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Abstract

In this paper, we introduced a new definitions

9.,50,05,9,50 ,9’sof completely regular spaces respectively andg,sg,gs,
9°,s9",9"s of regular spaces respectively .We study some relations among them and we
show the hereditary and topological properties of its .

Introduction

In 1970,N. Levine introduced a new and significant notion in General
Topology, namely the notion of a generalized closed set. A subset A of a
topological space (X,z) is called generalized closed, (briefly g-closed), if

cl(A) cU whenever A < U and U is open in (X,z) . This notion has been

studied extensively in recent years by many topologists. The investigation
of generalized closed sets has led to several new and interesting concepts .
This notion has been studied extensively in recent years by many
topologists because generalized closed sets are not only natural
generalizations of closed sets.

(P.Bhattacharya and B.K. Lahiri,1987 and S.P.Arya ,1990), investigated
semi g closed set, g semi closed set respectively. (P.Sundaramand
A.Pushpalatha, 2001, AIl-Ddoury A.F, 2009 and A.l.EI-Maghrabi &
A.A.Nasef , 2009) introduced and investigated strongly generalized closed
sets ,semi strongly generalized closed set and strongly generalized semi
closed , Respectively.We study all definitions was in abstract , Relations
and some properties.

2. Preliminaries
Definitions 2.1.A subset A of a topological space is said to be :

(1) Generalized closed (briefly g-closed) if cl(A) €& G whenever A € G and
G is open in X.( Jones and Bartlett)
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(2) Semi generalized closed (briefly sg-closed) if scl(A) € G whenever A €
G and G is semi open in X.( N.Levine ,1970)

(3) Generalized semi closed (briefly gs-closed) if scl(A) € G whenever A &
G and G is open in X.( Alhawez,Z.T.(2008))

(4) strongly generalized closed (briefly gclosed) if cl(A) € G whenever A
€ Gand Gis g open in X .( Alshamary, A.G. (2008))

(5) semi strongly generalized closed (briefly sg” closed) if scl(A) € G
whenever A € G and G is sg open in X .( Al-Ddoury A.F.(2009))

(6) strongly generalized semi closed (briefly g*s-closed ) if scl(A) € G

whenever ASG and G is g-open in X (P.Sundaram, A.Pushpalatha,
2001) .
The complements of the g-closed (sg-closed,gs-closed,g closed,
sg closed and g*s-closed) sets are called g-open(sg- open,gs-
open,g” —open, sg  —open and g*s- open)sets respectivly .
Definitions 2.2: (J.Dugungji) A topological space (X,T) is called :
(1) completely regular if for every closed F <X and x € X\ F, there is a
continuous function
f: X = [0,1], such that f(x) = 0 and f(F) = {1} .
(2) Regular space iff Yxe X and VFclosed in X , xgF, U,V er,
suchthat xeV and FcV > UMV =.

3. Some Properties and Relations:
Definitions 3.1: (J.Dugungji) A topological space (X,T) is called:
(1) g Complete regular space (briefly g [CR])if g closed set Fin X and

X € X ,x ¢ F;Then there exists a continuous mapping g: X — [0,1]
such that g(F) ={l}and g(x) = 0.

(2) g regular space (briefly g [R])iff the g closed set A and point x ¢ A
there exist disjint g opensets U,V e t ,suchthat A Uand x eV
>UNV =6.

(3) semi g completely regular (briefy sg [CR]) if for every semi g closed set
F< X and x e X \ F, there is a continuous function f : X —[0,1]

,such that f(x)=0and f(F)={1}.
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(4) semi g regular (briefy sg [R]) iff the sgclosed set A and point x ¢ A,
There exists disjo int semi g opensets U,V € tsuchthat Ac U
andxgV >UNV=¢.

(5) g semi completely regular (briefy gs [CR])if for every g semi closed set
F < X and x € X\ F, there exists a continuous function f : X —[0,1]

,suchthat f(x)=0and f(F) ={1}.

(6) g semi regular (briefy gs [R]) iff the gsclosed set A and point x ¢ A,
There exist disjo int g semi opensetsU,V ez suchthat AcU and x ¢ V
,suchthat UNV =¢.

(7)g" Complete regular space (briefly g” [CR])iff gclosed setFin X and
X e X ,suchthat x¢F, Thenthere exists a continuous mapping
g:X —[01] , suchthat g(F) ={l}and g(x) = 0.

(8) g "regular space (briefly g” [R])if foreach g"closed set A and
point x ¢ A there exist disjoint g'open setsu,v = X ,suchthat
ACUandxEV UNV=¢

(9) semi g“completely regular (briefy sg” [CR])if for everysemi ¢

closedset F< X and x € X\F,there exists a continuous function

f:X —>[0,1], suchthat f(x)=0and and f(F) = {1}.

