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Abstract

In this work we study some type of Smarandache semigroups and Smarandache
subgroups of a semigroup such as Smarandache cyclic semigroups, Smarandache p-
Sylow subgroups and Smarandache normal subgroups. In addition we introduce the
concept of Smarandache ideal of a semigroup and study its relation with Smarandache
normal subgroup.

Introduction

A semigroup S called a Smarandache semigroup if there is a proper
subset of S which is a subgroup of S (Raual, 1998), (by a subgroup A of S
we mean a subset A of S which is a group under the same operation of S).
It is known that if e is an idempotent of a semigroup S then G.= {ae§|
a=ae and e=a; a=a a, for some a;e S} equal to S or it is the maximal
subgroup of S having e as its identity (Mario, 1973).

Many Smarandache concepts introduced by Kandasamy,V. W. and many
open research problems are given(Kandasamy, 2002). A Smarandache
semigroup S called Smarandache cyclic semigroup if every subgroup of S
is cyclic (Kandasamy, 2002). If S be a finite Smarandache semigroup, P a
prime which divides the order of S, then a subgroup of S of order p or p' (t
>1) called Smarandache p-Sylow subgroup. In this work we give complete
answer of the following problems given in (Kandasamy, 2002).

1- Find condition on n, n a non prime so that Z,, the semigroup under
multiplication modulo n is a Smarandache cyclic semigroup.

2- Let (Z,",.) be the semigroup of order 2" . For n>3 arbitrarily large find
the number of Smarandache 2-Sylow subgroup of Z,".

In addition we introduce the concepts of Smarandache ideal, Smarandache
prime ideal and study some of their properties and we give the relation
between Smarandache ideals and Smarandache normal subgroups.
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S1: Smarandache cyclic semigroups
In this Section we discuss Smarandache cyclic semigroups, and find the
number of cyclic subgroups of (Z,",.) for n>2.

Lemmal.l.
(Z,",.) p prime, has no nontrivial idempotent.
Proof: The proof is easy.

Theorem 1.2.
(Z,",.) p an odd prime, n>2, is a Smarandache cyclic semigroup.

Proof: Since ¢(p")=p" — p"* the number of elements in Zyn  which
have inverses form a group under multiplication, and then Z,n have a
subset which is a group of order p" — p™*. This subgroup is the largest
subgroup with 1 as its identity. Since there exists an element a € S which is
a primitive root of p™ (Kenneth, 2004), ah" " =1(modp") and a

generatess, thus S is cyclic. Hence all subgroups of Z," are cyclic, and Z,"
Is a Smarandache cyclic semigroup.

Lemma 1.3.
Let (G,.) be a semigroup with identity 1and S={xe G: x*=1}. Then (S,.)
is a cyclic group if and only if S contains at most two elements.

Proof: The proof is easy.

Proposition 1.4.
1- The semigroup (. ,.), k>2 is a Smarandache semigroup which is not

a Smarandache cyclic semigroup.
2- The semigroup(szp,.), k>2, p an odd prime, is a Smarandache

semigroup which is not a Smarandache cyclic semigroup.

Proof: 1- Since(2“* -1)2 =(2** +1)? =1,(2** -1 (2" +1)=2* -1, and
(2¥ —1)2 =1, then S={L(2"*-1),(2"*+1),(2 -1} is a subgroup of
(Z,,.) and by Lemma 1.3, S is not cyclic. Hence (Z,,.) is not a

Smarandache cyclic semigroup.
2- Similar to part 1.

Theorem1.5.
(Zzpn ,.), p odd prime is a Smarandache cyclic semigroup.

