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Abstract 
 

 In this paper, we introduced a new definitions  

,,, sggsg lyrespectivespacesregularcompletelyofsg,gs,g ***
,sg,gs,gand

regularofsg,sg,g ***
lyrespectivespaces .We study some relations among them and we 

show the hereditary and topological properties of its . 

 

Introduction 
      In 1970,N. Levine  introduced a new and significant notion in General 

Topology, namely the notion of a generalized closed set. A subset A of a 

topological space  ,X  is called generalized closed, (briefly g-closed), if 

cl(A) U whenever A   U and U is open in  ,X  . This notion has been 

studied extensively in recent years by many topologists. The investigation 

of generalized closed sets has led to several new and interesting concepts . 

This notion has been studied extensively in recent years by many 

topologists because generalized closed sets are not only natural 

generalizations of closed sets.  

(P.Bhattacharya and B.K. Lahiri,1987 and S.P.Arya ,1990), investigated 

semi g closed set, g semi closed set respectively. (P.Sundaramand 

A.Pushpalatha, 2001, Al-Ddoury A.F, 2009 and A.I.El-Maghrabi & 

A.A.Nasef , 2009) introduced and investigated strongly generalized closed 

sets ,semi strongly generalized closed set and strongly generalized semi 

closed , Respectively.We study all definitions was in abstract , Relations 

and some properties. 

 

2. Preliminaries 

Definitions 2.1:A subset A of a topological space is said to be :  

(1) Generalized closed (briefly g-closed) if cl(A) ⊆ G whenever A ⊆ G and 

G is open in X.( Jones and Bartlett) 
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(2) Semi generalized closed (briefly sg-closed) if scl(A) ⊆ G whenever A ⊆ 

G and G is semi open in X.( N.Levine ,1970) 

(3) Generalized semi closed (briefly gs-closed) if scl(A) ⊆ G whenever A ⊆ 

G and G is open in X.( Alhawez,Z.T.(2008)) 

 (4) strongly generalized closed (briefly closedg*
) if cl(A) ⊆ G whenever A 

⊆ G and G is openg  in X .( Alshamary, A.G. (2008)) 

(5) semi strongly generalized closed (briefly closedgs *
) if scl(A) ⊆ G 

whenever A ⊆ G and G is s openg  in X .( Al-Ddoury A.F.(2009)) 

(6) strongly generalized semi closed (briefly g*s-closed ) if scl(A) ⊆ G 

whenever A⊆G and G is g-open in X (P.Sundaram, A.Pushpalatha, 

2001) . 

The complements of the g-closed (sg-closed,gs-closed, closedg*
, 

closedgs *
 and g*s-closed) sets are called g-open(sg- open,gs- 

open, openg*  , opengs *   and g*s- open)sets respectivly . 

Definitions 2.2: (J.Dugungji)  A topological space (X,Ʈ) is called :  

(1) completely regular if for every closed F X and x   X \ F, there is a 

continuous function  

f : X   [0,1] , such that f(x) = 0 and f(F) = {1} . 

(2) Regular space iff Xx  and F closed in X , Fx ,  V,U , 

thatsuch Vx  and VF   VU .  

3. Some Properties and Relations: 
Definitions 3.1: (J.Dugungji) A topological space (X,Ʈ) is called: 

 1 spaceregularCompleteg   CRgbriefly if andXinFsetclosedg

X∈x Fx,  existsthereThen; mappingcontinuousa  1,0X:g 

thatsuch ( ) { } ( ) 0=xgand1=Fg . 

 2 spaceregularg   Rgbriefly fif the setclosedg A and Axintpo   
existthere setsopengintdisj V,U thatsuch, V∈xandU⊆A

 VU . 
 3 regularcompletelygsemi (  CRsgbriefy ) everyforif setclosedgsemi     

     XF F\Xxand  , isthere  1,0X:ffunctioncontinuousa     

        thatsuch,   0xf     1Ffand  . 
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 4 regulargsemi  )Rsgbriefy( fif the setclosedsg intpoandA Ax ,

intdisjoexistsThere setsopengsemi ∈V,U thatsuch UA 

Vxand    VU . 
 5 regularcompletelysemig ( [ ]CRgsbriefy ) everyforif setclosedsemig

XF  and F\X∈x , existsthere [ ]1,0→X:ffunctioncontinuousa

thatsuch, ( ) 0=xf ( ) { }1=Ffand . 

 6 regularsemig [ ])Rgsbriefy( iff the setclosedgs intpoandA Ax ,

intdisjoexistThere setsopensemig VU , thatsuch UA Vxand 

thatsuch, =VU . 

 7 spaceregularCompleteg* [ ]( )CRgbriefly *
iff Fsetclosedg Xin and

Xx thatsuch, existsthereThen,Fx mappingcontinuousa

 1,0X:g  thatsuch, ( ) { }1=Fg and ( ) 0=xg . 

 8 spaceregularg* [ ]( )Rgbriefly *
eachforif setclosedg*

A and

Axintpo   there  exist setsopengintdisjo *
XVU ,  thatsuch,  

V∈xandU⊆A =VU   

 9 regularcompletelygsemi *
(  CRsgbriefy *

)
*gsemieveryforif  

      

setclosed XF F\Xxand  , functioncontinuousaexiststhere

 1,0X:f  thatsuch,   and0xf     1Ffand  . 

