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 لملخصا

لبيانات  3-تضمن هذا البحث ايجاد متعددات حدود هوسويا نسبة الى مسافة ستينر
Pt، و كذلك لمربع درب  Qmمكعبات 

لكل   n-كما تم الحصول على اقطار ستينر .2

Ptو  Qmمن 
2 .  

ABSTRACT 

 The Hosoya polynomials of Steiner 3-distance of hypercube graphs 

mQ , and of the square of a path, 2
tP , are obtained in this paper. The 

Steiner n-diameters of mQ  and 2
tP  are also obtained. 

1. Introduction. 

We follow the terminology of [2,3]. For a connected graph 

),( EVG =  of order p, the Steiner distance[4,5] of a non-empty subset 

)(GVS  , denoted by )(SdG , or simply )(Sd , is defined to be the size 

of the smallest connected subgraph T(S) of G that contains S; T(S) is 

called a Steiner tree of S. If |S|=2, then d(S) is the distance between the 

two vertices of S. For pn 2  and |S|=n, the Steiner distance of S is 

called Steiner n-distance of S in G.  The Steiner n-diameter of G (or the 

diameter of the Steiner n-distance), denoted by Gdiamn
*  or )(

*
Gn , is 

defined as follows: 

  nSGVSSdGdiam Gn == ||),(:)(max
* . 

Remark 1.1. It is clear that 

(1) If mn , then GdiamGdiam mn
**  . 

(2) If SS  , then )()( SdSd GG  . 

The Steiner n-distance of a vertex )(GVv , denoted by ),(
*

GvWn , 

is the sum of the Steiner n-distances of all n-subsets containing v. The 

sum of Steiner n-distances of all n-subsets of )(GV  is denoted by )(Gdn  

or )(
*

GWn . It is clear that 
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GVv

nn GvWnGW .    ….… (1.1) 

The graph invariant )(
*

GWn  is called Wiener index of the Steiner n-

distance of the graph G. 

Definition 1.2[1] Let ),(
*

kGCn  be the number of n-subsets of distinct 

vertices of G  with Steiner n-distance k. The graph polynomial defined by 




−=

=

*

1

**
),();(

n

nk

k
nn xkGCxGH ,          ….… (1.2) 

where *
n  is the Steiner n-diameter of G; is called the Hosoya polynomial 

of Steiner n-distance of G.[1]. 

It is clear that 

 


−=

=

*

1

**
),()(

n

nk

nn kGkCGW          ….… (1.3) 

 

For pn 1 , let ),,(
*

kGuCn  be the number of n-subsets S of 

distinct vertices of G containing u with Steiner n-distance k. It is clear 

that 

 1)0,,(
*
1 =GuC . 

 Define 




−=

=

*

1

**
),,();,(

n

nk

k
nn xkGuCxGuH .   ….… (1.4) 

Obviously, for pn 2   




=
)(

**
);,(

1
);(

GVu

nn xGuH
n

xGH .    ….… (1.5) 

Ali and Saeed [1] were first whom studied this distance-based 

polynomial for Steiner n-distances, and established Hosoya polynomials 

of Steiner n-distance for some special graphs and graphs having some 

kind of regularity, and for Gutman’s compound graphs 21 GG •  and 

21 :GG in terms of Hosoya polynomials of G1 and G2. 

In this paper, we obtain the Hosoya polynomial of Steiner 3-

distance of mQ  and 2
tP . Moreover, mnQdiam

*  and 2*
tnPdiam  are 

determined. 

2. Hypercube Graphs ( m-Cube mQ )  

The Cartesian product [3] of two connected disjoint graphs 

),( 111 EVG =  and ),( 222 EVG = is the graph denoted by 21
GG   with 
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vertex set 21 VV  in which ),( 11 yx is joined to ),( 22 yx whenever 

 21121 yyandExx =  or  21221 xxandEyy = . 

If G1 is a (p1, q1)-graph and G2 is a (p2, q2)-graph, then 21 GG   is a 

(p1p2, p1q2+p2q1)-graph. 

Now, the graph m-cube Qm is defined recursively [3] by 21 KQ =  

and 21 KQQ mm = −  for 2m . Thus mQ  has m
2  vertices which may be 

labeled by the binary m-tuples ),..,,( 21 msss  where each is  is 0 or 1, for 

mi 1 . Two vertices of  mQ  are adjacent if their binary 

representations differ at exactly one place. 

 

The diameter of mQ  is m [7], and mQ  is m-regular graph.  

