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Derivation Nnumerical Method by Using Trapezoidal Method
to Evaluate Triple Integrations its Integrands are Continuous
with Singular Derivatives.

)3 4N clalsil) Gilaad G jadal) 4k 3o B aladiuly Laae 48 jh i)
A Al cliiiad) dlina Lt 5 jatieeal) LSS

Olels 315, a8 Goul ms as e Gua a2 G e
26 51 Aad il ) A/ il )

LS 5 yaionall COLalSall il Lpaae 400N OIS a8 luad Bac 8 BUELI) g8 Cand) 138 (e (el Cangd) ()
X,Y,Z A3 eV e Cojaial) 4ud sae aladinly JelSill dihie il saa) e 8 4 el clinia) dlie
PR e [B]¢[1] rmasy dinai 485k aladiuly ol o3 sy (sl 2508 Lol Uadll dapa alay) 488,
2 il X Al sl e JalSill 5 558 Ll ad Sl A el <l il sae 06 Ladie ¢ o3 pmaaail) 3 5aa
5 5 Ll s Al 43 al) ol il ase ) Aggbaay Y dam g¥) aead) e JalSall 5 i Ll §5ad ) A 5all el yial)
) L Z A ) e Jalsil)
Leale Slaie W) (Say 3 (e sy dimal Ry i aiall 4 3ol 30 0 T Cum) RTTT el 48 yhall 03¢] a3 s s
AL 20 3 ) 58 2wy COLUSE Dllal) 4l ae 4 jlie il 8 e 48y Cuaef 38 L3 S

Abstract

The main aim of this research is to derive rule to find values of triple integrals numerically,
its integrands have singular partial derivatives not on the end of the region of integration by
using the Trapezoidal method with the three dimension X,Y and Z . And to derive the (correction
form of error terms) and we used Romberg acceleration to improve the results when the numbers
of subintervals on the X -dimension equal to the subintervals on theY -dimension and equal to
the subintervals on the Z -dimension. And we will use the symbol RTTT to indicate this method
(T means Trapezoidal method and R Romberg acceleration) and we can depend on this method
because it gave high accuracy on the results with respect to the analytical values of integrations
and with little subintervals.
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Triple Integrals For Continuous Integrands With
Singular Partial Derivatives
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12 12 7 12 24 24 7 24 24 Y24 Y
—1D D, +— ! D D22+_—1D2DZ —1D *D,)+h’ (—D4+—1D4+—1D )+
24 24 24 7 24 80 80
: }f(xl,yn_l,zn_l) . (22)
J9]dMNa s pualdd) Jalsil)
Zng Yna ¥n n-2 Zut n—2 Vil n-1 Xia
I, = f(X,y,z)dxdydz = f(X,y, z)dxdydz
] frevommn-£ 155
h3 n-2 n-2 n-1
E ZZ[f(Xiv Yir2) 06 Y 2e) + 06 Y 2D+ (6 Y Ze) + F (X Y 20 +
k=0 j=0 i=1
f(Xi+l’ yj7zk+l)+ f(Xi+l’ yj+1’ Zk)+ f(Xi+1' yj+1’ Zk+1)]+d1h2 +d2h4 +e "‘(23)
9]0 3 susal) Jalsil
Zy Yna X Zy n—2 ¥ss1 n-1 %ra h3n—2n—1
I j J. x Y,z dxdydz— J. _[ I f(x,y,z)dxdydz = — [f(X.,Y,2,,)+
Za Yo X 2,4 =0 y, r=l x 85:0r:1
f(Xr’ ys’zn)+ f(xr’ ys+1’zn—1)+ f(Xr! ys+1’zn)+ f(xr+11 ys’zn—1)+ f(Xr+1’ s’ n)+
f (Xr+1’ ys+l’ Zn—l) + f (Xr+l’ ys+1’ Zn)] + elhz + ezh4 o e (24)
J9] s s aqluad) Jalsill
Zn1 Yo X —2 % Yo n-1%Xa h3n2n1
I, = f I I (x,y,2) dxdydz_Zj j Zj f (x,y,z)dxdydz = 8ZZ[f(xr,yn_l,
7 Yot % t=0 3y, =l x t=0 r=1
1:(Xr’ yn—l’ Zt+1)+ f(xr’ yn’ Zt)+ f(xr’ yn’ Zt+1)+ f(xr+l’ yn—l' Zt)+ f(XHl’ yn—l’ Zt+1)+
f(Xr+11 Yo Zt)+ f(Xr+l’ Yns Zt+1)]+ glh2 + gzh4 e (25)
9] s el Jalsil
Zn Yo X Yo n-1 %a
= | jjf(x,y,z)dxdydz_j jZJ f(x,y, z)dxdydz_—Zf(x,,yn Lz +
Zn1 Yo X Zp1 Y1 "L
f(xr’ yn—l’ Zn)+ f(xr’ yn' Zn—1)+ f(xr’ yn’ Zn)+ f(xr+1’ yn—l’ n—l)+ f(Xr+l’ yn—l’ n)+
f(Xr+1’ yn’zn—1)+ f(Xr+1’ yn’Zn)]-i_hlh2 +h2h4 e (26)