 10 regulargsemi *  )Rsgbriefy( *
eachforif andAsetclosedsg*

 

     intpoeach Ax intdisjoexistThere; setsopengsemi *
XVU ,  

      thatsuch UA Vxand  .  
 11 regularcompletelysemig*

(  CRsgbriefy *
) everyforif

setclosedsemig XF F\Xxand  , isthere

 1,0X:ffunctioncontinuousa  thatsuch,   0xf     1Ffand  . 

 12 regularsemig*  )Rsgbriefy( *
eachforif andAsetclosedsg*

intpoeach Ax intdisjoexistsThere; setsopensemig*
XVU ,

thatsuch UA  Vxand  . 

:.23Theorem Every spaceregular  is spaceregularg . 

:oofPr  be,XLet   spaceregular  then Xx  and F closed in 

X, Fx  V,U thatsuch Vx , VF  VU, 

setclosedgissetclosedeveryBut [3]. 

Then   ,X  regulargis . 
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:.33Theorem Every   spaceCRg is  Rg space. 

:oofPr Let  ,X is  CRg space. andXinsetclosedgisFLet Xxlet 

intpoabe FinnotXof

continuousaexiststhere,completelygBy.FXxisThat, 

mapping  1,0X:f *  thatsuch       0xfand1Ff **   
  spaceTis1,0Since

2
 then setsopengintdisjotwoexiststhere

GandH thatsuch HG ,But *f is mapcontinuousa then

   GfandHf 1*1* 
intdisjoare setsopeng thatsuch      HfGf 1*1*   

   andGfxG0xf 1**       HfFH1Ff 1**   
Now Fandxcontainingsetsopengare lyrespective  

thatfollowsIt   ,X   Rgis . inastruonotisconverseThe   4.3  

Exampel3.4:  c,b,aXLet  ,and    c,ba,X, . 
aresetsclosedonlyThe ,,X   ,a  c,b Let the point  aa  and the 

closed set    c,bc,bF  open 

and    c,ba  ,Then  ,X  Ris . closedeveryBut isset ( ,closedg

closesg closedg,closedgs *
, closedsg* closedsg*, ) (Al-Ddoury 

A.F.(2009), (Alhawez,Z.T.(2008))and (Alshamary, A.G. (2008)) 

.Then  ,X  Rgis ,  Rsg    Rg,Rgs *
,  Rsg*

,  Rsg*  respectively .Now to 

show  ,X  is not  CRg  its very easy to show that because there is no 

continuous mapping from  1,0toX . 

:.53Theorem spaceicallogtopoA    CRgis,X  iff andXx

Gsetopeng containing x , existsthere mappingcontinuousa

 1,0X:f *  , thatsuch   and0xf *     1yf *  , GXy  . 

:oofPr beXLet  CRg ,XxcontainingsetopengisGand  Gx ,

GThenX  is Xofsetclosedg thatsuch GXx  . ofdefinitionFrom

 CRg existsthere, mappingcontinuousa *f  1,0ointXfrom thatsuch

     1XGfand0xf **  . 

 XofsubsetclosedgbeFLet , intpoanyx thatsuch Fx *gisFX 

xcontaining , hypothesisBy existsthere fromfmappingcontinuousa *

 1,0ointX thatsuch       F)FX(Xy1yfand0xf **   

Then     CRgis,X  . 
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:.63Theorem Let  ,X  CRgbe and  *,Y  ofspacesubregularais  ,X

, isAsubsetaThen closedg iffYin existsthere XinFsetclosedga    

     YAclAcl,YAeveryfor2YFA)1(thatsuch
XY

    

 :oofPr  

(1) YinopengisAY    

YGAY   ( somefrom  XofGsubsetopeng ) 

 

  YYcesinGYA  

 XinGofcomplementthedenotedGWhereGYA    

 XinopengisGcesinXinclosedgisGFWhereFYA    

(2)    kAandXinclosedgisk:kAcl
Y

   

  1byYFAandXinclosedgisF:YF    

 FAandclosedgisF:YF    

  YFAandXinclosedgisF:F      YAcl
X

 . 

:.73Theorem regularCompleteyg propertyhereditaryais . :oofPr Let

 *,Y  ofsubspaceabe regularcompletelyg  ,X . thatshowTo  *,Y 

alsois regularcompletelyg .Let *F be subsetclosedg of * and y

Yofintpoabe thatsuch
*Fy .Since *F is setclosedg

*of  

setclosedg XofF such that FYF*  ,Also

 YyFyFYyFy *   .And XyYy  . 

Thus F ais subsetclosedg andXof y Xofintpoais thatsuch Fy . 

),X( * regularcompletelyg continuousaexiststherehence,

mapping Xoff oint  1,0 thatsuch      1Ffand0yf  .Let
r

g

ofnrestrictiothedenote Ytof . 