(10) semi g regular (briefy sg” [R]) if foreach sg'closed setA and
each point x ¢ A ; There exist disjo int semi g opensetsu ,V < X

suchthat AcU and x ¢ V.
(11) g"semi completely regular (briefy g’s [CR])if for every
g semi closed set F— X and x € X\ F, there is
a continuous function f : X —[0,1] , such that f(x)=0 and f(F)={L}.
(12)g"semi regular (briefy g°s [R]) if foreach g’sclosed setA and
each point x ¢ A ; There exists disjo int g"semi opensetsu ,V < X

suchthat AcUand x ¢ V.

Theorem 3.2: Every regular space is g regular space.

Proof : Let (X,t)be regular space then VxeX and VFclosed in
X, X¢ F3U,V etsuchthatxeV,FcVv,UNV=6¢

But every closedsetis g closed set[3].

Then (X,t) is g regular .
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Theorem 3.3: Every g [CR]spaceis g [R]space.

Proof : Let (X,7)is g [CR]space. Let Fis g closed set in X and let x € X
be a point of X notin F
,Thatis xe X—F.Byg completely, there existsa continuous

mapping f : X —[0,1]such that f*(F)={l}and f"{x}=0
Since [0,1]is T, —space then there existstwodisjoint g open sets
Hand G suchthat GNYH = ¢, But f™ is a continuous map then
f*(H)and f*(G) are disjo int g open sets such that f*(G)Nf*(H)=¢
f'(X)=0eG=xef*(Gland f"(F)={l}e H=Fcf"*(H)
Now are g open sets containing x and F respectively
It follows that (X,t) is g[R]. Theconverseis nottruo  as in (3.4)

Exampel3.4: Let X ={a,b,c},and t={¢, X,{a} {b,c}}.
The only closed sets are X, 9, {a}, {b,c}Let the point ae{a} and the

closed set F={b,c}c {b,clopen
and{a}N{b,c} =, Then (X,1)is [R]. But every closed set is (g closed,
sg close gs closed, gclosed, g's closed , sg "closed ) (Al-Ddoury

A.F.(2009), (Alhawez,Z.T.(2008))and (Alshamary, A.G. (2008))
Then(X,7)is g[R],sg[R]gs[R].g'[R].g's[R],sg"[R] respectively .Now to
show (X,t) is not g[CR] its very easy to show that because there is no
continuous mapping from X to [0,1].

Theorem 3.5: A topolog ical space (X, t)is g [CR]iff ¥x € X and

V g openset G containing X, there exists a continuous mapping

f": X —[01],suchthat f"(x)=0and f"(y)={l}, vy e X-G.

Proof : Let X be g [CR]and Gis g openset  containing xeX, xeG,
ThenX -G is g closedset of X suchthat x ¢ X —G. From definition of

g [CR],there exists a continuous mapping f* from X int 0 [0,1]such that
f'(x)=0and f"(G-X)={l.

< Let F be g closed subset of X, x any point suchthat xg F =X -Fisg’
containing X, By hypothesis there exists a continuous mappingf”~ from
Xinto[01]suchthat f*(x)=0and f'(y)={l}v yeX-(X-F)=F

Then (X,t)is g [CR].
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Theorem 3.6: Let (X,7) be g [CR]and (Y, ") is a subregular space of (X,z)

, Thenasubset Ais g closed in Y iff there existsa gclosed setF in X

such that() A=FnY (2)forevery AcY,cl, (A)=cl (ANY)
Proof :

(1)< Y-Aisg openinY

< Y-A=GNY (fromsome g open subset G of X)

= A=Y -(GNY)=(Y -G)U(Y -Y)

A=Y -Gsince(Y-Y=9¢)

< A =YNG' (Where G’ denoted the complement of G in X)

< A=YNF (Where F=G'is g closedin XsinceG is g open in X)

(2) cl,(A)=N{k:kis gclosedin X and A c k}
=M{FNY:Fisgclosedin Xand Ac FNY by (1)}

=M{FNY:Fis g closedand A c F}

=[N{F:Fis g closedin Xand Ac F}NY] =cl (A)NY.

Theorem 3.7: g Completey regular is a hereditary property. Proof : Let
(Y, ") be a subspaceof g completely regular (X,z). To show that (Y, 1)
is also g completely regular . Let F” be g closed subset of ™ and y

be a point of Y suchthat y ¢ F .Since F”is g closedset of t 3

g closed set Fof X suchthat F =Y NF,Also

yeF =>yeYNF=yeF (vyeY)AdyeY=yeX.

Thus F is a g closed subset of X and y is a point of X suchthat y ¢ F.
.+ (X,1") g completely regular ,hencethere exists a continuous
mapping f of X int 0 [0,1] such that f(y)=0and f(F)={1}. Let g,
denote the restriction of f to Y.

( the restriction of continuous function is continuous[6]) g, is
a continuous mapping

of Y int 0 [0,1]. Now by definition of g, g,(x)=f(x) ¥xeY

Hence f(y)=0=>g,(y)=0andsincef(x)=1Vvx eFand F' —F, we have
9,(x)=f(x)=1vx eF Sothat g, |[F"|=4}..