Proof: First we show that Z2|On has two maximal subgroups of

orderp(2p™). It is known that there exists a number a belonging
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top(2p")(mod2p"), sop(2p")=1(mod2p"), and a generates a group
(G,) of order @(2p") with 1 as its identity. Since @(2p") =1+ 2kp") for
somek >1, thenp(2p") + p" =(p" +1) + 2kp". Therefore

o(2p")+ p" =(p" +D)(mod2p"). We claim that a+ p" generates a
group of order ¢@(2p") and 1+ p" is its identity element.
(p")? =(p")(mod2p") and(L+ p")? =1+ p")(mod2p"), hence
(a+p")?> =%+ p")(mod2p™)and (a+ p")®=(a‘+ p")(mod2p"). If a
is even, thenap” = p", consequently (a+ p")®=(a® + p")(mod2p"). If a
is odd, then ap"=p"(mod2p")  which  implies  that
(a+p")®=(a®+ p")(mod2p"). Continuing in this manner we get
(a+ p")??P) =1+ p"(mod2p"), and (a+ p")? P =a+ p"(mod2p").
This means that (a + p")generates a subgroup of order ¢(2p"), and since
(a'+p") (1+p")=a' +p", for each 1<I<¢(p") then (1+ p") is the

identity element of the group generated by a+p" which is cyclic (the group
Gi4p') . Note that {p™} is a subgroup of Z, - Since the maximal subgroups

are cyclic, Z2|On Is a Smarandache cyclic semigroup.

Proposition 1.6.
(anqm,.), where p,q are odd primes, is a non cyclic Smarandache

semigroup.

Proof: Since the congruence x*=1(modp"g™) has exactly 4
solutions(Kenneth,2004,p.152), the set S={x;x*=1} contains four
elements and by Lemma 1.3, S is a non cyclic subgroup of anqm .Then

Z o is not a Smarandache cyclic semigroups.

The direct product of two Smarandache cyclic semigroups need not be a
Smarandache cyclic semigroup in general.

Example 1.7.

(Zs,.) and (Z;,.) are Smarandache cyclic semigroups but Z. x Z, is not a
Smarandache cyclic semigroup since G ={(x,y):0 #x €Z, and0 #y €Z,} IS
a non cyclic group.

Now, we give a condition under which the direct product of a finite
number of Smarandache cyclic semigroups is Smarandache cyclic.
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Theorem 1.8.
Let (S;,.), i=1...n be finite Smarandache cyclic semigroups , such
that for any maximal subgroupsG,,G,,...,.G, of S;,S,...,S, respectively,

order(G;) and order(G;) are relatively prime for each i# j. Then
S, xS, x...xS, IS @ Smarandache cyclic semigroup.

Proof: Let G; be a maximal subgroup of S; forl =i = n. Since G;is a
cyclic group, G;=Z,,i=12,..n, and since (p;,p))=1 for each i,j , then
Ly X Ty X XLy =T, ., ~ Which is —a cyclic group and
Ly, XLy X+ XLy =Gy XGy X++XG, Which is a subgroup of
S; xS, x...xS, ,thenS, xS, x...x S, is a Smarandache cyclic semigroup.

Proposition 1.9.
Spa =1(8;),3; € Zyx, k= 3} under matrix multiplication is not a

Smarandache cyclic semigroup.

Proof: Since
1 0 = 0 211 0 0
| : : 2k=1 _ 1 5
0 i =~ 0] 0 ; 0
0o 0 - 1 0 0 e K14
2t+1 0 0 21 0 = 0
2 2k 41 : : 2k 1 :
0 : 0 ' 0 : 0
0 0 A | 0 0 v 2K

is a non cyclic subgroup of S_, then S

semigroup.

Theorem 1.10.
Consider the multiplicative semigroup (Z,G,.) of the group ring Z,G,
n=3, and G is a cyclic group of order m . Then
1- If n=2% for some k > 2, then the Smarandache semigroup (Z,G,.) is not
cyclic
2- If m is an even number then the Smarandache semigroup (Z,G,.) is not
cyclic.

Is not a Smarandache cyclic

nxn? nxn

Proof: 1- By Proposition 1.4, (Z,%,.) has a non cyclic subgroup which is a
subgroup of (Z,*G,.).