 ]6[continuousisfunctioncontinuousofnrestrictiothe rg is

mappingcontinuousa  

ointYof  1,0 . ofdefinitionbyNow
r

g     Yxxfxg
r

  

Hence     00  ygyf r cesinand   Fx1xf  and ,FF*  havewe  

    *

r
Fx1xfxg  thatSo   1* Fg r ..

eachforthatshownhaveweThus setclosedg subset andYofF*

intpoeach
*FYy  , continuousa mapping ointofYg

r   1,0 thatsuch  

    1Fgand0yg *

rr
 , 

spacetheHence  *,Y   is  regularcompletelyg . 

:.83Theorem regularcompletelyg propertyicallogtopoais .  

     YYGYYGYA  



Journal of Kirkuk University –Scientific Studies, vol.7, No.1, 2012 

 

 

  115 

:Proof Let  ,X abe regularcompletelyg space letand  *,Y  be

toeomorphichoma  ,X eomorphismhomaunder f . thatshowTo  *,Y 

alsois regularcompletelyg . Let setclosedgabeF letandYoint

intpoabey Yof thatsuch Fy .Since f onetooneis , intpoaexiststhere

Xx thatsuch    yfxyxf 1 . cesinAgain f is

mappingcontinuousa ,  Ff 1 is setclosedg Xof Farther  

     FfxFfyfFy 111   . 

byHence regularcompletelyg Xof , existsthere mappingcontinuousa *f

of  1,0ointX  thatsuch         1Fffand0xfyff 1**1*  
 

isThat         1Fffand0yff 1*1*    ,Since f is eomorphismhom ,
1f  is mappingcontinuousa XontoYof .Also *f is mappingcontinuousa

of  1,0ointX . followsit theoremfrom  

 ]6[continuousalsoisfunctioncontinuousofncompositioThe that
1* ff  is mappingcontinuousa  1,0ointYof . shownhaveweThus

eachforthat setclosedg YofF and intpoeach FYy  , existsthere

mappingcontinuousa 1* ffh    1,0ointYof thatsuch

    1Fhand0yh  .Then  *,Y  is regularcompletelyg space

henceand aisregularcompletelyg propertyicallogtopo . 

:.93Theorem Every spaceregular is spaceregularsg . 

:oofPr  
 be,XLet  spaceregular then Xx  and F closed in X, Fx , 

existthere V,U , thatsuch Vx VF  thatsuch  VU .

,setclosedsgissetclosedeveryBut [3] Then.   ,X  regularsgis . 

:.103Theorem  Every   CRsg  spaceis   Rsg  space. 

:oofPr  

Let  ,X is  CRsg space, isFthen setclosedgsemi in X and Xx

aexiststhereThen,Fx functioncontinuous  1,0X:f *  thatsuch

      0xfand1Ff **  .Since   spaceTis1,0
2


intdisjotwoaexiststhereThen setsopengsemi HandG thatsuch

G0andH1  ,  HG .But *f iscontinuous then    GfandHf 1*1* 

intdisjoare setsopengsemi thatsuch,      HfGf 1*1*  .

   GfxG0xf 1**  And      HfFH1Ff 1**   

Now    Gf,Hf 1*1* 
are setsopengsemi elyFrespectivandxcontaining  

thatfollowsIt  ,X is  CRgs . truonotisconverseThe see  4.3 . 
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:.113Theorem spaceicallogtopoA    CRsgis,X  iff

GopengsemiandXx  containing x continuousaexiststhere

mapping *f  1,0ointXfrom   andoxfthatsuch *    GXy,1yf *   

:oofPr  

Let  ,X is  CRsg space isGand setopengsemi xcontinaing ,X-

G setclosedgsemiis of X thatsuch GXx  ofdefentionfrom  CRsg  

aexiststhere mappingcontinuous *f  1,0ointXfrom thatsuch

     1XGfand0xf **   

 beFLet  subsetclosedgsemi intpoanyx,Xof thatsuch  Fx  

setopengsemiisFX xcontaining , hypothesisBy

continuousaexiststhere mapping *f  1,0ointXFrom thatsuch

     1yfand0xf **  ,   FFXXy  , Then    CRsgis,X  . 

:.123Theorem Let  ,X be  CRsg   subais,Yand *  CRsg of

 ,X Then Asubseta of  *,Y  is gsemi setclosed Yin iff

 ,XinFsetaexiststhere gsemiis closed Xin thatsuch  
  YFA1        YAclAcl,YAeveryfor2

XY
  

:oofPr  
(1) YinopengsemiisAY   

YGAY   ( somefor  XofGsubsetopengsemi ) 

     YYGYYGYA    

  YYcesinGYA  

 XinGofcomplementthedenotedGWhereGYA    

 XinopengsemiisGcesinXinclosedgsemiisGFWhereFYA  

 (2)    kAandXinclosedgsemiisk:kAcl
Y

   

  )1(byYFAandXinclosedgsemiisF:YF    

 

  YFAandXinclosedgsemiisF:F      YAcl
X

 . 

:.133Theorem regularcompletelygsemi  propertyhereditaryais .  

:oofPr  

Let  *,Y  ofsubspaceabe regularcompletelgsemi  ,X . thatshowTo  

 *,Y  alsois  regularcompletelygsemi . 

Let *F be subsetclosedgsemi of
* and y thatsuchYofintpoabe *Fy . 

Since *F is closedgsemi
*of  then existsthere setclosedgsemi

thatsuchXofF FYF*  , Also  YyFyFYyFy *   .