We next describe the Steiner n-diameter of the m-cube Qm. 

Proposition 2.1. For 2m  and 12 +− mn
m ,  

1
* −= nQdiam mn  

Proof. Since mQ  is m-connected [3], so the removal of any (m-1)-subset 

of vertices produces a connected subgraph of order 12 +−m
m . 

That is for any subset S of order 12 +− mn
m , the induced subgraph 

S  is connected, which implies that 

1)( −= nSd  

This completes the proof. 

Proposition 2.2. For 2m  and mn
m − 22 , 

nQdiam mn *  

Proof. We assume the contrary, that is we let nQdiam mn * , then for any 

n-subset S of vertices of mQ , 1)( −= nSd . This means that the removal 

of any SV −  subset of vertices produces a connected subgraph of mQ . 

Thus, mQ  is ( )1+− SV -connected. 

But 11)2(21 +=+−−+− mmSV
mm   

Contradicting the fact that mQ  is m-connected, so, we must have  

nQdiam mn * . 

Proposition 2.2 states that for )1(22 −− mn
m , n is a lower bound 

for mnQdiam
* . We can improve this bound in the next proposition. 

Proposition 2.3. For mn
m − 22  

 nmQdiam mn ,max
*    

Proof. It is clear that, this is true for m=2 and m=3. 

It is known that mQdiam m =*
2 , and   22,max = mm ,  
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So it is also true for n=2. 

(a) If   mnm =,max , that is nm  , and if S contains )0,...,0,0(0 =u  

and ( )1,...,1,1=mu , then ( ) muud m =,0  and mSd )( . 

Therefore mQdiam mn * . 

(b) If   nnm =,max , then by Proposition 2.2, nQdiam mn * . 

So,  nmQdiam mn ,max
*   for mn

m − 22 . 

  In the case of n=3, we have the following result. 

Proposition 2.4. For 3m  

mQdiam m =*
3 . 

Proof. The proof is by induction on m. 

It is clear that 33
*
3 =Qdiam , thus assume 3m . Suppose that the 

result is true for ( )3= km , and consider 1+= km . 

Let  321 ,, uuuS =  be any 3-subset of vertices of )( 1+kQV . 

We know that  

21 KQQ kk =+ . 

If )( kQVS  or )( kQV  , then by induction hypothesis kSd )( , where 

kQ   is the second copy of kQ . (See Fig. 2.1). 

 

 
 Fig. 2.1. 

 

Now, let )(, 21 kQVuu   and )(3 kQVu  , and let 3u  be a vertex in 

)( kQV  adjacent to 3u  (see Fig.2.1), then 

kuuud  }),,({ 321  

Thus,  

mkQdiam k =++ 11
*
3  

By Proposition 2.3, mQdiam m *
3 , because m

m − 22  for 3m . 

Thus, 

mQdiam m =*
3 . 

wvu   
k

Q  

k
Q  wvu  
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We next investigate the Hosoya polynomial of Steiner 3-distance 

of mQ , which is obtained as a reduction formula in the following 

theorem. 

Theorem 2.5. For 3m , 

  );(4);()62();( 1
*
21

*
3

*
3 xQxHxQHxxQH mmm −− ++= , 

where 
212

1
*
2 2)1(2);(

−−−
− −+= mmm

m xxQH . 

Proof. Let S be a 3-subset of vertices of )( mQV , and consider 

21 KQQ mm = − , assuming that 1−mQ  and 1−

mQ  are the two copies of 

the (m-1)-cube in Qm.  

We consider three cases for )(Sd
m

Q
. 

Case I. If )( 1− mQVS  or )( 1−

mQV , then 

)()()(
11

SdSdSd
mmm

QQQ
−−

== . 

The Hosoya polynomial corresponding to all such S of this case is 

  );(2)( 1
*
31 xQHxF m−= . 

 

Case II. Let wvu ,,  be any 3 vertices of )( 1−mQV  and wvu  ,,  are the 

vertices of )( 1−

mQV  adjacent respectively to wvu ,,  as shown in Fig. 2.1 

for 1−= mk . 

If  wvuS = ,, ,  wvu ,,   wvu ,, ,  wvu ,,   wvu  ,, or  wvu ,,  then 

 ),,(1)(
1

wvudSd
mm

QQ
−

+= . 

