Journal of Kirkuk University —Scientific Studies , vol.4, No.1,2009

Rings Over Which Certain Modules Are YJ-Injective

Abdullah M. Abdul-Jabbar
College of Science-University of Salahaddin

Abstract

In this paper we continue to study the concept of YJ-injectivity which was first
introduced by Ming in 1985. Furthermore, we give some characterizations and
properties for it. Also, we give a sufficient condition for right weakly =w-regular ring to
be strongly n-regular. Finally, we give other results of SYJ-rings and connect it with
other types of rings such as weakly n-regular, reduced ring and strongly regular ring.

Introduction

Throughout this paper, R denotes an associative ring with identity and
all modules are unitary. J(R) denote the Jacobson radical of R.A rightR-
module M is called right principally injective (briefly,right P-injective)
(Ming,1974)if for any principal right ideal aR of R and any right R-
homomorphism of aR into M extends to one of R into M.R is called right
P-injective if the right R-module Ry is P-injective.For any non empty
subset X of a ring R,the right(left)annihilator of X will be denoted by r(X)
(L(X)),respectively.The annihilator ideal of I will be denoted and defined
by,ann(l)={acl.ax=xa=0,for every xel}.A ring R is called =-regular
(McCoy,1939)if for any aeR,there exists a positive integer n and an
element b of R such that a"=a"b a".A ring R is called strongly regular
(Luh,1964)if for each ac R,there exists beR such that a=a’b.It should be
noted that in a strongly regular ring R,a = a’b if and only if a = ba®. A ring
R is called right (left) weakly regular (Ramamurthi,1973) if for each a € R,
acaRaR(acRaRa).R is called weakly regular if it is both right and left
weakly regular.A ring R is called strongly m-regular(Azumaya,1954)if for
every aeR,there exists a positive integer n, depending on a and an element
beR such thata"=a""b. or equivalently,R is strongly m-regular if and only
if a"R=a*"R.It is easy to see that R is strongly m-regular if and only if
Ra"=Ra*".A ring R is called right(left)weakly m-regular(Gupta,1977) if
a"ea"Ra"R(a"e Ra"R a"),for every acR and a positive integer n. R is

59



Journal of Kirkuk University —Scientific Studies , vol.4, No.1,2009

called reduced if it has no non-zero nilpotent element.Recall that R is semi-
prime ring if it contains no non-zero nilpotent ideal.An ideal | of aring R is
nilideal (Faith,1976)provided that every element of R is nilpotent. A ring R
is a 2-primal ring (Birkenmeier,1994) if P(R)=N(R),where P(R)is the prime
radical of R and N(R) is the set of all nilpotent elements.Recall that R is
called right(left)duo ring (Brown,1973)if every right(left)ideal of R is two-
sided. R is called weakly right duo(Chen,1999)if for any acR,there exists a
positive integer n such that a" R is two-sided. Following(Yu,1964), aring R
is called right quasi-duo if every maximal right ideal of R is two-sided.

Characterizations and Properties of YJ-Injectivity

In this section we continue to study the concept of YJ-injectivity , which
was first introduced by Ming in 1985. Furthermore , we give some
characterizations and properties for it.Also,we give a sufficient condition
for right weakly m-regular ring to be strongly n-regular.We start this section
with the following definition.

Definition 1:

A right R-module M is called YJ-injective if for any 0-a €R,there exists a
positive integer n such that a" = 0 and any right R-homomorphism of a" R into
M extends to one of R into M. Recall that R is called right (left) YJ-injective if
the right (left) R-module Rg (gR) is YJ-injective. The following lemma is a
relation between right weakly w-regular ring and semi-prime ring.

Lemma 2:

If R is a right weakly r-regular ring, then it is semi-prime.
Proof:

Let R be a right weakly =-regular. Then, for each x € R,there exists a
positive integer n such that x " R=x" R x " R.It means that every principal
right ideal 1 = x " R is idempotent.If I is nilpotent, there exists a positive
integer m such that I™=(0).Now,(0)=I"=I""2.1>=1""?.1=1""repeat this
process(n-1) times,we obtain | = (0). Hence R is a semi-prime ring.
Lemma 3 (Abdul-Aziz,1998):

If R is a reduced ring, then r(a")=r(a*"),for every acR and a positive
integer n. The following result is a characterization of YJ-injective right
R-module in terms of left annihilator.

Theorem 4 (Ming,1985,Lemma 3):
The following statements are equivalent:
(1) R is YJ-injective right R-module ;
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(2) For any O=acR, there exists a positive integer n such that Ra"is a non-
zero left annihilator.