e szeyex Al Fadlall el cliiad) sl e aains (i=1,2,) 56 a,b,c,d,e,g,h o cus
il Jani(26)¢(25)4(24)4(23)4(22)4(4)«(3)«(2) =Y
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3

Zy Yn Xn h
L=[[]fex y,z)dxdydzzg{ F (X1 Yor Z0) + T (%, Yor Z2) + T (X, Vi Z6) + T (%o, ¥, 2,) +

n-1
zo)+ F(X,, Y0, 2,)+ F(X,, ¥, 20) + f(xn,yn,zn)+22(f(x0,y0,zj)+

j=1

f(XO’ynizj)—I— f(Xn'y07Zj)+ f(Xn’yn’Zj)+ f(X07yj’ZO)+ f(XO’yj'Zn)+

f(xn,yj,

o)+ F (X, Y5, 20) + (X0 Yo, 20) + T (X0 Yo, 20) + T (X0 Y0, 20) +

n-1 n-1

f(inyn’zn)+422[f(xi'y0’zk)+ FOG0 Yo 2 1 (60 Vi Zo) + T (%, Vi, 2,) +

k=1 i=1
n-1

f(% Y z)+ f(Xn’yi’Zk)+22 f (%, Y,2) ]}"‘

[hS(‘—1 D2+t

12
_—1DX2D +
24 g

h7(__1 D 4
80

=
1Dszr_—lDzz)th‘i(z—l4 DX3’+_—1 y3+_—1D23+

12 12 24 24

el DD, M D,’D, L D,D,? 2 ,°D, M D,D,%)+
24 24 24 24 24
-1

80 ' 80

Y +—D 4+_—1DZ“)+--} f (X, YogrZoy)+ AN+ AN+ -(27)

Ol &3 s dasd FoAall 4 jal) clsiia) e adaicul 5 A LA O S

Cpidadil) 2 A el et Sall A Tae LSl 48 e JalSall A o) oS8 Laaie 32 c @]l lat il o Say 48y yhall iy

(X Y20) S (X1 ¥ 0:2,)
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ciadial) dpdi Bas B aladiudy (X, Y, Z,) Al B ARidial) (Jina — palieaal) JalSall culd 45501 cidlalsal) (A0 Adad)

y ¥ 5 X AR ) S e
TTT) (Z oy

2:448 yaa
4 Jaail) \A-C[Xoaxn]x[yonyn]x[zo,zn] Aaka idl) me“@dsgadmm&té}s)m « f(x,y,2) Al sl
N Jalsall gy yal daidll G (X,y,2) = (X, Yo, Zo)

Zy Yn Xn

I = J'” f(x,y,2)dxdydz

s A Loall e (TTT) saclall dukutg_au; S

n-1
f (X, Yo, Zo)+ T (X, Yo, 2,)+ T (X, Y., Zp) + f(xn,yn,zn)+22(f(x0,yo,zj)+ .