Thus, the Hosoya polynomial for all such six possibilities of S is  

);(6)( 1
*
32 xQxHxF m−=  

Case III. If  vuuS ,, = ,  wuu ,,  ,  vuu ,,  or  wuu ,,  then 

)(1)(1)(
11

SdSdSd
mmm

QQQ
+=+=

−−
, 

where  vuS ,=  or  wu, and  vuS = ,  or  wu ,  and )(
1

Sd
m

Q


−
 and 

)(
1

Sd
mQ


−

 denotes the ordinary distances of S and S  in 1−mQ  and 

1−

mQ , respectively. 

 

Thus, the Hosoya polynomial for all such possibilities of S in this case is  

);(4)( 1
*
23 xQxHxF m−= . 

Now, adding the polynomials )(1 xF , )(2 xF  and )(3 xF  we obtain the 

required reduction formula. 

 

Returning to the reduction formula obtained in Theorem 2.5, we 

find that );(
*
3 xQH m can be simplified as shown in the next corollary. 
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Corollary 2.6. For 3m  

);()62(4)62(4);(
*
2

2

1

122*
3 xQHxxxxxQH km

m

k

km
m −

−

=

−−
 +++=  

Proof. We know that  

);(4);()62();( 1
*
21

*
3

*
3 xQxHxQHxxQH mmm −− ++=  

   );(4)];(4);()62)[(62( 1
*
22

*
22

*
3 xQxHxQxHxQHxx mmm −−− ++++=  

 )];();()62[(4);()62( 1
*
22

*
22

*
3

2
xQHxQHxxxQHx mmm −−− ++++=   

  

   );()62[(4);()62( )2(2
3

2
*
3

2
xQHxxxQHx mm

mm
−−

−− +++=  

        ...);()62( )3(2
4 +++ −−

−
xQHx mm

m
 

           )];( 12 xQH m−+  

It is obvious that 2
23 4);( xxQH =  

Hence  

);()62(4)62(4);( 2

1

2

122*
3 xQHxxxxxQH r

m

r

rmm
m 

−

=

−−− +++= . 

      Next corollary computes the Wiener index of Steiner 3-distance of 

mQ . 

Corollary 2.7. For 3m  

)23(8)(
2*

3 += −
mQW

m
m  

−

=

−+−− +−+−+
2

1

14
)13)(12()(242

m

k

kmkmkm
kkm . 

3. The Square of a Path ( 2
tP ) 

The nth power 
n

G [6] of a connected graph G has vertex set )(GV  

and for each distinct vertices vu, of 
n

G , )(
n

GEuv whenever  

( ) nvudG  ,1 . 

It is clear that, if ndiamG =  then 
n

G  is a complete graph. 

 

In [7], W. A. M. Saeed proved that 

   







=

n

diamG
diamG

n
. 

In this section, we consider the square 2
tP  of a path tP , with 

respect to Steiner distance. First, we find the Steiner n-diameter. 

Proposition 3.1. For even 4t , and for tn 2 , the Steiner n-diameter 

of 2
tP  is 








+−

2
1

2

nt
. 

Proof. The graph 2
tP  is shown in Fig.3.1. 
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Fig. 3.1. The square of tP . 

 

Let tt uuuP ,...,, 21= , then 

== )()(
2

tt PVPV  tuuu ,...,, 21 . 

If S is an n-subset of vertices of )(
2

tPV  such that )(Sd  is 

maximum, then S must contain the two vertices u1 and ut, the other 

vertices of S  must be the first n-2 vertices from the sequence (See Fig. 

3.1). 

12432 ,,...,,, −− tt uuuuu . 

Therefore S contains 






 −

2

2n
 vertices from one of the 

sets  242 ,...,, −= tuuuA ,  153 ,...,, −= tuuuB  and contains 






 −

2

2n
 

vertices from the other set. If S  contains 






 −

2

2n
 vertices from A , then 

)(ST  must contain the tuu −1  path tt uuuuu ,,...,,, 2421 − , and so S  will 

contain the 






 −

2

2n
 vertices from B , and the size of )(ST  will be 








 −
+

2

2

2

nt
. But if S  contains 







 −

2

2n
 vertices from B , then )(ST  must 

contain the tuu −1  path tt uuuuu ,,...,,, 1531 − , and the size of )(ST  will 

also be 






 −
+

2

2

2

nt
. 

Hence, the proof of the proposition. 

 

Proposition 3.2. For odd 3t , tn 2 , the Steiner n-diameter of 2
tP  is 









+

−

22

3 nt
. 