Lemma 5 (Abdul-Aziz, 1998):

Let R be a semi-prime, 2-primal ring. Then, R is a reduced ring. The
following result contains a sufficient condition for right weakly =-regular
ring to be strongly w-regular.

Theorem 6:
Let R be a right weakly =-regular, 2-primal ring. If R is a right YJ-
injective ring, then R is strongly m-regular.

Proof:

Let R be a right weakly n-regular ring,then by Lemma 2.2,R is a semi-prime
ring. Since R is a 2-prime ring, then by Lemma 2.5,R is reduced ring.Therefore,
by Theorem 2.4, for any O-a<R there exists a positive integer n such that Ra*"
IS a non zero left annihilator. Since R is a reduced ring,then by Lemma 2.3,
r@@")=r(a*).Hence,Ra" ct(r(Ra" )=t(r@" )=t(r(a*" )=t (r(Ra*"))= Ra*.
Therefore, a"=d a*" ,for some deR.Whence R is strongly =-regular.

The next lemma is due to Huaping Yu.

Lemma 7 (Abdul-Aziz,1998):

If R is a right quasi-duo ring, then R/J(R) is a reduced ring.
Theorem 8:

Let R be a right quasi-duo ring such that R/J(R) is a right YJ-injective.
Then, R/J(R) is a strongly n-regular ring.

Proof:

Let B=R/J(R),beB,b=a+J(R),aeR, f:b"B—B a right B-homomorphism,
for some positive integer n. Then, f: (@"R + J(R)) J(R) > R/ J(R) and
f (@"+J(R))= d +J(R), for some deR. Define a right R-homomorphism
g:a"R— R/AJ(R) by g(a"c)=d c+J(R),for all ceR. Then, g is a well-defined
right R-homomorphism. Since R/J(R) is a right YJ-injective, there exists
ueR such that g(a"c)=u a c + J(R) ,for all ceR. Therefore, f (a"c + J(R))=
f (@"+ J(R))(ct J(R))=(d +J(R))(ctJ(R))=d c+J(R)=g(a"c)=u a ¢ + J(R)=
(u+J(R))(ac+J(R)), for all ceR. This proves that B=R/J(R) is a right YJ-
injective ring.Since R is a right quasi-duo ring, then by Lemma 2.7,B is a
reduced ring.Therefore, by(Ming,1983),B is a strongly regular and hence R
is strongly =-regular ring. The following result is a relation between =-
regular ring with every principal right ideal a" R is YJ-injective.
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Theorem 9:

Let R be a ring with every principal right ideal a"R is YJ-injective, for
every a € R and a positive integer n, then R is mt-regular ring.
Proof:

Let R be a ring.Since a"R is YJ-injective, then for every acR, there
exists a positive integer n such that a"=0 and any right R-homomorphism
from a"R into a"R extends to R into a"R. Define f:a"R—a"R by f (a" X)=
a" X, for every xeR. Since a"R is YJ-injective, there exists beR such that
f(@a"x)=a"ba"x.Thus, it follows that a"=a"ba" .Whence R is r-regular ring.

Theorem 10:

Let R be aring, if for any maximal right ideal N, NR is YJ-injective and
ann(R) = ann(N), then N = NR.
Proof:

Let N be a maximal right ideal and let d be any element in N. Define a
right R-homomorphism f :a"R—NR by f (a"x)=d x, for all xeR and a
positive integer n. Then, f is a well-defined. Indeed; let x;, X, be any two
elements in R with a" x;=a" X,,then(x;-x,)er(@" )=r(d).So, d x;=d x,. Therefore,
f(a" x1)=d x;=d x,=f (" X,).Since NR is YJ-injective,there exists ¢ in NR such
that f (a"x)=c(a"x),for all xeR and a positive integer n. Thus, d=f (a")=c
a".Therefore, d=c a" .Hence NcNR and since NRcN. Whence, N=NR.

Theorem 11:
The following statements are equivalent:
(1) R is either a right YJ-injective local ring whose J(R) is a nilideal or
strongly m-regular;
(2) Every non-nil left ideal of R is YJ-injective right R-module.

