky's theorem [12] by
finitely-pseudo-injectivity.

Theorem 5.5 The following statements are
equivalent for aring R.

1-R is semi- simple artinian ring.

2-For each R-module M, if N; and N, are finitely-
pseudo-injective R-submodules of M then Ny T N, is
a finitely-pseudo-injective R-module.

3-For each R-module M, if N; and N, are finitely
quasi-injective R-submodules of M, then N;T N, is a
finitely-pseudo-injective R-module.

4-For each R-module M, if N; and N, are quasi-
injective R-submodules of M, then N;I N, is a
finitely-pseudo-injective R-module.

5-For each R-module M, if N;and N, are injective R-
submodules of M, then N; N, is a finitely-pseudo-
injective R-module.

Proof: (1) = (2) follows from that every module
over semi- simple artinian ring is semi-simple
artinian.

2) =>@3),(3) = (4) and (4) = (5) are direct.

(5) = (1) Let M be an R-module, and E=E(M) . Let

Q=E® E and K={(x,x) €Q: xe M} and Ieté =Q/K.
Put M={y+K e (3 YyeE® (0)} and
M={y+K e Q:ye (0)®E} then Q=M+M,. Let
h=h+K e (3 ,where heQ

h =((h1,0)+(0,h2))+K=((h;,0)+K)+((0,h,)+K),where
hleEl and h2€E2 . Since (h1,0)+K€M1 and

(0,h)+KeM,, thus h eM;+M,. Consequently,
Q = M;+M,. It is easily proved that M; and M, are

R-submodules of (3 Thus M;+M, is also R-

Thus

submodule of 6 Thus M+M, C (3 .From preceding
argument, we have 6:M1+M2 Define o, E—>M;
by &, (y)=(y,0)+K, for all y €E anda,:E—> M, by
a,(y)=(0y)+K, for all y €E . It is easily proved
that a,and «, are R-isomorphisms. Since E is an
injective R-module, therefore M ,is injective R-

submodule of Q for A=1,2 [6]. Thus by (5), we
have M;] M, is a finitely-pseudo- injective R-
module. Define M — M;I M; by f(m)=(m,0)+K,
forall me M It is easily seen that M; T M, ={y+K e
Q :ye M®(0) } and f is an R- isomorphism. Thus

M is a finitely-pseudo-injective R-module by
Prop.1.16. Hence every R-module is finitely-pseudo-
injective, and this implies that R is a semi-simple
artinian ring by Th.5.3.

Yyv
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