Thus we have shown that for each g closed set subset F of Yand
each point y € Y —F",3a continuous mapping g,ofYinto [0,1]such that
g,(y)=0and g, (F)={1},

Hence the space(Y,r*) is g completely regular .

Theorem 3.8: g completely regular is a topolog ical property.
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Proof : Let (X,7)bea gcompletely regular spaceand let (Y, ") be

a homeomorphic to (X, t) under a homeomorphism f . To show that (Y, r*)
is also g completely regular . Let Fbea g closedsetinto Y and let

y be a point of Y suchthat y ¢ F.Since f is one to one, there exists a point
x € X suchthat f(x)=y < x =f"*(y). Again sincef is

a continuous mapping , f **[F]is g closed set of X Farther
yeF=f(y)ef[F]=xef*[F].

Hence by g completely regular of X ,there exists a continuous mapping f~
of Xinto[0] suchthat f'[f *(y)]=f"(x)=0and f"[f *[F]|= L}

Thatis (f of *)y)=0and (f o f *)(F)]={1},Since f is homeomorphism,
f *is a continuous mapping of Y onto X.Also f” is a continuous mapping
of Xinto[01].it follows from theorem

(The composition of continuous function is also continuous[6]) that

f" of s a continuous mapping of Y int 0[0,1]. Thus we have shown

that for each g closed set F of Y and each point y € Y —F,there exists

a continuous mapping h=f" o f * of Yint 0[0,1]such that

h(y)=0and h(F)={L}. Then (,<") is g completely regular space

and hence g completely regularis a topolog ical property.

Theorem 3.9: Every regular spaceis sg regular space.

Proof :

Let (X,t)be regular spacethen Vx e X and VFclosed in x, xgF,
there exist U,V e t,suchthat x e V F cVv suchthat 5 UNV = ¢.

But every closed set issgclosed  set,[3].Then (X,t) is sg regular.
Theorem 3.10: Every sg[CR] spaceis sg[R] space.

Proof :

Let (X,1)is sg [CR]space, then F is semi g closed setin X and x e X
>x¢F,Thenthere exists a continuous function f”: X — [0,1]such that
f'(F)={}and f*{x}=0.Since [0,1]is T, —space

Then there exists atwodisjoint semig open sets G and H such that
leHand0eG,>GNH =¢.But f iscontinuous then f*(H)and f *(G)
are disjo int semi g open sets, such that *(G)Nf"*(H)=¢.
f'(x)=0eG=xef*(G)And f'(F)={lle H=>Fcf*(H)

Now f™*(H), f*(G) are semi g open sets containing x and Frespectively
It follows that (X, t)is s g [CR]. The converseis not truo see (3.4).
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Theorem 3.11: A topolog ical space (X, t) is sg [CR ] iff

Vx € X and V semi g open G containing xthere exists a  continuous
mapping f~ from X int o [0,1]suchthat f*(x)=o0and f'(y)=1vyeX -G
Proof :

Let (X,r) IS S [CR] spaceand G is semi g open set continaing x,X-

G is semi g closed set of X such that x & X — G from defention of sg[CR]
— there exists a continuous mapping f from X int 0 [0,1]such that
£°(x)=0and f*(G - X)= {1}

< Let F be semi g closed subset of X, x any point suchthat x ¢ F

— X —Fis semi g open set containing X, By hypothesis

there exists a  continuous mapping f* From X int o [0,1] such that
f'(x)=0and f*(y)= {1}, vy e X—(X—F)=F, Then (X,1)is sg[CR].
Theorem 3.12: Let (X,t)be sg[CR]and(Y,")is a subsg[CR]of
(X,7) Then a subset A of (Y, <" )issemi g closed setin Y iff

there exists aset Fin (X,t)is semig closedin X such that
@LA=FNY (2)forevery AcY,cl, (A)=cl (ANY)

Proof :

(1)< Y -Aissemigopenin Y

< Y-A=GNY ( forsome semig open subset G of X)
SA=Y-(GNY)=(Y-G)U(Y-Y)

S A=Y-Gsince(Y-Y =¢)

< A =YNG' (Where G’ denoted the complement of G in X)

< A=YNF (Where F=G'is semig closed in X since G is semi g open in X)
(2) cl,(A)=N{k:k is semig closedin X and A — k}

={FN Y :Fissemigclosedin X and Ac FN Y {by(1)

={FNY :Fis semigclosed and A c F}

=[N{F:Fis semigclosedin Xand Ac F}NY] =cL (A)NY.

Theorem 3.13:semi g completely regular is a hereditary property.
Proof :

Let (Y, r*) be a subspace of semi g completel regular (X, r). To show that
(v,z") is also semig completely regular .

Let F” be semi g closed subset of t and y be a point of Y suchthat y ¢ F”.

Since F” is semi g closed of t” then there exists semi g closed set

Fof Xsuchthat FF =YNF,Aso yeF =yeYNF=yeF (-yeY).
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And yeY = ye X.Thus Fis a semi g closed subset of X and y

is a point of X suchthat y ¢ F.Hence by semi g completely regular

of X, there exists a continuous mapping f of X into[01]such that

f(y)=0and f(F)={1}. Let g, denote the restriction of f to Y.