Proof:

(1)=(2). If R is a right YJ-injective, local ring whose J(R) is nilideal, then
the only non-nil left ideal is R. Therefore, (1) implies (2).
(2)=(1).Assume(2).First suppose that R contains a maximal left ideal K
which is a nilideal. Then,KcJ which implies J=K is the unique maximal left
(and hence right) ideal of R. Therefore, R is a local ring such that J(R) is nil
and also R is right YJ-injective.Now,suppose that every maximal left ideal
is non-nil.Then,every maximal left ideal of R is right YJ-injective, yielding
Rb"+¢ (" )=Rfor any beR and a positive integer n.In that case,R is strongly
n-regular. Thus,(2)implies(1).In similar method in(Nicholson & Yousif,1994)
for right P-injective rings we obtain the proof of the following lemma.
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Lemma 12:
If R is right YJ-injective and A, B,,..., B, are two-sided ideals of R,then
AN(B:®...®B,)=(ANB)®...®(ANB,).

Theorem 13 (Puniniski, Wisbauer & Yousif,1995):
If A®(BNA,)is a direct summand of Rr and so A+B is also a direct
summand of Rg.

Remark 14 (Puniniski, Wisbauer & Yousif,1995):
For a sub module AcM,the notion Ac®M will mean that A is a direct
summand of M.

Theorem 15:
Let R be a right YJ-injective right duo ring. If A and B are right ideals
of R with Ac®Rg and Bc®Rg, then (AnB)c®Rg and (A+B)®Rk.

Proof:

We can write R=A®A;=B®B,for some right ideals A; and B; of R.
Then,by Lemma 2.12,B=BN(A®A;)=(BNA)®(BNA;).Hence
R=(BNA)®(BNA,)®B; and so(A N B) ® Rg. Also,
A+B=A+((BNA)®(BNA,))

=(A+(BNA1))B(BNA,)

A+B=A @ (BNA,).

Since both A and (BnA) are direct summands of Rg, it follows from
Theorem 2.13,A®([BNAy)is a direct summand of Rr and so A+B is also a
direct summand of Rg. Recall that R is called quasi-Frobenius ring,
abbreviated QF-ring(Faith,1976),provided that R is a left and right Artinian
and R is injective as a right R-module. The following result in (Faith, 1976)
Is characterizations of QF-rings.

Theorem 16:
The following statements on a ring R are equivalent:
(@) R is QF-ring;
(b) Rg is injective and Noetherian;
(c) Rg is injective and Artinian;
(d) Rg is injective and rR is Noetherian.

Theorem 17:
If R is a commutative ring whose YJ-injective modules are injective and
flat, then R is QF-ring.
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Proof:

Since every direct sum of YJ-injective R-modules is YJ-injective(Ming,
1985),and every YJ-injective R-module is,by hypothesis injective,then any
direct sum of injective R-modules is injective which implies that R is a
Noetherian ring(Faith,1999).Since every injective R-module is flat,then R
must be P-injective ring by(Jain,1993).Therefore,R is QF-ring by a result of
H. H. Storrer(Storrer,1969).

Corollary 18:

A commutative ring R is a principal ideal QF-ring if and only if every
finitely generated ideal of R is principal and every YJ-injective R-module
IS injective and flat.

Proof:
Follows from Theorem 17.

Definition 19 (Faith,1973):

Let R be aring and let C be an R- module. Then, C is projective if and
only if the following property holds : Given any R- module epimorphism
f :A—B and homomorphism g:C—B,there exists h.C—A with g=fo h. i.e.;
the diagram is commutative.

Theorem 20:

Let R be a weakly left duo ring. If R/a" R is YJ-injective and a" R is
projective, for every acR and a positive integer n.Then, R is strongly -
regular ring.

Proof:

Let a be an element of R. Define a right R-homomorphism f:R/a" R—
a"R/a*R by f (y+a"R)=a" y+a* R,for all yeR and a positive integer n.
Since a" R is projective, there exists right R-homomorphism g:a" R—>R/
a"R such that f (g(a"x))=a"x+a*"R,for all xeR.But R/a"R is YJ-
injective,there exists a non zero element ceR such that
g(a" x)=(c+a" R)a" x.Then,
a"x+a”"R=1f(g(a" x))

=f((cta"R)a"x)

=f((a"x+a"R)) (sincea"xea"R

=a"ca"x+a”R.
Since R is a weakly left duo ring, then ¢ a" eR a"=a"R implies that
c a"=a"tfor some teR.S0,a" x+a*"R=a*"t x+a*"R,yields a"R = a*"R.
Thus, a"=a*"d, for some d € R. Hence R is strongly =- regular ring.
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Rings In Which Every Simple R-Module is YJ-Injective

In this section we give other results of SYJ-rings. Also,connect it with
other types of rings such as weakly =-regular,reduced and strongly regular
ring.We start this section with the following definition.

Definition 1 (Abdul-Aziz,1998):
A ring R is said to be right SYJ-ring if every simple right R-module is
YJ-injective.