2- Suppose G is generated by g. Since m is even, g? € Z,G and(n-1) g? €
Z,G. Moreover (Q?)z _1,((n-1) g7y2=1,50 {1, g=,(n-1) gz, n-1}is a
non cyclic subgroup of (Z,G,.).
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S2: Smarandache p-Sylow subgroups
In this Section we study Smarandache p- Sylow subgroups of a
semigroup, and we find the number of p- Sylow subgroups in (z,",.).

Theorem 2.1.
The semigroup (Z,",.) n>2, has three Smarandache 2-Sylow subgroups
of order two.
Proof: The congruence x?=1(mod2") has exactly 4 solutions
(Kenneth,(2004),p.152), namely 1, 2" -1, 2"* +1, 2"* —1. Then
A={1,2"-1A =f1,2"' -1} and A, ={1,2"* +1}are Smarandache 2-

Sylow subgroups of order two. Hence Z," has three Smarandache 2-Sylow
subgroups of order 2.

Theorem 2.2.
The semigroup (Z.",.), n>3 has three Smarandache 2-Sylow subgroups
of order four.

Proof: Since Z," has four elements each one is its own inverse (Kenneth,
2004) namely, 1, 2" -1, 2"* +1, 2" —1.Then
A ={2"-1,2""+1,2"" 1} is a Smarandache 2-Sylow subgroup of
order 4. Since only one of the four solutions which is 2"* +1 is a solution of
the congruence y =1 (mod8), then the congruence x* =2""+1 (mod2")
has four solutions (Edmund, 1966) they are
X, =2"% -1, X, =2"-2"%41, x;=2""+1

and x, =2" —2"? -1,

Now x{ =(2"% —1)*> =2"" +1mod(2").

x> = (2" +1)(2"% —1) = x, mod(2"),

and x; =(2"" +1)* =1mod(2"). Hence A, ={1, x,, X,, 2" +1}is a
Smarandache 2-Sylow subgroup of order 4 generated by x, and also
generated by x, . Let us compute xZ, X3, X,

x5 =2" 1 +1mod(2"),

xg =220 1220 3ty on . 2" 2 1= x,mod(2"),

X, ="t +1)% =1mod(2"). Hence A, ={l, X,, X5, 2" +1} is a
Smarandache 2-Sylow subgroup of order 4 generated by x, and also it is
generated by xs;. Hence Z," has three Smarandache 2-Sylow subgroups of
order four namely A, A; and As.
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Theorem 2.3.
The semigroup (Z,",.), n>4 has three Smarandache 2-Sylow subgroups
of order 8.

Proof: Similar to the proof of Theorem 2.2.

Theorem 2.4.
The semigroup (Z,",.), n>5 has three Smarandache 2-Sylow subgroups
of order 16.

Proof: As we have seen in the last theorem that Z," has eight elements of
order 8 which are

y, =2" 3 +1 y, =2"2-2"3 41 y,=2"1 42" 41 y, =2"-2"3 1

2,=2"°-1, z,=2""-2"%41 z,=2"-2"%4+1 and z, =2""+2"° 1.
Since y, =1 (mod8), y; =1(mod8), z, =1 (mod8)and z, =1 (mod8). As

before each of the following congruence has four solutions

x* =y, (mod2") @)
x* =y, (mod2") (2)
x* =z, (mod2") (3)
x? =z, (mod2"). (4)

So there are 16 elements of Z," of order 16 which are

A=2""—1, A, =2"-2"" 41, A =2"1 42 o1 A =202
B,=2"2-2""41,B,=2"%+2"*-1, B, =2"-2"2 2" 41,
B,=2"—-2"°-2"*_1,C;=2""+1,C, =2""+2"* +1, C,=2" - 2"* -1,

C,=2"1-2"*_1,0=2""-2""-1,D,=2""+2"" 41
D,=2"-2"?_2"%_1 and D, =2" —2"2 -2"* +1. Then E;={Cy, Vs,