=
f(XO'yn’Zj)+f(xn’y07zj)+f(Xn’yn'Zj)+f(X07yj'ZO)+f(X0'yj’Zn)+
FOX0 Y50 20)+ £ (X0 Y5020 + FOXG0 Y00 Zo) + FOX;, Yo, Z0) + (X, Y0, 20) +

n-1 n-1

k=1 i

f(X yn’zn)+4zz f(XHyO’Z )+ f(XHyn’Z )+f(X|’yk’ )+f(X|’yk’Zn)+

n-1

10, ¥ 2) + f(X”'yi’Zk)+22f(xi'yj’zk) ]
GA(C_\M.\M J}J;)Ua;l\ LGrua Ol

-1 1 1
E.(h hS—D2+—D2+—D +h° —D ‘+ =D +=Dj+
o) =] DD 22D D) e D D

+iDX2Dy+llDXDy2+iDX2DZ —1DD2 1Dy2DZ+iDyDZZ)+
24 24 24 24 24 24

h(—D4 %D +%D N+ }f(xnl,yl,zl)+Blh2+Bzh4+

Lad foaalds mll cliisal e b adiat cul 5 B, B,,... Cus

-

s Ok )
DAY 3 ) geally 4 e (S | Jalsl
ZJ'yJ- ff X,y ,z pxdydz —II j (x,y,z pxdydz +ZJDTX]‘1f (x,y,z Yxdydz
Zo Yo Xo Zo Yo Xo Z1 Yo Xo
+]£if ]l X, Y, z)dxdydz+jj j (x, y,z)dxdydz+_” ] f(x,y, z)dxdydz +
o X 4 Nh X o Yo
IT ] f(x, y,z)dxdydz+]-j. ] f(x, y,z)dxdydz+JE)_/|H ] f (X, y, z)dxdydz ---(28)
4 Yo Xna Zo Y1 %na 4 Y1 Xna
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F(X,y,2) 02 48 Gudall S hacle LeldSs 3lalie 85 yaiues Lasen Lgil (i oDl Aulalll DSl Alaadle tic
2835 se U Aluludie o Jiny 1385 (X, Y, Z) = (X, Vo, Zp ) i) 8 T20a3 48 jra e 48 5all Ll (8155 saine
JSCE Al s and Canin Lia ,[11]L§)luu(x, y,z):(xn' yO,zO) ddaail) lae Jalsil) dalaia Jalas e ddasi S
rJnalisia

913 1 g Jalsil

1 Y X 4 Y1 n-2%a 3n2
=] j f (x, y,z)dxdydz _”Zj f(x,Y, z)dxdydz_—Z[f(xr,yo, Z,) +
25 Yo %o % Yo r=0 X
FOX Yo Z)+ (XY Z0)+ T (XYL Z) + T (X Yo Zo) + T (X0 Vo, 20) +
f (Xr+ll Y1 Zo) +f (Xr+l1 Y1 Zl)]+a1h2 +a2h4 +-- ---(29)
9105 1A Jalsil)
Zy Y1 Xna n-1Zta Y1 n=2 Xra n-1 n-2
I2=“‘ I f (X, y,z)dxdydz :ZI J.ZJ' f (X, y,z)dxdydz— zz f(X,Yo,2,)+
2 Yo %o t=l 7y, r=0 x, t=1 r=0

f (X Yor Zua) + (X0 Y 2) + £ (X Y Zia) + T (X Yor Z0) + T (Xas Yoo Zeg) +

f (X Vi Z) + (X0 Vi zt+l)]+b1h2 +b2h4 NI ---(30)
O] sl Jalsal)