Theorem 2:
Let R be SYJ-ring. Then,
(1) Any reduced right ideal of R is idempotent;
(2) R=Rc"R, for any non-zero divisor ¢ of R and a positive integer n.

Proof:

(1) Let P be a reduced right ideal of R. Forany b € P, £ (b") cr (b") and if
Rb"R+r(b") =R, for some positive integer n. Let M be a maximal right
ideal containingRb"R +r (b"). If R/ M is YJ-injective, then the right R-
homomorphismg: b"R — R /M defined by g (b"a) =a+ M, foralla € R
yields 1+M=g(b")=d b" +M, for some d € R, whence 1M,a contradiction.
Thus, Rb"R +r (b")=R, for any b € R, which completes the proof.

(2) IfRc"R #R, let M be a maximal right ideal containing R ¢" R. Since ¢
(c") =r (c") =0, the proof of (1) shows that R / M is YJ-injective leads a
contradiction. This provesthat Rc" R =R.

Theorem 3:
If R is a weakly right duo SYJ-rings, then R is weakly m-regular ring.

Proof:

Suppose that a" R # (a" R)?, for every a € R and every positive integer
n. Then, there existsy € a"R, buty ¢ (a"R)?. Since (Ry")’c Ry"c
y"R, which means R y"R y"c J < y"R, there exists a maximal right
ideal M such that J < M. Then, y"R / M is YJ-injective, there exists
a positive integer n such that a"= 0 and any right R-homomorphism of
y"R into y"R / M extends to one of R into y"R / M. Define
f:y"R—>y"R/Mby f(y"t)=y"t+ M, for everyt € R. Since f is
a well-defined, there exists ¢ € R such that f (y"t) = (y"c + M) y"t, so
(y"-y"cy") e M. Sincey"cy"e Ry"R y"c M. Therefore, y" € M.
This implies M = y" R, a contradiction, whence a" R = (a" R)*. Therefore,
R is weakly m-regular ring.
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Lemma 4 (Yu,1995):
If R is right quasi-duo, then R/ J(R) is a reduced ring.

Proposition 5 (Ming,1996):
Let R be a right SYJ-ring. Then, J(R) = (0).

Theorem 6:

If R is a right quasi-duo right SYJ-ring. Then, R is strongly regular ring.
Proof:

Let R be a right quasi-duo ring,then by Lemma 3.4,R/J(R) is a reduced
ring. Since R is SYJ-ring,then by Proposition 3.5,J(R)=(0).Hence R is a
reduced ring.Suppose that a R+r(@)=Rthere exists a maximal right ideal M of
R containing aR+(@).Since R/M is YJ-injective,there exists a positive integer
n such that a" #0 and any right R-homomaorphism of a" R into R/M extends
to one of R into RM.Let f:a" R—>R/M be defined by f(a" t)=t+M, for every
teR.Since R is reduced,then f is a well-defined right R-homomorphism.
Thus,there exists ceR such that 1+M=f(@")=ca" +M. But,ca’eM and soleM,
which is a contradiction. Therefore,a R+ r(a)=R.So, R is strongly regular.

Proposition .7 (Nam, Kim & Kim,1995):
Let R be a right SYJ-ring. Then, R is a semi-prime ring.

Theorem 8 (Nam, Kim & Kim,1995):

Let R be a 2-primal ring such that every simple right R-module is
YJ-injective. Then, R is a reduced weakly regular ring.The following result
is a slightly improvement of above theorem.

Theorem 9:

Let R be a 2-primal SYJ-ring.Then,R is a reduced strongly regular rings.
Proof:

Let R be SYJ-rings, then by Proposition 3.7, R is a semi-prime ring and
since R is a 2-primal ring, then by Lemma 2.5, R is reduced. It remains to
show that x R+ r(x)=Rfor any xeR.Now,suppose that there exists yeR such
that y R+r (y)=R.Then,there exists a maximal right ideal K of R containing
y R+r(y).Since R/Kis YJ-injective,there exists a positive integer n such that
y#0 and any right R-homomorphism of y'R into R/K extends to one of R
into R/KK. Now,let f:y"R—R/K be defined by f (y" t)=t+K for every teR.Since
R is reduced,then f is a well-defined right R-homomorphism.Now, since
R/K is YJ-injective,there exists ceR such that 1+K=f(y")=cy" +K,so(lcy")eK
and hence 1eK which is a contradiction.Therefore,x R+r (X) =R, for any
X € R. Hence R is a strongly regular rings.
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