Bs, X1, Dy, Z3, Ag, Wy, Cy, Vi1, X1, By, Dy, 24, Ay, 1}

where w;=2""+1, is a cyclic group generated by any one of the elements
C,, Bs, Dy, Ay, Cy, By, Dy, and A4 Hence E; is a Smarandache 2-Sylow
subgroup of order 16. E,={Ay, 25, D3, X2, By, C3,y1, W1, Az, Z3, D1, X1, Ba, Y3,
C4, 1} is a cyclic group of order 16 generated by any one of elements Ay,
Ds;, By, Ci; As D; , By and C4 Since by the last theorem
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{yis X0 2oy Wy, Vs, X0, 25, 3 and  {y,, X, 2, W, , V4, X, 2,, 3 and
A ={X, X4, Wy, 1, X,, X3, X X5, X;X5}are subgroups of order 8 then

Ea={Y1, X, Zo, Wi, Y3: X5 Z3, L Y0, 245 ¥4: 2y YiYas Y1Zis YaYas YaZad=
LYo X0 Zo0 Wo, Vs Xo0 23, 1 Xg, Xy X Xas Xy Xg, ViX3, ViXes YiXiXgs YiXe X4} =

=LY X0, 20 Wy s Vg Xo 25 L Xg, Xg, X Xg, Xy Xy, Yo Xa, Yo Xg, Yo XoXg, Yo Xy Xg 3

Is a Smarandache 2- Sylow subgroup of order 16. Then Z," has three
Smarandache 2- Sylow subgroups of order 16.
Combining the previous theorems, we get the following result.

Theorem 2.5.
(Z,",.) n>1, has (3n-5) Smarandache 2- Sylow subgroups

Proof: It is well known that Z ,,, the set of all invertible elements in Z,,, the
ring of the integer modulo m contains ¢ (m) elements, so Z," has ¢ (2")
=2"" invertible elements. Hence the semigroup(Z,",.) Contains a subgroup
of order 2"-1 which is the largest subgroup with 1 as its identity namely G..
By Theorem 2.1 for large n, Z," has 3-Sylow subgroup of order 2 and by
Theorems 2.2, 2.3(Z,",.) Has three subgroup of order 8 and three subgroup
of order 16. Continuing in this manner we get that Z," contains three
subgroup of order 2* for each /< k < n-2.Hence the number of Sylow
subgroup equal to 3(n-2) +1=3n-5.

Example 2.6.

The Smarandache semigroup (Zes,.), has the following 2-Sylow
subgroups, 4, = {1,63},4, = {1,31},A; = {1,33},4, = {1,63,31,33}, Of order 2.
It has three Smarandache 2- Sylow subgroups of order 4, three
Smarandache 2- Sylow subgroups of order 8, three Smarandache 2- Sylow
subgroups of order 16 and one Smarandache 2-Sylow subgroup of order
32.

Theorem 2.7.
Ifk‘(p(Z p"), then Z,,n has two cyclic subgroups of order k.

Proof: Suppose k‘(o(Z p"). By Theorem 1.6, Z,,» has two maximal

Subgroups of order o(2p") and since k‘go(Z p"), each maximal subgroup

has exactly one cyclic subgroup of order k (Neal & Thomas, 1977), then
Z,pn has two cyclic subgroups of order k.
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Corollary 2.8.
If km‘go(Zp”)where k, p are prime numbers, then Z,,=has 2m

Smarandache k-Sylow subgroups.

S3. Smarandache ideals and Smarandache normal subgroups

A non empty subset T of a semigroup S is a left ideal of S if SES, teT
imply stT, T is a right ideal if s<S, teT imply ts<T, T is a two-sided
ideal if it is both a left and right ideal(Mario, 1973, p.5). In this section we
study Smarandache normal subgroups and we introduce the concepts of
Smarandache ideal and Smarandache prime ideal of a semigroup and
discuss the relation between Smarandache ideals and Smarandache normal
subgroups.

Definition 3.1.
Let S be a semigroup and | an ideal of S. Then | is said to be a
Smarandache ideal of S if | contains a proper subset which is a group.
Clearly every Smarandache ideal of a semigroup is an ideal of the
semigroup but the converse need not be true, for example, (Z,.) is a
semigroup and I=3Z is an ideal of Z but not a Smarandache ideal because
no subset of 1 is a subgroup.

