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Abstract

In unconstrained optimization, the original quasi-Newton condition B, ,v, =Y,

where Y, is the difference

of the gradients at the least two iterations. In this paper, we propose VM-algorithms based on a new Quasi—
Newton equation B, ,V, = Y, where Y, defined in eq. (24).
Experimental results indicate that the new proposed algorithms was more efficient than the standard BFGS &

DFP algorithms.

Introduction
Consider the unconstrained optimization problem

min {f () | x e R" |
where f is a continuously differentiable function of
N variables .Quasi-Newton methods for solving (1)
often needed to update the iterate matrix B,

.Traditionally ,{Bk} satisfies the following quasi-
Newton equation :
BV = Y
where Vi =X, ; =X 4 Y =04 — 9y -[35]
The search direction is computed by

d, = _Bk_lgk
where @, is the gradient of f evaluated at the

current iteration X, .One then computes the next
iteration by

X1 =X + o dy
where the step size ¢, satisfies the Wolfe — Powell
(WP) conditions

f(x + e dy) < f(x)+8a,di 9,
(X +d)'d, 25,d, g, oo (6)
where 9, <1/2 and 6, <6, <1.[1]

In [4,6] the famous update B, is the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) formula for which
B, ., isupdated as :

T T
B -B — B, ViV B + Y Y
k+1 — ~k
Vi B, Vi Vi
& the Davidon-Fletcher-Powell
defined by

B, =B, _(1+ V:kak] y$y: _ ka: BKT+ BV, Yk ...(8)
VieYe Vi Yk Vi Yi
Modified Quasi-Newton Equation :
In this section we derive the modified quasi-Newton
equation which exploit not only the gradients but also
the function values. Now we assume that the function
f is smooth enough. From

(DFP) formula

1
T T
fk = fk+1 — OV +§Vka+1Vk -

1
5 Ve TeaVi v, + O(HVk H4)

Ve e = OV —Vk GV +
1, 4
EVk (TaaVi Vi +O(HVkH )

Where T"™" is the tensor of fat X,

% (X))
& VI(Tk+1Vk)Vk:Z i (-k 1) I

i
ox oxi o E K

We obtain, by canceling the terms which include the

tensor,

VIGkH.Vk = (gk+1_gk)TVk o an
6(f, — fio) +3(ges + 90 Vi
1,

1
EVkaﬂVk = g(gkﬂ -9)"Y,

(= ) + 2 (G + 0

where v, =g, d, =—,0,. Since BV, is
required to approximate G, ,,V,

:1{6(fk — )~ (G _gk)} .(13)
" ai g0 [T 030, (00 07 0

Then we take B, ., as an approximation of G, ;. It

is clear that if B, , >0 this approximation will be
positive definite hence to complete the method .
We must consider the situation when B,,; < 0, i.e. if

6(f, — fi) o (Qyy — gk)T Oy

T
=304 (91 +9¢) 9y <0
In this case we can change the step size ¢, as

oy + py st

6(f, - fk+1)_akT(gk+1_gk)T 9o (15)
=30 (Giss +9i) 9> 0

6(f, ~fu) @ (@2 =90 0 (16)

=3, (9 + gk)T g,—0=0

Yvy
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6(fk_fk+1)_[ak+pk](gk+l_gk)Tgk ........ (17)
~3a + P MG +9)7 9 -5 =0
. 1 A (18)
Lp = Q

P (9= 9" Gk +3(Gur + 9)" G
Wher Q=

6(f, — ) -4 (0.1~ 870 32, (9,1 + )" ~0 ..(19)
where 0 > 0, slack variable.

Ve BV = (91— 9) "V, +
6(f, — fi1) +3(9ies + 94) "V,
VI BV = (9ia — Ok )T Vi +0,
where 0 =6(f, — f, ) +3(g.; +9,) "V,
From (20) we get

0
BiaVk =Y + V¢ =

Ve (22)
o
Y — 2 T [O‘k + Py ]gk
[ak +Pk] 9y 9k
0
BeVi =Y, —
T T+ o Far g (23)
[ak + P ]gk
Where B, .V, =V,
Yi=Y, — [ak + P ]gk .......... (24)

[ak +pk]zg:gk
It is clear that this Quasi-Newton equation
yields the following two new formulas:

e Formula 1: Using the new quasi-Newton equation
for BFGS updates we
can obtain a BFGS-Type formula as follows:

T * *T
BkaVk Bk n yk yk
T T,
Vi BV Vie Vi
e Formula 2 : Using the new quasi-Newton equation

for DFP updates we
can obtain a DFP-Type formula as follows:

Bk+1 = Bk -

v/ B, v Vi
B,.. =B, — (1+ %J _y$ yli
VYo JVeYe (26)
. *T
3 kaI Bk + Bka Yk

Vie Vi
New Algorithms (2.1)
The outline of the New algorithms as follows :
Step 0 : Choose an initial point X, € R"and an
initial positive definite
matrix B ,set k=1.

Yve
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Stepl:1f g, =0 ,stop.
Step 2 : Solve B,d, + g, =0 to obtain a search
direction d, .

Step 3: Find «a, by (WP) step size rule (5) and (6) .
Step 4 Generate a new iteration point by
Xi = X, +,d, and calculate

The new updating formula (25) and (26) .
Step5:Set K=K +1 and goto Step 1.