4 n-q1 Ysi n-2 Xra n-1 n-2
:'” j f (x, y, z)dxdydz _'[Z j ZJ‘ f (X, y,z)dxdydz_ ZZ (X YZo) +
N X o 571y, =0 x, s=1 r=0
FOX Y 2)+ £ (X0 Yoi Zo) + f(Xr, Yo ) + T (X0 Vor o) + F(Xean Yo, 20) +
f (Xr+l’ ys+l1 ZO) + f (Xr+l’ ys+l’ Zl)] -i_clh2 +C2h4 +- (31)
19105 1l el
Zy Yn Xn1 n-1Zts1 n-1 Yss1 n—2 Xra
=” I f(xv,2 dxdydz—Zj I j f (x, y, z)dxdydz
LY % t=1 z s=1 y r=0 x
h3 n-1 n-1 n-2
E [f (Xr' ys’zt)+ f(Xr’ ys'zt+1)+f (Xr’ ys+17zt)+ f (Xr’ ys+1'zt+1)+ f(xr+1' ys’ Zt)+
t=1 s-1 r=0
f(xr+l’ Yss t+l)+ f(Xr+l’ ys+1'zt)+ f(Xr+l’ Yeu Zt+l)]+d hZ +d h4 t-- (32)
ALl dsa f (X, y,2 ) Al UG Aludasia aasios [ X X[ Yo, Y] %[ 2,2, ] Aioa)) dakaial (2 Gualdl) Jalsi)
:(Xn—l’yl’zl)
2 2
f(x,y,2)=[L+(x=X, )D, +(y-y,)D, +(z—7)D, + (X_;“l) D2+ (y_z?ll) D,” +
ﬂoh(x—x )(y-y,)D.D, +(x=x_)(z=2)D,D, +(y-y,)(z-2)D.D, +
21 z n—lyylxy n-1 1/ x>z YY1 17y
(X_Xn—1)3 DX3 + (y_yl)3 D 3 + (2_21)3 DZ3 + (X_Xn—l)z(y_yl) DXZD +
3! 3! 3l 21
(X=X )(y - Y1) D,D, 2, (x- X—1) (z- Zl)D D (X=X4)(z - 21) D, D +
2! 21 2!
(y_yl)Z!(Z_Zl) DyzDz + (y_yl)z(!Z_Zl) DyDZ2 +(X_Xn—1)(y_yl)(z_zl)DnyDz +
X=X )" -y)" 2-1)"
( 4| 1) DX4+(y 4?’1) Dy4+( 4[1) DZ4+"']f(Xn_1yy1aZ]_) (33)
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Lpall A JASH 23l (X, Yy, 2y) Al die sagase f (X, Y,z ) Al 4l i) mea o) g2 8 e
Dte deani [X X X Vo Vi %[ 20, 2, ] A8kidl B (33)

LY %

[T T foxy 2)dxdydz =[x, %, )%~ Yo)(z ~ 2,) + (X, _an)z(ylz_ Yo)(#=2)

Zp Yo Xna
_ (Xn - an)(yoz_ y1)2(21 - ZO) Dy _ (Xn - an)(y1; yO)(ZO - Zl)2 DZ +
(Xn — Xn—1)3(y1 — yo)(zl — Zo) D2_ (Xn — Xn—l)(yo — y1)3(21 — Zo) D2_
6 ” 6 y
(Xn — Xn—l)(yl — yo)(zo — 21)3 D2_ (Xn — Xn_1)2(yo — y1)2(21 - Zo) D.D
6 z 4 x~—y
_ (Xn B Xn—l)z(y14_ yO)(ZO - 21)2 DX DZ + (Xn - Xn—l)(yO ; y1)2(20 - 21)2 Dy DZ
+ (Xn - Xn_1)4(y1 - yo)(zl - Zo) D3— (Xn — Xn—1)(y0 — y1)4(21 — Zo) D3—
24 ' 24 Y
(Xn — Xn—l)(yl — yo)(zo — 21)4 D3— (Xn — Xn—1)3(y0 — y1)2(21 — Zo) D.2D
24 ’ 12 Y
_ (Xn B anl)z(yo B y1)3(zl — ZO) D D 2 _ (Xn B Xn—l)s(yl B yO)(ZO B 21)2 D 2D
12 Y 12 e
_ (Xn — anl)z(yl - yo)(zo - 21)3 DD2+ (Xn - anl)(yo - y1)3(20 - 21)2 D 2D +
12 o 12 o
(% %) (Yo~ ¥1)* (2~ 2.)° D D.2+ (% = %) (Yo = ¥1)* (2, — )’ D.D.D. +
12 y -~z 8 x—y~z
(Xn — Xn_l)s(yl — yo)(zl — Zo) D4-— (Xn — Xn_l)(yo — yl)s(zl — Zo) D*-
120 i 120 !

(% =X )= Yo)(Z=2)° S a,
120 D"+ 1f (X1 V1, 2) (34)

isle daani (34) Aapall (8 ha (X, — X)) < (Y, — Vo) (2, — 2p) 0 IS e pansailly

Y Xy 4 4 4 5 5 5

I j f(x,y,z)dxdydz=h3+h—DX—h—Dy—h—DZ+h—DX2+h—Dy2+h—DZ2—
Zy Yo %o 2 2 2 6 6 6

5 5 5 6 6 6 6 6
h—DXDy—h—DXDZ+h—DyDZ+h—DX3—h—Dy3—h—D23—h—DX2Dy+h—DXDy2—
4 4 4 24 24 24 12 12
6 6 6 6 6 7 7
N+ MppMNpp NMppe, N ppp M pey N pey