(the restriction of  a continuous function is continuous[6])

g,is a continuousis mapping of Y int o [0,1]. Now by definition of g,

g,(x)=F(x) vxeY.

Hence f(y)=0=g,(y)=0and sincef(x)=1vx eFand F* = F, we have

g,(x)=f(x)=1Vvx eF".So that g,[F"]= 1}

Thus we have shown that for each semi g closed of t~ subset F”

of Y and each point y € Y — F there exists a continuous mapping g,

of Yinto [01]suchthat, g,(y)=0andg,(F")={1}

Hence the space (Y,r*) Is semi g completely regular .

Theorem 3.14:semi g completely regular is a topolog ical property.
Proof :

Let (X,t) be a semi g completely regular spaceand let (Y’ T*) be
a homeomorphicto  (X,t) under a homeomorphismf .

To show that (Y’ T*) is also semi g completely regular . Let

F be a semig closedset into Y and let y be a point of Y such that

y ¢ F.Since f is one to one, there exists a point x € X such that
f(x)=y < x=f"(y). Again sincef is a continuous mapping f *[F]is
semi g closed set of X.Farthery e F=f"(y)ef*[F]=xef?[F],
Hence by semi g completely regular of X, there exists

a continuous mapping f~ of X int 0 [0,1],such that
f[f(y)]=f"(x)=0and f[f *[F]]= {1}, That is (f"of *)y)=0and

(f of *)(F)]={1} Since f is homeomorphism,f*is

of Y onto X . Also f" is a continuous mapping of X int o [0,1].it follows
theorem (The composition of continuous map is also continuous|6]) that
isf"of'is a continuous mapping of Y int 0[0,1]. Thus we have shown
that for each semi g closed F of Y and each point yeY —F,

There exists a continuous mapping h=f" o f * of Y int 0[0,1]such that
h(y)=0and h(F)={L}. Then (Y, ") is semi g completely regular space
and hence semi g completely regular is a topo log ical property.
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Theorem 3.15: Every regular spaceis g s regular space.

Proof :

Let (X,t)be regular spacethen VvxeX and VFclosed in x, xgF,
suchthat U,V et,suchthat x e V,F cV suchthat UNV = ¢.

But every closed set is g s closed set[6].Then (X,t) is g s regular .
Theorem 3.16: Every gs [CR] spaceis gs[R] space.

Proof :

Let is (X,t)gs [CR]space, then Fis g semi closedset in X and X € X
such thatx ¢ F, Then there exists a continuous function
f*:X —>[0]such that f*(F)={l}and f"{x}=0
Since [0,1]is T, —space Then there exists  twodisjoint g semi opensets
Gand H>1eHand 0 € G suchthat G(YH = ¢ But f~iscontinuous map
then f*(H)and f*(G) are disjo int g semi open sets, such that
f(G)NF*(H)=¢

' (X)=0eG=xef™(G) And F'(F)={l}eH=Fcf""(H)

Now f**(H),f"*(G)are g semi open sets containing x and F,respectively
It follows that (X, t)is gs [R]. The converseis not truoasin (3.4)
Theorem 3.17: A topolog ical space (X, t)is gs [CR]iff v xeXand V
g semi open G containing X, there existsa continuous mapping f~
from Xinto[01]>f"(x)=o0and f(y)={},VyeX-G .
Proof:

Let (X,7)is gs [CR]spaceand G is g semi openset ,suchthat x e X,

X -G is g semi closedset of X suchthat x ¢ X —G. From defention of
gs[CR]

—there exists g" continuous mapping f* from X int o [0,1]
f'(x)=0and f(G - X)= {1}

< Let F be g semi closed subset of X, x any point ,suchthat xg¢F

— X —Fis g semi openset containing x By hypothesis there exists a
continuous mapping f~ From X int0[0,1]> f*(x)=0and f*(y)= {1},

vy e X—(X—F)=F. Then (X,1)is gs[CR].

Theorem 3.18: Let (X, t)be gs [CR]and (Y, ")is a sub gs [CR] of (X,7)
Then a subset A of (Y,1")isg semi closedset in Y iff there exists a
gsemiclosed setF in X  such that

@MA=FNY (2)forevery AcY,cl (A)=cl (ANY)
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Proof:

(1) <Y —Ais g semi openinY

<Y -A=GNY (forsomeg semi open subset G of X).

< A=Y -Gsince(Y =Y =¢) ©A=Y-(GNY)=(Y-G)U(Y-Y)

< A =YNG' (Where G’ denoted the complement of G in X)

< A=Y NF(Where F=G'is g semi closed in X sinceG is g semi open in X)
2) cl,(A)=N{k: Kk is g semi closed in X and A c k}

={FNY:Fis gsemiclosedin X and Ac FNY by (1)}

=N{FNY :Fis g semiclosedand A c F}

=[N{F:Fis gsemiclosedin Xand Ac F}NY] =cl (A)NY.