Proof. The proof is similar to that of Proposition 3.1. It is clear that there 

is exactly one shortest tuu −1  path in 2
tP whose length is 

2

1−t
, namely 

tu  2−tu  4−tu  
8u  6u  4u  2u  

1−tu  3−tu  
5−tu  7u  5u  

3u  1u  
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tt uuuuu ,,...,,, 2531 − . The other ( 2−n ) vertices of the n-subset S  are the 

first 2−n  from the sequence 1432 ,...,,, −tuuuu . Therefore S  will contain 

the first 






 −

2

2n
 vertices from  142 ,...,, −tuuu . 

Thus S  of maximum Steiner n-distance has  

 







+

−
=







 −
+

−
=

22

3

2

2

2

1
)(

ntnt
Sd . 

 

Next, we find Hosoya polynomial of the Steiner 3-distance of the 

square of a path tP . 

Theorem 3.3. Let 62 = st  be an even positive integer, then  

)();();(
2

2
*
3

2*
3 xFxPHxPH stt += −  

where  
s

s j

s
j

F x x x x j x x
1

2

2

( ) 2 2 [4( 1) 2 2]
−

=

= + + + − −  

Proof. The graph 2
tP  is shown in Fig.3.1; its vertices are relabeled as 

shown in Fig.3.2 in order to simplify the derivation of )( xFs . 

 

 Fig. 3.2. 2
tP  

 

Let 2
2−tP  be obtained from 2

tP  by deleting the two vertices sv , sv   

Then 

)();();(
2

2
*
3

2*
3 xFxPHxPH stt += − ,  

where 

=
S

Sd
s xxF

)(
)( , 

in which 3=S ,  },{ ss vvS   and − )(
2

2tPVS  . 

To find )( xFs  we consider several cases for S. 

 

(1) If },,{ wvvS ss
= , )(

2
2− tPVw , then  

  isSd −+= 1)( , when 
ii

vorvw = , 11 − si . 

Thus, the polynomial corresponding to all such S’s of this case is  

3v   

sv  1−sv  2−sv  
4v  3v  2v  

1v  

1−

sv  sv   2−


sv  4v   2v   1v   
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=

−

=

−+ ==
s

j

j
s

i

is
xxxf

2

1

1

1
1 22)( . 

(2) If },,{ jis vvvS = , 11 − sji , then 

isSd −=)( . 

It is clear that for each value of i  there are ( 1−− is ) values of j . Thus 

the corresponding polynomial is 
−

=

−−−
1

1

)1(
s

i

is
xis . 

The same polynomial is obtained if },,{ jis uuuS = .  

Therefore, for such 3-subsets S we get 

j
s

j

is
s

i

xjxisxf 
−

=

−
−

=

−=−−=
1

2

2

1

2 )1(2)1(2)( . 

(3) If },,{ iis vvvS =  or },,{ iis vvv  , then 

  1)( +−= isSd , 11 − si . 

Thus, the corresponding polynomial is  

  
−

=

+
−

=

+− ==
1

1

1
1

1

1
3 22)(

s

j

j
s

i

is
xxSf . 

(4) If },,{ jis vvvS = , 11 − sji , then  

isSd −+= 1)( . 

 Similarly, if },,{ jis vvvS = , 11 − sji , then 

isSd −=)(  

 Thus, the corresponding polynomial is  

is
s

i

is
s

i

xisxisxf
−

−

=

−+
−

=

 −−+−−=
2

1

1
2

1

4 )1()1()(  

   j
s

j

xxj )1()1(
1

2

+−=
−

=

. 

(5) If },,{ jis vvvS = , 11 − sji , then 

1)( +−= isSd ,  

 and there are )1( −− is  values for j . 

Similarly, if },,{ jis vvvS =  then 1)( +−= isSd  for 11 − sji . 

Thus, the polynomial corresponding to all these 3-subsets is 

1
1

2

1
2

1

5 )1(2)1(2)(
+

−

=

+−
−

=

 −=−−= j
s

j

is
s

i

xjxisxf . 

(6) If },,{ jis vvvS = , 11 − sji , then 

isSd −=)( . 

The corresponding polynomial is 
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is
s

i

xis
−

−

=

 −−
2

1

)1( . 

Similarly, if },,{ jis vvvS = , 11 − sji , then 1)( +−= isSd . 

The corresponding polynomial for such S is  

1
2

1

)1(
+−

−

=

 −− is
s

i

xis . 