12 12 12 7 12 7 8 Y 120 120 "’

h7

o5 0 e (v 2) ++(35)
M\H(Z@)u\}y .la_m};\)“}x ‘;;\AJ\)Z\JM\ J\_u;\ﬂ\u_‘r_g_q) atall A & 3o 8 .\.3}[}

(ole Jeanid (BB) dapall (B 7027 o5 Yoy Ges X = X 0= oasa [ X X X[ Yo Y X[ 200 2]
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X =X )
F (%0 Yo 20) = [+ (%, = %) D, + (¥, - yl)Dy +(z,-7,)D, +% sz +

-y,)? 7,-1,)°
(y02!y1) Dy2+( 02!1) D,2+ (%, %, 1)(¥s = Y)D,D, + (X, ~ %, ,)(z,~2)D,D, +

(Xn_xn— )3 (y _y)3 (Z _2)3
(yo_y1)(zo_z1)DyDz+ 3!1 DX3+ 03!1 Dy3+ 03!1 DZ3+

( n__ 1) (yo yl) D D ( n _anl)(YO B 3/1)2 DXD 2 n (Xn _anl)z(zo B Zl) szDz n
2! 2! y 2!
(Xn - n—%(zo - 21)2 Dx Dzz n (yo - y1)2(20 — Zl) Dyz Dz n (yo - yl)(ZO - 21)2 DyDzz n

z

N LGSR A (36)

o =%a)' ga, Go=W)' 5o, (2—2)'
(X, = %1 )(Yo — ¥:)(2, —2,)D,D, D, +T1 D’ +% D,* +% D," +

ol a3 (33) Aanall (B 727 Ces Yoy CEs X, 2 X s pass OY)

f(Xn'yO’zl):[1+(Xn_Xn—l)Dx+(y0 yl)D +%D +(y0 2yl) D 2
Xy = X1)” - X, — X -
(Xn _ Xn_l)(yo _ yl)Dx Dy + ( n 3!n—1) DX3 + (yO 3'yl) y3 + ( n n—l;!(yo yl) DXZDy +
Xo ~ Xio -y,)° X, — X, 4 —-v.)*
( 1;(!3/0 yl) DX Dy2 + ( -4 1) DX4 N (yo 24y1) Dy4 +-- ] f (Xn—l’ Vi 21) ...(37)

ol (33 danall (B 2= 7 s Y2y Oes X = X e il

_ 2 _ 2
f(X., Y1, 2) =[1+(x, =% _,)D, +(z,-2,)D, + (%, ;”1) D+ (z 2I21) D+

_ 3 _ 3 _ 2 _
04, =%}z, ~2)D,0, + oSl p o (o= B g, La X 0=t p o

(% = %1)(Z,—2,)" 2, (% - = %a0)" 4 Lz 2)" 4
nn DD D, D°+--]f ' Vi ---(38
2 Xz 24 24 z + ] (Xn—l yl Zl) ( )

Ol (33) dwall (B 227 Ces Yimy OEs X = X Oe gl IS

_ (Xn _ Xn—1)2 2 (Xn B Xn—l)3 3 (Xn _ Xn—l)4 4
f(Xn'yl’Zl)_[l+(Xn_Xn—l)Dx+ 21 Dx + 3 Dx + 24 Dx +

"']f(xn—l’ Y1vz1) "'(39)
Ol (33) drpall (b 7 27 o5 Yoy 05 Xy = X O Ol Ll

—_v)? _2)\2
f(anl’yO’ZO):[l+(yO_yl)Dy+(Zo_Z]_)DZ+(y0 2|y1) Dy2+(zo 2Izl) DZZ+

. 3 53 . 2 _
(yo - yl)(zo — 21) DyDz + (yo T Y1) D 3 + (Zo 3|Zl) D 3 + (yo yl)z(zo Zl) DyzDZ +

(Yo =¥z, —2,)° 2 o) o, (B—-7)"
2 Db, + 24 2 D, 1 (X4, Y1: 21) (40)