 FAandclosedgsemiisF:YF  
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And XyYy  .Thus F ais subsetclosedgsemi andXof y

Xofintpoais thatsuch Fy . byHence regularcompletelygsemi

existsthere,Xof mappingcontinuousa Xoff oint  1,0 thatsuch  

     1Ffand0yf  . Let rg  ofnrestrictiothedenote Ytof . 

 ]6[continuousisfunctioncontinuousaofnrestrictiothe

continuousaisg
r

is mapping ointYof  1,0 . ofdefinitionbyNow
r

g

    Yxxfxg
r

 .  

Hence     00  ygyf r cesinand   Fx1xf  and ,* FF  havewe  

    *

r
Fx1xfxg  . thatSo    1Fg *

r


eachforthatshownhaveweThus closedgsemi subsetof * *F

intpoeachandYof
*FYy  existsthere mappingcontinuousa

r
g

ointYof  1,0 thatsuch ,     1Fgand0yg *

rr
  

spacetheHence   *,Y   is regularcompletelygsemi . 

:.143Theorem regularcompletelygsemi propertyicallogtopoais .  

:oofPr
 

Let ),X(  abe regularcompletelygsemi space letand  *,Y  be

),X(toeomorphichoma  eomorphismhomaunder f .

thatshowTo  *,Y  alsois regularcompletelygsemi .Let

setclosedgsemiabeF letandYoint intpoabey Yof thatsuch

Fy .Since f onetooneis , intpoaexiststhere Xx thatsuch

   yfxyxf 1 . cesinAgain f is mappingcontinuousa  Ff 1 is

semi setclosedg Xof .Farther      FfxFfyfFy 111   ,

byHence regularcompletelygsemi Xof , existsthere

mappingcontinuousa *f of X  1,0oint , thatsuch

        1Fffand0xfyff 1**1*  
, isThat    and0yff 1* 

      1Fff 1*  Since f is eomorphismhom , 1f  is  
XontoYof . Also

*f is mappingcontinuousa of  1,0ointX . followsit

theorem   6continuousalsoismapcontinuousofncompositioThe that

is
1* ff  is continuousa mapping  1,0ointYof . shownhaveweThus

eachforthat closedgsemi YofF and intpoeach FYy  ,

existsThere mappingcontinuousa 1* ffh    1,0ointYof thatsuch

    1Fhand0yh  .Then  *,Y  is gsemi regularcompletely space

henceand regularcompletelygsemi icallogtopoais property. 
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:.153Theorem Every spaceregular is spaceregularsg . 

:oofPr  
 be,XLet  spaceregular then  Xx  and F closed in X, Fx , 

thatsuch V,U , thatsuch Vx , VF  thatsuch VU .

setclosedsgissetclosedeveryBut [6] Then.   ,X  regularsgis . 

:.163Theorem Every   CRgs  spaceis   Rgs  space. 

:oofPr  

Let is  ,X  CRgs space, isFthen setclosedsemig in X and Xx

aexiststhereThen,Fxthatsuch  functioncontinuous

  thatsuch1,0X:f *        0xfand1Ff **   

Since   spaceTis1,0
2
 intdisjotwoexiststhereThen opensetssemig

HandG andH1 G0 thatsuch HG But *f is mapcontinuous

then    GfandHf 1*1* 
intdisjoare setsopensemig thatsuch,  

     HfGf 1*1*   
   GfxG0xf 1**   And      HfFH1Ff 1**   

Now    Gf,Hf 1*1* 
are setsopensemig  Fandxcontaining ,r yespectivel  

thatfollowsIt  ,X is  Rgs . truonotisconverseThe inas  4.3  

:.173Theorem spaceicallogtopoA    CRgsis,X   andXxiff

Gopensemig containing x, continuousaexiststhere mapping *f

 1,0ointXfrom   andoxf *     1yf *  , GXy   . 

Proof: 

Let  ,X is  CRgs space isGand setopensemig Xxthatsuch,  ,

setclosedsemigisGX of X thatsuch GXx  . ofdefentionFrom

 CRgs   
*gexiststhere mappingcontinuous *f  1,0ointXfrom  

     1XGfand0xf **   

 beFLet subsetclosedsemig intpoanyx,Xof Fxthatsuch, 

opensetsemigisFX xcontaining hypothesisBy aexiststhere

mappingcontinuous *f  1,0ointXFrom      1yfand0xf **  ,

  FFXXy  . Then    CRgsis,X  . 

:.183Theorem Let  ,X be  CRgs and  *,Y  subais  CRgs of  ,X

AsubsetaThen of  *,Y  is semig setclosed Yin iff aexiststhere

semig XinFsetclosed such that 
  YFA1          YAclAcl,YAeveryfor2

XY
            
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  YYceGYA sin

Proof: 

 (1) YinopensemigisAY   

YGAY   ( XofGsubsetopensemigsomefor ). 

     YYGYYGYA    

 XinGofcomplementthedenotedGWhereGYA    

 XinopensemigisGcesinXinclosedsemigisGFWhereFYA  

 (2)    kAandXinclosedsemigisk:kAcl
Y

    

  1byYFAandXinclosedsemigisF:YF    

 FAandclosedsemigisF:YF    

  YFAandXinclosedsemigisF:F      YAcl
X

 . 