Remark 3.2.

If I, and I, are Smarandache ideals of the semigroup S, then I,NI, need
not be a Smarandache ideal, for example in(Zy,.) take I;=
{0,2,4,6,8,10,12,14,16,18} and 1,={ 0,5, 10, 15}. I, and I, are Smarandache
ideals but I;NI,= {0, 10} is an ideal but not a Smarandache ideal of (Zy.)

Theorem 3.3.
Let S be a Smarandache semigroup and | is a Smarandache ideal of S.
Then | contain a maximal subgroup of S.

Proof: Let A be a subgroup of S with identity e. Then G, is the maximal
subgroup of S with e as its identity. Clearly A is a subgroup of Ge. If Gz |,
then there exists xeGe, Xel. Since | is an ideal, hence x=x.e el,
contradiction. Therefore G.c | and | contains a maximal subgroup of S.

Definition 3.4.

Let S be a semigroup. A Smarandache ideal | of S is a Smarandache
prime ideal if it is a prime ideal of S.
Example 3.5.

I={2, 4, 6, 8, 10, 12, 14, 16, 18, 0} is a Smarandache prime ideal of the
multiplicative semigroup Zy.

Note that if M be a Smarandache maximal ideal of a semigroup S with
identity, then M is a Smarandache prime ideal.
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Proposition 3.6.
Let S,,S,,....S,, be Smarandache semigroups, I; be an ideal of S; for

eachi. Then I, xI,x...xI, isa Smarandache ideal of S, xS, x...xS,.

Proof: Suppose that I; is a Smarandache ideal of S;, we will show that
I, x1,x...x1, is a Smarandache ideal ofS; xS, x...xS . Let(a,,a,,..a,) be an

element of | xl,x..x1, and(b;,b,,..b,) be an element inS;xS,x..xS,
then(a,,a,,..a blbz, b)=(a b,a,b,,...8,0,) el xl,x..xI, . Since |; is
an |dealab el, for each 1<i<n. Hence I xI,x..xI is an ideal

ofS; xS, x...xS, . Let A; be a subgroup of I; for each i, then (A;, A2... An) Is a
subgroup of I, x 1, x...x1 . Then I, xI,x..xI, is a Smarandache ideal of
the semigroup §; xS, x...x S, .

Definition 3.7 (Mario, 1973).
An element 0 of a semigroup S (if exists) called the zero of S if
X0=0x=0 for each xes.

Definition 3.8(Kandasamy, 2002).

A subgroup A of a Smarandache semigroup S is called a Smarandache
normal subgroup of S if xAc A and Axc A or xA= {0} and Ax= {0} for all
xe€ S (0 is the zero of S)

Theorem 3.9.
Let S be a Smarandache semigroup with identity 1. If 1 is the identity
of all subgroups of S, then S has no Smarandache normal subgroup

Proof: Suppose that A is a proper subgroup of S and 1A, let 0£x €S\A.
Then 0#x.1=x¢ A, which implies xAz A and x4 # {0}. Hence A is not a
Smarandache normal subgroup of S.

Theorem 3.10.
Let S be a Smarandache semigroup. If A is a Smarandache normal
subgroup of S, then A is a maximal subgroup of S.

Proof: Suppose A is a Smarandache normal subgroup of S contained in a
subgroup A’#S i.e AcA'.Then there is an element xe A’ \A. This implies
O#£x=x.c¢ A where e is the identity of A, thus XAz A and xA # {0}
contradiction.
Theorem 3.11.

Let S be a Smarandache semigroup with 0, and A be Smarandache
normal subgroup of S. Then A U{0} is a Smarandache ideal of S.
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Proof: Since xAc A or xA={0} for xe S, then clearly AU {0} is an ideal of
S and A is a subgroup of AU{0}. There fore A U{0} is a Smarandache ideal
of S.