Theorem 3.19: g semi completely regular is a hereditary property.

Proof :

Let (Y, r*) be a subspaceof g semi completely regular (X, 7). To show that

(Y, r*) is also g semi completely regularity . Let F be g semi closed subset

of v and y be a point of Y suchthat y ¢ F .Since F"is g semi closed

of ©"then there exists agsemi closd set Fof Xsuchthat F"=YNF,
AsoyeF =yeYNF=ygF (ryeY)AdyeY=yeX.

Thus F is a g semi closed subset of X and y is a point of Xsuch that

y ¢ F.Hence byg semi completely regular ofX ,there exists a continuous
mapping f of X int 0 [0,1] such that f(y)=0and f(F)={l}. Let g,

denote the restriction of fto y (the restriction of continuous function
is continuous[6])g.is continuous mapping of Y into [01]Now by
definition of g,,g,(x)=f(x) YxeY.Hence f(y)=0=g,(y)=0and

since f(x)={l}vxeF and F cF,wehave g (y)=Ff(x)={l}vxeF

So thatg, [F*]: { Thus we showenthat foreach gsemi closed subset
F'of Yand each point yeX—F'there existsa continuous

mapping g, ofYinto [01] such thatg,(Y)=0 and g,(F)={1}

Hence the space (Y, T )is g semi completely regular.

Theorem 3.20: g semi completely regular is a topolog ical property.
Proof :

Let (X,t)be a g semi completely regular spaceand let (Y, r*)

be a homeomorphism of (X, 1) under a homeomorphism f . To show that
(Y, T )is also g semi completely regular . Let Fbea gsemi closed set
into Y and let y be a point of Y suchthat y ¢ F.Since f is one to one,
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there exists a point x € X such that

f(x)=y=x=f"(y). Again sincef is a continuous mapping , f *[F]is

gsemiclosed setof X.Farther ygF=Tf"(y)ef[F]=xef*[F]

Hence by g semi completely regular of X, thereexistsa continuous

mapping " of Xinto[01]suchthatf [f*(y)]=f (x)=0 and
f[f[F]|= {1} Thatis (f" o f*y)=0and (f o f * J(F)]={1}.Since f is
homeomorphism, f *is a continuous mapping of Y onto X. Also f is

a continuous mapping of X int o [0,1].it follows from theorem

(The composition of continuous map is also continuous|[6]) that f* o f

of Yint o[o,1]. Thus we have shown that for each g semi closed set F

of Y and each point y € Y —F, There exists a continuous mapping

h=f" of*of Yinto[0,1]such that h(y)=0and h(F)={1}. Then (Y, t")is

g semi completely regular space and hence g semi completely regular

Is a topolog ical property.

, X ¢ F,thereexists U,Vet,XxeV,FcVsuchthat UNV =¢

But every closed setis g closed set.

Theorem 3.21: Every regular spaceis g regular space.

Proof :

Let(X,t)be regular space thenVxeXandvFclosed inX,x¢F,3U,Ver

x e V,Fc Usuch thatV nU = .Butevery closed set isg'closed set [2]

Then(X,t)is g~ regular.

Theorem 3.22: Every g* [CR]space is g”[R] space.

Proof :

Let (X,r) g [CR]spacethen Fis g closedsetin X and x € X

such thatx ¢ F Then there exists a continuous mapping f*: X — [0/1]

such thatf’(F)={l}and f"{x}=0.Since[0,1]isT, —space .Then there

exists twodisjoint g" open sets Hand G,such thatleH and,0eG,

such thatGH=¢.But f"is a continuous thenf*(H)and  f"*(G)

are disjo int g"open such that *(G)Nf"*(H)=¢,

f (x)=0eG=xef*(G)And f'(F)={l}e H=F<f*(H), Now

f*(H),f*(G)are g"open sets containing x and F respectively

it follows that (X,t)is g"[R].

The converseis not truo see (3.4)
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Theorem 3.23: A topolog ical space (X, t)is g” [CR]if and only if

vx e X and Vg~ openset G contaning x,there exists

a continuous mapping f* from X int 0 [0,1] such thatf"(x)=0and
f'(y)={1}, vye X-G.

Proof :

Let X be g [CR]and G is g open set,x € X,X —G is g closed set of X,

and x ¢ X — G from definition of g"[CR]

— there existsa continuous mapping f" from X into [0,1]

such that f'(x)=0andf (G- X)={l}.

< Let Fbe g” closed subset of X,x any point 3x¢F=X—-Fis g open

containing x , By hypothesisthere exists a continuous mapping f°

From X into[01]>f"(x)=0and f"(y)= {1} Yy e X —(X = F)=F Then
(X,7)is g" [CR].