248



2014 / oale /GG dand) - e AU Alaall — dalad) ¢35 S drals ddaa

Ol (33 dasall (B 227 o5 Y=y OS5 X = X oe ol

(Yo — W)’ (Yo =)’ (Yo =)'
f (%10 Yoo 2) =[1+ (Y, — V1)D, + 02!1 D, + °3|1 Dy3+%D

=1 (X Y1 2) -++(41)
Ol (33) drall 4 727 o Y2y Oes Xy = X O parsadlh i

4
y +

3! 24
'”]f(xn—ll yl’zl) "‘(42)

ERY R 4
{060 9020) =l (2~ 29D, + - Bl p 2 Llomb ps (B B) gy

G—all 8 —h — (Y- V) « (2,-2) o—=5 h— (X, — X ;) 0— S 0—e Gl Ll
T (42)4(41)4(40)<(39)(38)«(37)<(36)

2 2 2
i) f (X, Yo:25) =[1+h D, —hD, —hD, +h? D,? +h?Dy2 +h? D, -h’D,D, —h’D,D, +

3 3 3 3 3 3 3
thyDZ+h—DX3—h—Dy3—h—Dz3—h—DX2Dy+h—DXDy2—h—DX2DZ+h—DXD22—
6 6 6 2 2 2 2
h3 2 h3 2 3 h4 4 h4 4 h4 4
—Db,°D,-—D,D,”+h°D,D,D,+—D,"+—D,"+—D," +---]f (X, 4, ¥;,Z ---(43
2yz 2yz X—y—z 24x 24y 242 ](n—lyll) ()
II)f(Xn,yO,Zl)z[l—i-th—hDy-i-?Dx +?Dy —h Dny+€DX —EDY —?DX Dy+
?DXDy +§DX +ﬂDy +-1F (X, 0, V10 2y) ---(44)
2 2 3 3 3
iii)f(xn,yl,zo)=[1+th—hDZ+h?DX2+h?DZZ—h2DXDZ+%DX3—%DZ3—h—DX2DZ+
R, h* ., h* _,
?DXDZ +§DX +£DZ +-- 1 (X, 0, Y0, 2)) ---(45)
h? h? h*
iv)f(xn,yl,zl)=[1+th+?DX2+EDX3+QDX4+---]f(xn_l,yl,zl) .-+ (46)
h> . h ., h° s h s R,
v)f(xn,l,yO,zo):[l—hDy—hDZJF?Dy +?DZ +h DyDZ—EDy —EDZ —?Dy D, -
h? , h* ., h* .,
?DVDZ +£Dy +zDZ +-1F (X, 4, Y00 Zy) ---(47)
. h> ., h*_., h*_,
V|)f(xn71,yo,zl)z[l—hDy+?Dy —5 D+ D+ 1T (% i 2) -+ (48)
.. h> ., h® ., h*_,
vu)f(xnfl,yl,zo):[l—th+?DZ —EDZ ngDZ oo 1F (X0 V10 2) ---(49)

tsle Jeani(35)hiall g lenan 5 —g4(49)‘(48)‘(47)‘(46)‘(45)444)‘(43) gl
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L Y X% h3
o= [ ] £ 00y 2ydxdydz =2 X, Yo2)+ F 00 Yo 20+ F 0¥ 2) + F 060 1,20 +
Zg Yo Xn1
f (X, Yo, Zo)+ T (X, Yo, zl)+f(x Vi zo)+f(xn,y1,zl)]+
h®( 1D + 1D +— D 2)+h®( 1D3 ! D3+iDZ3+ ! D,’D, + 1DD2
12 12 12 24 24 7 24 24 24
iD D, + 1DXDZZ+iD2DZ —DD) ( D 1, L +—D Y+
24 24 24 7 24 80 80 ’ 80
o) - (50)

9]0 3 (puibaad) Jalsil

n-1Zua Y1 %

” j f (x, y, z)dxdydz ijjf(x Y, z)dxdydz-—Z[(f(Xn 20 Yo Z) +

2 Yo X =17y x

f Xyt yo, z)+ (X Y 2) + f(xn,l, Yir Zua) + £ 060 Yo, 20) + £(X0 Yor Zea) +

f (X0 Yo 2) + F (X0 Yis 2001+

gh? +eh’ +-- ..(5)
[9]0% asbad) Jalsil)