:.193Theorem regularcompletelysemig  propertyhereditaryais . 

:oofPr  
Let  *,Y  ofsubspaceabe regularcompletelysemig  ,X . thatshowTo

 *,Y  alsois regularitycompletelysemig .Let *F be subsetclosedsemig

of
* and y thatsuchYofintpoabe

*Fy .Since *F is closedsemig
*of  then aexiststhere setclosdsemig thatsuchXofF FYF * , 

Also  YyFyFYyFy *   .And XyYy  . 

Thus F ais subsetclosedsemig andXof y thatsuchXofintpoais

continuousaexiststhere,ofXregularcompletelysemibygHence.Fy

mapping Xoff oint  1,0 thatsuch      1Ffand0yf  .Let
r

g

 functioncontinuousofnrestrictiotheytofofnrestrictiothedenote

  byNow.1,oointYofmappingcontinuousisg])6[continuousis
r

ofdefinition
r

g ,     Yxxfxg
r

 .     and0yg0yfHence
r



          *

r

* Fx1xfyghavewe,FFandFx1xfcesin   

   subsetclosedsemigeachforthatshowenweThus.1FgthatSo *

r


continuousaexiststhereFXypoeachandYofF ** int 

thatsuch]1,0[ointofYgmapping
r

    }1{Fgand0Yg *

rr


spacetheHence  is,Y *  .regularcompletelysemig  

:.203Theorem regularcompletelysemig  propertyicallogtopoais .  

:oofPr  

Let  ,X abe regularcompletelysemig space letand  *,Y   

ofeomorphismhomabe  ,X eomorphismhomaunder f . thatshowTo

 *,Y  alsois regularcompletelysemig .Let setclosedsemigabeF  

letandYoint intpoabey Yof thatsuch Fy .Since f onetooneis ,
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intpoaexiststhere Xx thatsuch  

   yfxyxf 1 . cesinAgain f is mappingcontinuousa ,  Ff 1 is

setclosedsemig Xof .Farther       FfxFfyfFy 111    

byHence regularcompletelysemig Xof , continuousaexiststhere   
*fmapping of  1,0ointX      and0xfyfthatfsuch *1* 

    1Fff 1* 
isThat         1Fffand0yff 1*1*    .Since f is

eomorphismhom , 1f  is mappingcontinuousa XontoYof .Also *f is

mappingcontinuousa of  1,0ointX . followsit theoremfrom

  6continuousalsoismapcontinuousofncompositioThe that 1* ff 

 1,oointYof . shownhaveweThus eachforthat setclosedsemig F

Yof and intpoeach FYy  , existsThere mappingcontinuousa
1* ffh    1,0ointYof thatsuch     1Fhand0yh  .Then  *,Y  is

completelysemig regular space henceand regularcompletelysemig

propertyicallogtopoais . 

, Fx , existsthere V,U , Vx , VF  thatsuch VU

setclosedgissetclosedeveryBut *
. 

:.213Theorem Every spaceregular is spaceregularg*
.  

:oofPr  
   V,U,Fx,inXFclosedXandxthenspaceregularbe,XLet

 2setclosedgissetclosedeveryBut.UthatVUsuchF,Vx *

  .regulargis,XThen *  
:.223Theorem  Every   spaceCRg*

 is   Rg *  space. 

:oofPr  

Let  ,X  CRg*
space andXinsetclosedgisFthen * Xx

Fxthatsuch  existsthereThen mappingcontinuousa  1,0X:f * 

      thereThen.spaceisT]1,0[Since.0xfand1Ffthatsuch
2

** 

andH1thatsuch,GandHsetsopengintdisjotwoexists *  , G0 ,

HGthatsuch  .But *f is continuousa and)H(fthen 1*  Gf 1*

intdisjoare openg*
thatsuch      HfGf 1*1*  ,

   GfxG0xf 1**  And     H1Ff *   HfF 1* , Now

   Gf,Hf 1*1*  xcontainingsetsopengare *
Fand lyrespective

thatfollowsit  ,X  Rgis *
. 

truonotisconverseThe see  4.3  
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:.233Theorem spaceicallogtopoA    CRgis,X * ifonlyandif

andXx Gopensetg* ingtancon x , existsthere

mappingcontinuousa *f from ointX  1,0   and0xfthatsuch * 

   1yf *  , GXy  . 

 :oofPr  
beXLet  CRg* setopengisGand *

, Xx , XofsetclosedgisGX * ,

and GXx  ofdefinitionfrom  CRg*

mappingcontinuousaexiststhere *f  1,0ointXfrom

     1XGfand0xfthatsuch **  . 

 XofsubsetclosedgbeFLet *
, intpoanyx opengisFXFx   

xcontaining , aexiststherehypothesisBy mappingcontinuous *f

XFrom  1,0oint      1yfand0xf **    FFXXy  Then  

   CRgis,X * . 