The converse of the last theorem need not be true in general for example,
1={2,4,6,8,10,12,14,16,18,0} is a Smarandache ideal of (Z,,.) but not a
Smarandache normal subgroup.

Theorem 3.12.
The Smarandache semigroup (Z;,»,.), has only one Smarandache normal

subgroup which is trivial.

Proof: We show that no non trivial subgroup is normal. We saw (Theorem
1.5) that Z,,» has two maximal subgroups one of them is generated by a
primitive root a of 2p" and the other generated by a+p", and both of them
are of order ¢ (2p") =p"*(p-1). The subgroup generated by a cannot be
normal, since it contains 1. It remains to prove that the subgroup generated
by a+p" is not normal. Remember that (1+p") is the identity of this
Subgroup which usually denoted by G,".1, and it is the maximal subgroup
having 1+p" as its identity. We claim that 2e G,".;. First 2(1+p") =2 (mod
2p"). Next consider the congruence 2x=p"+1 (mod 2p"), which has exactly
two solutions (Edmund, 1966, p.62). So 2e G,";. Since p (p"+1) = p"+p
(mod2p")#p (mod 2p") hence p& G, moreover 2p¢ G,'4; and 2p#£0, hence

p +1 IS not a Smarandache normal subgroup of Z,,». So no non trivial
subgroup is Smarandache normal subgroup.

Theorem 3.13.
(Zpq',-) P, are odd prime numbers is a Smarandache semigroup which
has a nontrivial Smarandache normal subgroup.

Proof: Let S;={q", 2qn... (p-1) gn}. We claim that S; is a Smarandache

normal subgroup. Its well known that Z " = Z ,x Z 4" as rings so Zyq" has a
subring isomorphic to Z ,, that is F;={0,q",29",...,(p-1)q"}is a field with
addition and multiplication mod pq". Hence S; is a group under
multiplication. It remains to show that S; is a normal subgroup of Z ,,". Let
x¢ S;. If x=Iq then lga=0 for each ae S,. If x£lp and 0<x<p, then xq" € S;. If
x#lp and x>p, then by Euclidean Algorithm x=sp+r 0<r<p, thus xq"=
(sp+r)q"=spg™+q" e S;. Hence xS; = S; or x5,=0 Finaly if xe S; then xS, S;.
This means that S; is normal. Similarly Z,," has a subring isomorphic to Z,"
which is T={0p,2p,...(¢"-1)p} and T has a subfield namely
Fo={0.p.2p,...(q-Dp,(q+1),...(2q-1)p,(2q+1)p, ...(¢"-1)p}, then

So={p.2p,...(q-1)p,(q+1),...(2q-1)p,(2q+1)p, ...(q"-1)p} with multiplication
is a group which is not a normal subgroup, since qe Z 4", but pg#0 and

pg ¢ S,. There are three maximal subgroups S;, S2 and S; where S;= {a: (a,
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pg") =1}, S; is Smarandache normal subgroup, but S, S3 are not
Smarandache normal subgroups.

Theorem 3.14.
Let n= pip,...pn, Where p; are prime numbers. Then the semigroup Z,
has at least n Smarandache normal subgroup.

Proof: For each 1<j=n1Z,% Z‘Pl“-'p;_l'p;+1-“‘pn X Z.p}_as rings and
ZP1""P;-1‘P;+1""Pn = Ly, p;_ipjerp, X 10} Which is a subring of Z, ., . put

K= pipiospyer ~pn. Then (k26 =08 5.2 Gyt dwhich is
field. Hence s; = {k, 2k, -, (p; — 1)k} is @ group under multiplication
which is a subgroup of the semigroup (Zy,.n). Now if xe Z,, and x=tp;,
O<t<n then xk=0 so xS={0}. If O<x<p;-1, then XS<S, otherwise x=tp;+r,
0<r<p, xk= xtp;+rx €S. Hence S is a Smarandache normal subgroup. Then
Z, has at least n Smarandache normal subgroups.
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