4 n-1 Ysa X 3 n-1
” j f(x, y, z)dxdydz —JZI [ foxy, z)dxdydz_—Z[f(x Y Zo)+
Zo Y1 %o 7o 571 yg x4
f(xn—l’ ys' 1)+ f(xn—l’ ys+l'zo)+ f(xn—l’ ys+l'zl)+ f(Xn' ys’zo)+ f(xn’ ys'zl)+
f (Xn’ ys+1’ ZO) + f (Xn’ ys+1’ Zl)]+ glh2 + gzh4 + (52)
9]0 1csalil Jalsl
Zy Yo X% n-1Zts1 n-1 Ysi1 %o 3 n-1 n-1
II f f(x,y,z)dxdydz =) J. > J. J' f(x,Y, z)dxdydz_—ZZ[f(x o YoZ)+
7YX t=1 7, s=l y. x4 t=1 s=1

f (Xn—l' ys’ t+l) + f (Xn—l’ ys+1’ Zt) + f (Xn—l’ ys+1’ Zt+1) + f (Xn’ ys’ Zt) + f (Xn’ ys’ Zt+l) +
f (Xn’ Yeirr Zt) +f (Xn’ Ysirr Zt+1)]+ hlhz + h2h4 +- (53)
gy ZeyeX Al fadlall 4 all Qe bl a8 e adiad (1=1,2,--1) 5l a,b,c,d,e, 0,0 o s

L le Jeani (53)¢(52)¢(51)¢(50)¢(31)¢(30)¢(29) dual
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Z, X

Yn 3
|| f(x,y,z>dxdydz=%[ F (%0 Yo 20) + (%, Yo 20) + T (%, Vi Z0) + T (X, Y 20) +

Zo Yo %o

f (X, Yo, 2o) + T (X, Yo, 2,)+ T (X, ¥,0 2o )+f(xn,yn,zn)+22(f(xo,yo,zj)+

=1
f (%0 Yo 2))+ £(X0 Y0, 2)) + F OG0 Y 2) + £ (X0, Y, 20) + f(xo,yj,zn)+
f (%0 Y5 Z0) + (X0 Y, 20) + £ (X0 Yor Zo) + £ (X5, Yo, 2,) + T (X, Y0 Z0) +

n-1 n-1

FOG Y )+ 42D [ F (%0 Yo, 2D+ T 06 ¥ 2) +F (6, Vi Zo) + (X0 Y0 2,) +

k=1 i=1

f (X0 Yir 2 ) + f(Xn’yi’Zk)+2nZ_1f(Xi’yj’Zk) ]}"‘

{hs( D, +—1D2+—D )+h6( iDy3+iD23+
12 12 12 24 24 24
Lp,+ 1DXDy2+iDX2DZ+_—1DXD22+iDy2DZ 107+
24 24 24 24 24 24
-1
h7( D +%D4+%D )+ }f(xn_l,yl,zl)+Blh2+Bzh4+~-- .- (54)
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2014 / (oale /EIND saal) - pde (UL alaall — dpalad) ¢35 S daals dlae

O e

a8 3

—xz¥x?* + 22 —y+1 dxdydz Jesil JalSa ) -1

(L o ks sie E(h)=ah?+ah’ +ah® +a,h® +ah? +.. sl 35 clSTTT el by disde L Lde Ayl ) & jie 0.28211705037698
luall Ol =l 43 yril Lﬁll\ cad gl o Lds(]_)(é) Jganll < 4 930 c.\\:u]\ ‘ m:nlzn:256 Ladie Alaldll aey &5 pde 40 0 yde saaY daaia dad e Ulas

(i 48.38) IS
m=n=nl 7T K=2 K=4 K=16/3 K=6 K=19/3 K=22/3 K=8 K=25/3
1 | 0.33777132752529
2 | 0.29610099403009 | 0.28221088286503
4 | 0.28558850662810 | 0.28208434416077 | 0.28207590824715
8 | 0.28298251816969 | 0.28211385535022 | 0.28211582276285 | 0.28211683794800
16 | 0.28233321785898 | 0.28211678442208 | 0.28211697969354 | 0.28211700911889 | 0.28211701183589
32 | 0.28217107592170 | 0.28211702860927 | 0.28211704488842 | 0.28211704654658 | 0.28211704714068 | 0.28211704758401
64 | 0.28213055540301 | 0.28211704856344 | 0.28211704989372 | 0.28211705002103 | 0.28211705007618 | 0.28211705011304 | 0.28211705012882
128 | 0.28212042651675 | 0.28211705022133 | 0.28211705033185 | 0.28211705034300 | 0.28211705034811 | 0.28211705035152 | 0.28211705035301 | 0.28211705035389
256 | 0.28211789440159 | 0.28211705036320 | 0.28211705037266 | 0.28211705037370 | 0.28211705037418 | 0.28211705037451 | 0.28211705037465 | 0.28211705037474 |  0.28211705037480
011
RTTT 48y )k I J. J. —XZ3[x* + 2% —y+1 dxdydz JelSall 4 @l dasll Cloa g (1)a) Js2al | 0,.28211705037698
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e day )l ) & 0.10785963464284  Abiaill aiad o 5 3 JMieY) ¢ 5i5(X, Y, 2) =(0,0,0) Akl & Jina | = j j
10