:.243Theorem Let  ,X  CRgbe *
and  *,Y  ofspacesubregularais

 ,X , XinsetclosedgisFseta  isAsubsetaThen closedg *

thatsuchiffYin

       YAclAcl,YAeveryfor2YFA1
XY

   

Proof: 

(1) YinopengisAY *  ( somefrom XofGsubsetopeng*
) 

 YGAY   

  

  

  YYcesinGYA  
 XinGofcomplementthedenotedGWhereGYA    

 XinopengisGcesinXinclosedgisGFWhereFYA **   

(2)    kAandXinclosedgisk:kAcl *

Y
    

  1byYFAandXinclosedgisF:YF *    

 FAandclosedgisF:YF *    

  YFAandXinclosedgisF:F *      YAcl
X

 . 

:.253Theorem  regularCompletelyg*
propertyhereditaryais . 

 :oofPr  

Let  *,Y  ofsubspaceabe regularcompletelyg*  ,X . thatshowTo

 *,Y  alsois regularcompletelyg*
.Let *F be subsetclosedg*

of * and y

ofintpoabe thatsuchY
*Fy .Since *F is setclosedg* *of  then

     YYGYYGYA  
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existsthere setclosedg*
ofF thatsuchX FYF*  ,Also

 YyFyFYyFy *   .And Yy Xy .Thus F ais

subsetclosedg*
andXof y Xofintpoais thatsuch Fy . byHence

regularcompletelyg*
existthere,Xof mappingcontinuousa Xoff oint

 1,0 thatsuch       1Ffand0yf  . Let rg ofnrestrictiothedenote Ytof . 
 ]6[continuousisfunctioncontinuousofnrestrictiothe rg is

mappingcontinuousa ointYof  1,0 . ofdefinitionbyNow rg ,

    Yxxfxg
r

 . 

Hence     00  ygyf r cesinand   Fx1xf  and ,* FF  havewe  

    *

r
Fx1xfxg  thatSo   1* Fg r .

eachforthatshownhaveweThus setclosedg* *F intpoeachandYof
*FYy  , existsthere continuousa mapping rg ointYof  1,0 thatsuch  

    1Fgand0yg *

rr
 , 

spacetheHence   *,Y   is regularcompletelyg*
. 

:.263Theorem regularcompletelyg*
propertyicallogtopoais . 

:oofPr  
Let  ,X abe regularcompletelyg*

space letand  *,Y  be

toeomorphichoma  ,X eomorphismhomaunder f . thatshowTo  *,Y 

alsois regularcompletelyg*
.Let setclosedgabeF *

letandYoint

intpoabey Yof thatsuch Fy .Since f onetooneis ,

intpoaexiststhere Xx thatsuch    yfxyxf 1 . cesinAgain f is

mappingcontinuousa ,  Ff 1
is setclosedg*

Xof .Farther  

     FfxFfyfFy 111    

byHence regularcompletelyg*
Xof , mappingcontinuousa *f of  

 1,0int oX thatsuch         1Fffand0xfyff 1**1*  
isThat  

        1Fffand0yff 1*1*    Since f is eomorphismhom , 1f  is

mappingcontinuousa XontoYof . Also *f is mappingcontinuousa of

 1,0ointX . followsit theoremfrom  
 ]6[continuousismapscontinuousofncompositiothe that 1* ff  is

mappingcontinuousa  1,0ointYof . shownhaveweThus eachforthat

setclosedg*
YofF and intpoeach FYy  , existsThere

mappingcontinuousa 1* ffh    1,0ointYof thatsuch
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    1Fhand0yh  .Then  *,Y  is *g completely regular space

henceand regularcompletelyg*
propertyicallogtopoais . 

:.273Theorem issetclosedgEvery * setclosedgs *
. 

:oofPr  
beALet setclosedga *   andUA,UAclisthat  XinopengisU ,  

But,scl(A)cl(A)   UAscl  and U)A(sclopengopengs 

UA,  XinsetopengsisUand setopengsisAThen. *
  

:.283Theorem Every spaceregular is spaceregularsg*
. 

:oofPr  
 be,XLet  spaceregular then  Xx  and F closed in X, 

Fx , existsthere V,U , UF,Vx  ,

issetclosedeveryBut,VUthatsuch  setclosedsg*
[3]

27.3theoremby getwe.   ,X  regularsgis *
. 

:.293Theorem  Every    spaceCRsg*
 is   Rsg*

 space. 

:oofPr  

Let  ,X is  CRsg*
space, isFthen setclosedgsemi *

in X and Xx

aexiststhereThen,Fxthatsuch  functioncontinuous

 1,0X:f *     and1Ffthatsuch *    0xf *  Since   spaceTis1,0
2


intdisjotwoexiststhereThen setsopengsemi *
HandG thatsuch

G0andH1  , HGthatsuch  But *f iscontinuous then

   GfandHf 1*1* 
intdisjoare setsopengsemi *

thatsuch

     HfGf 1*1*     GfxG0xf 1**  And     H1Ff * 

 HfF 1* Now    Gf,Hf 1*1* 
are opensetsgsemi *

Fandxcontaining ,

lyrespective thatfollowsIt  ,X is  CRgs *
. truonotisconverseThe  

 4.3see .  