Theorem 3.24: Let (X,t)be g [CR]and (Y, ") is a subregular space of
(X,t),3JasetFisg—closed set in X Thenasubset Aisg" closed
in Yiff such that

@W)A=FNY (2)forevery AcY,cl (A)=cl (ANY)
Proof:
(1)< Y -Aisgopenin Y (fromsome g™ open subset G of X)

&Y -A=GNY

s A=Y -GNY)=(Y-G)U(Y-Y)

< A=Y-Gsince(Y-Y =¢)

< A =YNG' (Where G’ denoted the complement of G in X)

< A=YNF (Where F=G'isg closedin XsinceGis g open in X)
@) cl,(A)=Nik:kis g" closedin X and A = k|

=N{FNY:Fisg closedin Xand A = FNY by (1)}

—N{FNY:Fis g closedand A < F}

=[N{F:Fis g" closedin X and A= F}NY] =cl (A)NY.

Theorem 3.25: g~ Completely regular is a hereditary property .

Proof :

Let (Y,7") be a subspaceof g"completely regular (X, ). To show that
(Y,t")is also g" completely regular . Let F*be g closed subset of z"and y
be a point of Y suchthat y¢F .Since F™is g" closed  set of t" then
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there exists g'closed set Fof Xsuchthat F =YNF,Also

yeF =>yeYNF=yeF (ryeY)AdyeY=yeX.ThusF is a
g" closed subset of X and y is a point of X suchthat y ¢ F. Hence by

g completely regular of X, there exist a continuous mapping f of X into
[04]suchthat f(y)=0and f(F)={L}.Let g, denote the restriction of f to Y.
( the restriction of continuous function is continuous[6]) g, is

a continuous mapping of Y int 0[0.1]. Now by definition of g,
g,(x)=Ff(x) vxeV.

Hence f(y)=0=g,(y)=0andsincef(x)=1VvxeFand F* = F, we have
9,(x)=f(x)=1Vx e F" So that g,[F"|=}.
Thus we have shown that for each g closed set F* of Y and each point
yeY—F  there exists a continuous mapping g, of Y into[0,1]such that
g,(y)=0and g, (F)={1},

Hence the space (Y,t") is g* completely regular .

Theorem 3.26:g" completely regular is a topo log ical property.
Proof :

Let (X,7) be a g"completely regular spaceand let (Y, <) be

a homeomorphic to (X, t) under a homeomorphism f . To show that (Y, ")
is also g~ completely regular.Let Fbea g closed setinto Y and let

y be a point of Y suchthat y ¢ F.Since f is one to one,

there exists a point x e X such that f(x)=y < x =f*(y). Again sincef is
a continuous mapping , f *[F]is g"closed set of X .Farther
yeF=f"(y)ef[F]=xef?[F]

Hence by g~ completely regular of X ,3a continuous mapping " of

X into [04] such that £ [f *(y)|=f"(x)=0and f"[f *[F]|= {1} That is

(f of*)y)=0and (f o f *)(F)]= {1} Since f is homeomorphism,f*is

a continuous mapping of Y onto X.Also f " is a continuous mapping of

X into[0.1].it follows from theorem

( the composition of continuous maps is continuous[6]) that f* o f s

a continuous mapping of Yinto [0,1].Thus we have shown that for each
g closed set F of Y and each point y € Y —F, There exists

a continuous mapping h=f" o f * of Yint 0[0,1]such that
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h(y)=0and h(F)={L}. Then (Y,")is g completely regular space
and hence g completely regular is a topo log ical property.

Theorem 3.27: Every g closed set is s g closed set .
Proof :

Let A bea g closedset that is cl(A)cU,AcUand Uis g openin X,
But,scl(A)ccl(A)= sclA)c U and s g open — g open = scl(A) c U
,AcUand U issgopensetin X .Then Ais s g open set

Theorem 3.28: Every regular spaceis sg” regular space.

Proof :

Let (X,t)be regular spacethen  ¥xeX and vFclosed in X,
X ¢ F,thereexists U,V et,xeV,Fc U,

suchthatU NV =¢,But everyclosed set is sg closed set[3]

by theorem3.27 .we get (X,z) issg” regular .

Theorem 3.29: Every sg [CR] space is sg” [R] space.

Proof :

Let (X,1)is sg” [CR]space, then Fis semig”closed setin X and x € X

such that xgF Thenthere exists acontinuous function

f : X —[01]such thatf*(F)={l}and f"{x}=0 Since [0,1]is T, —space

Then there exists twodisjo int semi g opensets G and H such that

le Hand0 e G,such thatGH=¢But f iscontinuous then

f"*(H)and f (G ) are disjo int semi g" opensets such that

f(G)NF ' (H)=¢ . f (x)=0eG=xef*(G)And f*(F)={l}eH

= Fcf*(H)Now f*(H), f*(G) are semi g"opensets containing x and F,
respectively It follows that (X, t)is s g* [CR]. The converseis not truo

see(3.4).