Numerical Results :

In this section, we have been reported the numerical
results for the new formula (25) & (26).The test
functions are commonly used unconstrained test
problems with standard points. We have used the

dimension of the problem (N),
N=10,50,100,500,1000. For each problem, we choose
the initial matrix H,,, = 1. These algorithms use

the cubic fitting technique which satisfy Wolfe-Powel
(WP) condition as a line search technique in which
0,=0.0001 6,=0.1,[2]. The convergence
criterion employed is a test on the norm of the

gradient, ||gk|| < 0.0001

We will test the following VM-algorithms.

1. The standard BFGS algorithm .

2. The standard DFP algorithm.

3. Modified (1) algorithm (BFGS-type formula
defied in (25).

4. Modified (2) algorithm (DFP-type formula
defied (26).

Shows the computation results , where the columns
have the following meanings :

Problem : the name of the test problem .

NOI : number of iterations .

NOF : number of function evaluations .

From Table (3-1) ,we observe that the average
performances of the formula (25) are better than the
standard BFGS and for unconstrained minimization
problems. We claim that the formula (25) will be
more efficient and better than the standard BFGS
formula. Namely, there are about 7 % improvement
in NOF and 8 % improvement in NOI & from Table
(3-2) ,we observe that the average performances of
the formula (26) are better than the standard DFP
and for unconstrained minimization problems. We
claim that the formula (26) will be more efficient
and better than the standard DFP formula. Namely,
there are about 16 % improvement in NOF and 2 %
improvement in NOI .
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Table (3-1): Comparison results of BFGS algorithm & formula (25).

Modified (1) algorithm | BFGS-algorithm
Test-function N NOF  (NOI NOF (NOI)
Non-diagnal 10 115 (39) 108 (40)
50 119 (50) 117 (50)
100 113 (56) 135 (56)
500 139 (58) 140 (59)
1000 152 (63) 150 (62)
Wolfe 10 32 (15) 32 (15)
50 101 (50) 101 (50)
100 125 (62) 125 (62)
500 141 (70) 141 (70)
1000 180 (89) 168 (83)
Cubic 10 71 (26) 70 (26)
50 95 (40) 81 (33)
100 92 (40) 98 (41)
500 105 (45) 114 (48)
1000 109 (465) 112 (48)
Powell 10 57 (18) 82 (23)
50 72 (25) 145 (52)
100 112 (41) 140 (51)
500 102 (38) 102 (34)
1000 127 (44) 120 (39)
Miele 10 66 (21) 65 (21)
50 78 (24) 89 (29)
100 84 27) 93 (30)
500 85 (28) 97 (31)
1000 87 (29) 93 (30)
total 2549 (1044) 2718  (1131)

The percentages of improvements given by :

BFGS | Modified (1)
NOI | 100 | 92.30
NOF | 100 | 93.78

Table (3-2): Comparison results of DFP algorithm & formula (26).

Test-function Modified(2) algorithm DFP-algorithm
" NOF  (NOI) NOF  (NOI)
Non-diagnal 10 315 (52) 136 (41)
50 174 (64) 182 (67)
100 142 (51) 140 (50)
500 159 (57) 154 (56)
1000 162 (59) 164 (60)
Wolfe 10 33 (15) 32 (15)
50 101 (50) 101 (50)
100 125 (62) 125 (62)
500 141 (70) 141 (70)
1000 169 (84) 165 (82)
Cubic 10 88 (27) 92 (28)
50 110 (38) 91 (33)
100 105 (37) 123 (45)
500 115 (42) 130 (47)
1000 136 (49) 142 (52)
Powell 10 69 (18) 283 (49)
50 78 (24) 436 (70)
100 146 (42) 447 (75)
500 145 (39) 244 (45)
1000 160 (40) 242 (45)
Miele 10 83 (21) 79 (22)
50 90 (23) 125 (28)
100 112 27) 125 (28)
500 173 (34) 145 (32)
1000 178 (36) 144 (32)
total 3309 (1061) 3903 (1074)

The percentages of improvements given by :

DFP | Modified(2)
NOI | 100 | 98.78
NOF | 100 | 84.78
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Conclasion :

In this paper, we have proposed a VM-type for
unconstrained minimization based on a modified
quasi-Newton  condition. The  computational

Appendix
1.Cubic function :
n/2

f (X) = Z(lOO(XZi - Xgi_1)2 + (1_ X2i—1)2)

2.Non — diagonal function :
n/2

F(0)=2,00(x, —x7)* +(L-x,)°)

3.Generalized powell function:
n/4
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experiments show that the modified approach given
in this paper is very successful.

Starting point:(-1.21,-1.21,......)"

Starting point:(=1,.....cccccovereverene. )’

f (X) = Z(X4i—3 _10X4i—2)2 + 5(X4i—1 - X4i)2 + (X4i-1 - 2X4i)2 +1O(X4i—9 - X4i)4 + (X4i—2 - 2X4i—1 - Xai)z)
i=1

4. Miele function:
n/4

Starting point: (31,01..cccccvverreurienn. )

f(x)= Z[eXp(qufs) — Xgi_o]? +100(Xy;_, — X4i_1)° +[tan(X,;_y — X )] + XG5 + (X, —1)°

i=1

5.Welfe function :

f(X) = (=%,(3— %, /2) + 2x, —1)? +ni(xi_1—xi(3—xi (B—x12)+2x, —1)° +(X

i=1
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