101

0 -

—Xyz

X +y 47

dxdydz Jeall Jalsa o) -2

Aol il [3] st ys 5y )8 a5 (2) A ad) Guki vie E(h) =a,h? +a,h* +a,h’ +a,h® +... il a50a cals TTT saclall Gy Alaldll aey 3 phic 48 4
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2014 / (oale /EIND saal) - pde (UL alaall — dpalad) ¢35 S daals dlae

w/x +y?+7°

m=n=nl TTT K=2 K=4 K=5 K=6 K=8 K=10
1| 0.07216878364870
2 | 0.09658657109925 | 0.10472583358277
4 | 0.10489572791344 | 0.10766544685150 | 0.10786142106942
8 | 0.10710967493295 | 0.10784765727279 | 0.10785980463420 | 0.10785975249113
16 | 0.10767158565447 | 0.10785888922831 | 0.10785963802535 | 0.10785963265087 | 0.10785963074864
32 | 0.10781258751251 | 0.10785958813186 | 0.10785963472543 | 0.10785963461898 | 0.10785963465022 | 0.10785963466552
64 | 0.10784787068163 | 0.10785963173801 | 0.10785963464508 | 0.10785963464249 | 0.10785963464287 | 0.10785963464284 0.10785963464281
101
RTTT Ak | = I j I — dxdydz Jalill Ay 8l dadll s cp (2)pd) Il | 0. 10785963464284

o bl g iy (X,Y,2) = (1,0,0) Akl s sl il Jine JolSal ofd SIS 5 dulas dagd Lel (a3l CSLISH (o |

(sle Lilian 9l el g aladind die 43l 5 (2) Zaa aall Wkt Jiay 5315 SNV 2925 00 o2 ) e E(h) =ah? +a,h* +a,h® +

O'—.»—\

11
”\/(1— X)® + y* + z?dxdydz Jel&i) o)-3
00

.. an.aa.\n JJJAOJSS TTT wa‘é:\,\kljj

S5 Al G (sl 8V Aag Y1 Baee Y1 8 ) S A aaall o Jsaadl (e Jaa DU A8 o3 e Jpanll 46S Glady M=, =N =64 Lexic Alald) aay & pdie 435 5 (14) 4lad 46
L pdie L ye pde da ¥ JBY) e damia Ll 6l 0.96059195645511 (oo JalSill 1agd Ay jaill dubilasl) il G Jiay 13 RTTT 48 ylall aladinls (k=6,8,10,12) il Laxie
(4l 35.67) Ol luall Collall gy 48 jaind sl i gl o) Lale (3)ad) Jsaadl (A e e LaS g dalidaill dailll Cag yra pae JalSl) (S () 5 Sin

m=n;=n TTT k=2 k=4 k=6 k=8 k=10 k=12

1 1.12183643683602
2 1.00783628782656 0.96983623815674
4 0.97284210149518 0.96117737271805 0.96060011502214
8 0.96368188818831 0.96062848375268 0.96059189115499 0.96059176061742

16 0.96136615081684 0.96059423835969 0.96059195533349 0.96059195635220 0.96059195711978

32 0.96078561199729 0.96059209905744 0.96059195643729 0.96059195645481 0.96059195645521 0.96059195645456

64 0.96064037702494 0.96059196536749 0.96059195645483 0.96059195645511 0.96059195645511 0.96059195645511 0.96059195645511

111

CRTTT a3k | =”_|.\/(1—x)2+y2+zzdxdydz Jalall Ay il Al Clos cp (3) a8 Jsaadl
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