:.303Theorem spaceicallogtopoA    CRsgis,X * ifonlyandif

GopengsemiandXx * containing x continuousaexiststhere

mapping *f  1,0ointXfrom   and0xf *    1yf *    , GXy   

:oofPr  
Let  ,X is  CRsg*

space isGand opensetgsemi * Xxthatsuch  ,

setclosedgsemiisGX * of X , GXxthatsuch  ofdefentionFrom

 CRsg  mappingcontinuousaexiststher *f  1,0ointXfrom

     1XGfand0xf **  . 

 beFLet  subsetclosedgsemi *
intpoanyx,Xof  Fxthatsuch   
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setopengsemiisFX * xcontaining , hypothesisBy aexiststhere  

mappingcontinuous *f  1,0ointXFrom      1yfand0xf **  ,

  FFXXy  Then    CRsgis,X * . 

:.313Theorem Let  ,X be  CRsg*    CRsgsubais,Yand **

 ,Xof , Asubsetathen of  *,Y  is
*gsemi setclosed thereiffYin

 ,XinFsetaexists
*gsemiis  closed in X such that: 

  YFA1            YAclAcl,YAeveryfor2
XY

  

:oofPr  

(1) YinopengsemiisAY *  

YGAY   ( somefor  XofGsubsetopengsemi *
) 

     YYGYYGYA    

  YYcesinGYA  

 XinGofcomplementthedenotedGWhereGYA    

 Xinopen*gGsemicesininXclosed*semigGWhereFFYA  

 (2)    kAandXinclosedgsemiisk:kAcl
Y

   

  1byYFAandXinclosedgsemiisF:YF *    

 FAandclosedgsemiisF:YF *    

  YFAandXinclosedgsemiisF:F *      YAcl
X

 . 

:.323Theorem regularcompletelygsemi *
 propertyhereditaryais . 

:oofPr  

Let  *,Y  ofsubspaceabe regularitycompletelygsemi *  ,X . 

thatshowTo   *,Y   alsois  regularitycompletelygsemi *
. 

Let *F be subsetclosedgsemi *
of

* and y thatsuchYofintpoabe
*Fy

Since *F is closedgsemi * *of  , existsthere setclosedgsemi *

thatsuchXofF FYF * ,Also  YyFyFYyFy *   .

And XyYy  .Thus F ais subsetclosedgsemi *
andXof y

Xofintpoais thatsuch Fy . byHence regularcompletelygsemi *

existsthere,Xof mappingcontinuousa Xoff oint  1,0 thatsuch

     1Ffand0yf  .Let
r

g ofnrestrictiothedenote Ytof  
 ]6[continuousisfunctioncontinuousofnrestrictiothe

r
g is

mappingcontinuousa ointYof  1,0 . ofdefinitionbyNow r
g

    Yxxfxg
r

 . 



Journal of Kirkuk University –Scientific Studies, vol.7, No.1, 2012 

 

 

  125 

Hence     00  ygyf r cesinand   Fx1xf  and ,FF*  havewe  

    *

r
Fx1xfxg  . thatSo    1Fg *

r


eachforthatshownhaveweThus closedgsemi * subsetof * *F

intpoeachandYof *FYy  , existsthere mappingcontinuousa rg

ointYof  1,0 thatsuch ,     1Fgand0yg *

rr
  

spacetheHence   *,Y   is regularcompletelygsemi *
. 

:.333Theorem regularcompletelygsemi *
propertyicallogtopoais .  

Proof: 

Let  ,X abe regularcompletelygsemi *
space letand  *,Y   

ofeomorphismhomabe  ,X eomorphismhomaunder f . thatshowTo

 *,Y  alsois regularcompletelygsemi *
Let setclosedgsemiabeF *

letandYoint intpoabey Yof thatsuch Fy .Since f onetooneis ,

intpoaexiststhere Xx thatsuch    yfxyxf 1 .

cesinAgain f is mappingcontinuousa ,  Ff 1 is setclosedgsemi Xof .

Farther      FfxFfyfFy 111   byHence

regularcompletelygsemi Xof , existsthere mappingcontinuousa *f of

 1,0ointX thatsuch         1Fffand0xfyff 1**1*  
. isThat

   and0yff 1*       11*  Fff  Since f is eomorphismhom , 1f  is

mappingcontinuousa XontoYof . Also *f is mappingcontinuousa of

 1,0ointX . followsit theoremfrom  

  6continuousalsoismapcontinuousofncompositioThe  

that 1* ff  is mappingcontinuousa  1,0ointYof . shownhaveweThus  

eachforthat setclosedgsemi *
YofF and intpoeach FYy  , 

existsthere mappingcontinuousa 1* ffh    1,0ointYof thatsuch

    1Fhand0yh  .Then  *,Y  is regularcompletelygsemi *
space 

henceand regularcompletelygsemi *
propertyicallogtopoais . 

:.343Theorem Every spaceregular is spaceregularsg* . 

:oofPr  be,XLet  spaceregular then  Xx  and F closed in X, Fx , 

V,Uexiststhere , Vx , VF  thatsuch VU  .

setclosedsgissetclosedeveryBut *
[2]Then   ,X  regularsgis *

. 

:.353Theorem Every   CRsg*
 spaceis   Rsg*

 space. 