Thus, the distance polynomial for all these 3-subsets S in this case is  

( ) 1
2

1

2

1

6 )1()1(
+−

−

=

−
−

=

 −−+−−= is
s

i

is
s

i

xisxisxf  

   j
s

j

xxj
−

=

+−=
1

2

)1)(1(  

These are all possibilities of S . Therefore  


=

=
6

1

)()(
r

rs xfxF  

 
−

=

+
−

=

−

=

+−+++=
1

2

1
1

2

1

2

2
2)1(2222

s

j

jj
s

j

s

j

js
xxjxxx  

    
−

=

+
−

=

−++−+
1

2

1
1

2

)1(2)1)(1(2
s

j

jj
s

j

xjxxj . 

Simplifying the above summations we get the reduction formula given in 

the theorem. 

The Wiener index of the Steiner 3-distance of 2
tP  for even t is 

given in the next corollary. 

Corollary 3.4. For 42 = st ,  

)12)(1(
3

4
)()(

2
2

*
3

2*
3 −−+= − sssPWPW tt . 

We now consider the square of a path tP of odd order 12 += st . 

The next theorem gives us a reduction formula of );(
2*

3 xPH t .  

Theorem 3.5. For 72 = st , we have 

)();();(
2

1
*
3

2*
3 xFxPHxPH stt += − ,  

 where 

  1
1

1

2
])3[()(

+
−

=

 +++= j
s

j

s xxjxxxF . 

Proof. The graph 
2

tP  is shown in Fig. 3.3 where the vertices are labeled 

as that of Fig. 3.2.  
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    Fig. 3.3. 2

t
P , odd t 

2

1−tP  is obtained from 
2

tP  by removing vertex 1+sv . Thus  

  )();();( 1
2*

3

2*
3 xFxPHxPH stt += − ,  

 where  

  =
S

Sd
s xxF

)(
)( , 

in which the summation is taken over all 3-subsets S  

},,{ 1 jis uuvS +=  for all )(,
2

1− tji PVuu . 

We consider the following 5 cases. 

(1) If },,{ 1 jis vvvS += , sji 1 , then  

 isSd −+= 1)( .  

The number of values of j is (s-i) for each values of i. Thus, the 

polynomial corresponding to such 3-subsets S of this case is  

  1
1

1

1
1

1

1 )()(
+

−

=

−+
−

=

 =−= j
s

j

is
s

i

xjxisxf . 

(2) If },,{ 1 iis vvvS = + , si 1 , then 

isSd −+= 2)( . 

Therefore the corresponding polynomial is  

    
s s

s i j

i j

f x x x x x
1

2 2 2

2
1 1

( )
−

+ −

= =

= = +   

(3)  If },,{ 1 jis vvvS = + , sji 1 , then 

 1)( +−= isSd ,  

and for each value of i there are (s-i) values for j. Thus, the 

corresponding polynomial for such case of S is  

    1
1

1

1
1

1

3 )()(
+

−

=

+−
−

=

 =−= j
s

j

is
s

i

xjxisxf  

(4)  If },,{ 1 jis vvvS = + , sji 1 , then  

isSd −+= 2)( ,  

 and for each value of i there are (s-i) values for j. Thus, the 

 polynomial corresponding to all 3-subsets S of this case is  

sv   
1−


sv  2−


sv  

4v   3v   2v   

1+sv  sv  1−sv  
2−sv  4v  3v  

1v   

2v  
1v  

… 
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    j
s

j

is
s

i

xjxxisxf 
−

=

−+
−

=

=−=
1

1

22
1

1

4 )()( . 

(5)  Finally, If },,{ 1 jis vvvS = + , sji 1 , then isSd −+= 1)( , and 

there are (s-i) values for j for each value of i. Therefore, the 

corresponding polynomial is  

   1
1

1

1
1

1

5 )()(
+

−

=

−+
−

=

 =−= j
s

j

is
s

i

xjxisxf . 

Thus, 


=

=
5

1

)()(
r

rs xfxF = 2
1

1

22
)( xxjxjxjxxjx

j
s

j

+++++
−

=

  

        1
1

1

2
])3[(

+
−

=

 +++= j
s

j

xxjxx .  

 

The next corollary gives us the Wiener index of the Steiner 3-distance 

of 
2

tP  for odd t. 

Corollary 3.6. For odd 12 += st , 2s , the Wiener index of 2
tP  is 

2)674)(1(
3

1
)()(

22
1

*
3

2*
3 +++−+= − sssPWPW tt .  
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