Theorem 3.30: A topolog ical space (X, t)is sg” [CR]if and only if

Vvx e X and V semig” open G containing x thereexists a continuous
mapping f* from Xinto [0,1]>f*(x)=0and f'(y)=1 , VyeX-G
Proof :

Let (X,7)is sg” [CR]spaceand G is semig” openset such thatx e X,
X —Gissemig” closedset of x ,such thatx ¢ X —G From defention of
sg[CR]= ther exists  acontinuous mapping f* from X int o [0,1]
f'(x)=0and f"(G-X)={1}.

< Let Fbe semig’ closed subset of X, x any point such thatx ¢F
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— X —F is semi g open set containing x, By hypothesis there exists a
continuous mapping f* From X into [0,1]>f"(x)=0and f*(y)= {1},

Vy e X —(X—F)=F Then (X,t)is sg” [CR].

Theorem 3.31: Let (X,t)be sg” [CR]and (Y,7’)is a sub sg[CR]
of (X,t),then asubset A of (Y,t")issemig” closedsetin Yiff there
exists a setFin (X,t)is semig” closed in X such that:

@WA=FNY  (2)forevery AcY,cl, (A)=cl (ANY)

Proof :
(1)<Y —Ais semi g~ openinY

<Y -A=GNY ( forsome semig open subset G of X)
SA=Y-(GNY)=(Y-G)U(Y-Y)

< A=Y-Gsince(Y-Y =¢)

< A=YNG (Where G’ denoted the complement of G in X)

< A=Y NF(WhereF=G'semig* closed inX since Gsemi g*openin X)
(2) cl,(A)=N{k:kis semig closedin X and A — k}
—N{FNY:Fissemig" closedin X and A= FNY by (1)}
—M{FNY:Fissemig" closedand A = F}

=|N{F:Fis semig” closedin X and A F}NY] =cl (A)NY.
Theorem 3.32: semi g completely regular is a hereditary property.
Proof :

Let (Y, r*) be a subspaceof semig” completely regularity (X, 7).

To show that (Y, r*) is also semig” completely regularity .

Let F*be semi g™ closed subsetof t" and y be a point of Y suchthaty ¢ F
Since F*is semig” closed of t’, there exists semi g closed set

Fof Xsuchthat F"=YNF,Also ygF =yeYNF=ye¢F (-yeY).
And yeY = yeX.Thus F isasemig” closed subset of X and y

is a point of X suchthat y ¢ F. Hence by semi g~ completely regular

of X ,there exists a continuous mapping f of X int o [0,1] such that
f(y)=0and f(F)={1}. Let g, denote the restriction of f to Y

( the restriction of continuous function is continuous[6]) g, is

a continuous mapping of Y int o [0,1]. Now by definition of {,
9,(x)=f(x) ¥xeY.
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Hence f(y)=0=g,(y)=0andsincef(x)=1Vvx eFand F' = F, we have
9,(x)=f(x)=1vx eF .Sothatg [F"]= {1}

Thus we have shown that for each semi g™ closed of t” subset F~

of Y and each point yeY - F",there exists a continuous mapping g,
of Yinto[01]suchthat, g,(y)=0andg,(F )=}

Hence the space (Y,r*) is semi g completely regular .

Theorem 3.33:semi g” completely regular is a topolog ical property.
Proof:

Let (X,t)be a semig” completely regular spaceand let (Y, r*)

be a homeomorphism of (X, t) under a homeomorphism f . To show that
(Y,r*) is also semi g~ completely regular Let Fbe a semig” closed set
into Y and let y be a point of Y suchthat y ¢ F.Since f is one to one,
there exists a point xe X suchthat f(x)=y < x=1"(y).

Again sincef is a continuous mapping ,f*l[F] is semi g closed set of X.
Farthery ¢ F=f*(y)ef *[F]= x ¢ f *[F] Hence by

semi g completely regular of X ,there exists a continuous mapping f~ of
X int o [01] such that f*[f*(y)]=f"(x)=0and f[f *[F]]= {L}. That is

(f* of‘l)(y): Oand (f*o f *f(F)]= 4} Since f is homeomorphism,f™is

a continuous mapping of Y onto X.Also f”is a continuous mapping of
X int o [0,1].it follows from theorem

(The composition of continuous map is also continuous[6])

that f* o f *is a continuous mapping of Yint o[O,l].Thus we have shown
that for each semi g™ closed set F of Y and each point ye Y —F,

there exists a continuous mapping h=f" o f of Y int 0[0,1]such that
h(y)=0and h(F)={1}. Then (Y, ") is semi g"completely regular space
and hence semi g~ completely regular is a topolog ical property.
Theorem 3.34: Every regular spaceis g's regular space.

Proof : Let (X,t)be regular spacethen Vx e X and vF closed in X, x¢F,
there existsU,V e t,xeV,FcVsuchthatunv =¢.

But every closed set is g's closed set[21 Then (X,t) is g’s regular .
Theorem 3.35: Every g's [CR] spaceis g's[R] space.