:oofPr Let   is,X    spaceCRsg*
, isFthen setclosedsemig*

Xin Xxand  aexiststhereThen,Fxthatsuch 
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functioncontinuous  1,0X:f *     and1Ffthatsuch *    0xf *  Since

  spaceTis1,0
2
 intdisjotwoexiststhereThen setsopensemig*

HandG andH1 G0 ,  HG ,But *f is continuous  H*thenf 1  

and  Gf 1*
intdisjoare setsopensemig*

thatsuch,      HfGf 1*1*   

   GfxG0xf 1**   And       HfFH1Ff 1**   

Now    Gf,Hf 1*1* 
are setsopensemig*

 Fandxcontaining , lyrespective  

thatfollowsIt    is,X    Rsg*
. truonotisconverseThe   4.3see . 

 

:.363Theorem spaceicallogtopoA    CRsgis,X * iff

GopensemigandXx * containing x aexiststhere

mappingcontinuous *f  1,0ointXfrom   and0xf *    1yf * 

GXy    

:oofPr Let  ,X is  CRgs space isGand setopensemig*
containing x ,

setclosedsemigisGX * of X , GXxthatsuch  ofdefentionFrom   

  aexiststhereCRsg*  mappingcontinuous  1,0X:f *  ,

     1XGfand0xf **  . 

 beFLet subsetclosedsemig*
intpoanyx,Xof Fx isFX

setopensemig*
xcontaining , hypothesisBy , aexiststhere

mappingcontinuous *f  1,0ointXFrom      1yfand0xf **  ,

  FFXXy  Then.    CRsgis,X * . 

:.373Theorem Let   ,X  be   CRsg*
 and  *,Y  is a sub  CRsg*

of  

 ,X Then Asubseta of  *,Y  is semig*
setclosed Yin iff

is),X(inFsetaexiststhere  semig*
closed Xin suchthat

  YFA1        YAclAcl,YAeveryfor2
XY

  

Proof: (1) YinopensemigisAY *  

YGAY   ( somefor XofGsubsetopensemig*
) 

     YYGYYGYA  

 XinGofcomplementthedenotedGWhereGYA    

 XinopensemigisGcesinXinclosedsemigisGFWhereFYA **   

(2)    kAandXinclosedsemigisk:kAcl *

Y
    

 FAandclosedsemigisF:YF *    

  YFAandXinclosedsemigisF:F *      YAcl
X

 . 

:.383Theorem regularitycompletelysemig*
 propertyhereditaryais . 
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:Proof Let  *,Y  ofsubspaceabe regularitycompletelysemig*  ,X . 

thatshowTo  
Y

,Y  alsois regularitycompletelysemig*
.Let *F be

subsetclosedsemig*
of

* and y thatsuchYofintpoabe
*Fy .Since *F

is closedsemig* *of  , aexiststhere setclosedsemig*

thatsuchXofF FYF*  ,Also FYyFy *  .  YyFy   .

And XyYy  .Thus F ais subsetclosedsemig*
andXof y

Xofintpoais thatsuch Fy . byHence regularcompletelysemig*
,Xof

mappingcontinuousaexiststhere Xoff oint  1,0 thatsuch

     1Ffand0yf  . Let
r

g ofnrestrictiothedenote Ytof

 ]6[continuousisfunctioncontinuousofnrestrictiothe
r

g is

mappingcontinuousa ointYof  1,0 . ofdefinitionbyNow
r

g ,

    Yxxfxg
r

 . 

Hence     00  ygyf r cesinand   Fx1xf  and ,* FF  haveWe

    *

r
Fx1xfxg  . thatSo    1Fg *

r


ofYand*subsetFclosedsemi*eachgforthatshownweThus  
*FYyeachfor  , existthere continuousa mapping

r
g  ointYof   1,0  

thatsuch      1Fgand0yg *

rr
 , 

spacetheHence  
Y

,Y   is regularcompletelysemig*
. 

:.393Theorem regularcompletelysemig*
propertyicallogtopoais .  

:oofPr Let  ,X abe regularcompletelysemig*
space letand  *,Y   

toomorphichomabe  ,X eomorphismhomaunder f .

thatshowTo  *,Y  alsois regularcompletelysemig*
.Let

setclosedsemigabeF *
letandYoint intpoabey Yof thatsuch Fy

Since
f

onetooneis , intpoaexiststhere Xx , thatsuch  

   yfxyxf 1 . cesinAgain f is mappingcontinuousa ,  Ff 1 is

setclosedsemig*
Xof .Farther      FfxFfyfFy 111  

isXcesin regularcompletelysemig*
, continuousaexiststhere

mapping *f of  1,0ointX thatsuch         1Fffand0xfyff 1**1*  
 

isThat         1Fffand0yff 1*1*    Since f is eomorphismhom ,
1f  is mappingcontinuousa XontoYof .Also *f is mappingcontinuousa

of  1,0ointX . followsit theoremfrom   

 ]6[continuousismapscontinuousofncompositiothe that 1* ff 

 1,0ointYof . shownhaveweThus eachforthat
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YofFsetclosdsemig*
and intpoeach FYy  , existsthere

mappingcontinuousa 1* ffh    1,0ointYof thatsuch

    1Fhand0yh  .Then  *,Y  is semig*
completely regular space

henceand regularcompletelysemig*
propertyicallogtopoais . 
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