Proof : Let (X,tr) isg's[CR] space,then Fis g" semi closed set
in Xand xeXsuch that xgF,Thenthere exists a
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continuous function f*: X —[0,1]such thatf"(F)={l}and f"{x}=0 Since
[0,1]is T, —space Thenthere exists twodisjo int g“semi open sets
GandH>1leHand0eG,>GNH=¢,But f’is continuous thenf ** (H)
and f™*(G)aredisjoint g” semi open sets ,suchthat f**(G)N " *(H)=¢
' (X)=0eG=xef(G) And f'(F)=i}leH=>Fcf"(H)

Now f**(H),f"*(G)areg" semi open sets containing x and F, respectively
It follows that (X,t) is g's[R]. Theconverseis nottruo see (3.4).

Theorem 3.36: A topolog ical space (X, t)is g's [CR]iff

vx e Xand V g semi open G containing xthere exists a

continuous mapping f* from X int o [0,1]>f"(x)=0and f*(y)=1

vye X-G

Proof : Let (X,1)is gs[CR]spaceand G is g” semi open set containing X,
X -G is g’'semi closed set of X ,such thatx ¢ X —G From defention of
g's|CR]=there exists  a continuous mapping f*: X —[0/],

f'(x)=0and f"(G-X)={l}.

< Let F be g” semi closed subset of X, x any point 3 X ¢ F= X —Fis

g semi openset containing x, By hypothesis,there exists a
continuous mapping f* From Xinto[0,1]> f"(x)=0and f*(y)= {1},

vy e X—(X—F)=F.Then (X,1)is gs[CR].

Theorem 3.37: Let (X,t) be g's[CR] and (Y,7")is a sub g’'s[CR]of
(X,t) Then a subset A of (Y,r*)isg* semi closedsetin Y iff

there exists aset F in (X, 1)is g'semiclosedin Xsuchthat
@WA=FNY (2)foreveryAcY,cl,(A)=cl,(ANY)

Proof: (1) < Y —Ais g semiopenin Y

<Y -A=GNY (forsomeg” semiopen subset G of X)
SA=Y-(GNY)=(Y-G)U(Y-Y)

< A=YNG' (Where G’ denoted the complement of G in X)

S A=YNF (Where F=G'is g semiclosedin XsinceG is g  semiopen in X)

) cl,(A)=Nik:kis g" semiclosedin X and A < k|

—N{FNY:Fis g semiclosedand A = F}

=|N{F:Fis g" semiclosedin X and A = F{NY]| =cl (A)NY.

Theorem 3.38: g semi completely regular is a hereditary property.
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Proof : Let (Y, ") be a subspaceof g* semi completely regularity (X, t).
To show that (Y, 7, )is also g"semi completely regularity . Let F* be

g semi closed subset of t"and y be a point of Y suchthat y ¢ F.Since F”
is 9" semi closed of t°,there exists a g semi closed set

Fof Xsuchthat F'=YNF,Aso yeF =yeYNF.=yeF (-yeY).
And yeY = ye X.Thus Fis a g semi closed subset of X and y

is a point of X such that y ¢ F. Hence by g semi completely regular of X,
there existsa continuous mapping f of X int o [0,1]such that
f(y)=0and f(F)={1}. Let g, denote the restriction of f to Y

( the restriction of continuous function is continuous[6]) g, is

a continuous mapping of Y into [0,1]. Now by definition of g,
g,(x)=f(x) vxeY.

Hence f(y)=0=g,(y)=0andsincef(x)=1Vx eFand F* = F, We have
g,(x)=f(x)=1vxeF".So that g, [F"|= {1}
Thus we shown that foreachg* semi closedsubsetF* ofYand
for eachyeY —F, there exist a continuous mapping g, of Yinto [0]]
suchthat g,(y)=0andg,(F)=1{]},

Hence the space(Y, 1, ) is g"semi completely regular .
Theorem 3.39: g semi completely regular is a topo log ical property.
Proof : Let (X,7) be a g"semi completely regular space and let (Y, r*)

be a homomorphic  to (X,t)under a homeomorphism f .
To show that (Y,r*) is also g“semi completely regular . Let

Fbea g semiclosedsetinto Y and let y be a point of Y suchthat y ¢ F
Since is onetoone,there exists a point X € X,such that
f(x)=y < x=f"(y). Again sincef is a continuous mapping , f *[F]is
g"semi closed set of X .Farthery g F=f*(y)ef'[F|=x e f *[F]
since X is g'semi completely regular ,there existsa continuous
mapping f~ of X into [01] such that f*[f *(y)|=f"(x)=0and f[f *[F]]= }
Thatis (f of *)y)=0and (f o f *)|(F)]= {1} Since f is homeomorphism,
f 7 is a continuous mapping of Y onto X .Also f" is a continuous mapping
of X into[0.1].it follows from theorem
( the composition of continuous maps is continuous[6]) that f* o f
of Yint0[0,1]. Thus we have shown that for each
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g

semi closd setF of Y andeachpointyeY —F, there exists

a continuous mapping h=f" o f * of Yint 0[0,1]such that
h(y)=0and h(F)={1}. Then (Y, ") is g"semi completely regular space
and hence g semi completely regular is a topolog ical property.
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