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Abstract

In unconstrained optimization, the original quasi-Newton condition H, ,y, =V,
where y, is the difference of the gradients at two successive iterations. Li and
Fukushima proposed a modified BFGS methods based on a new Quasi —Newton
equation H, .y, =V, where y, =y, +my,, where m_is a small positive constant .In
this paper, we first propose the modified version of self-scaling VM-algorithm which
was based on Li and Fukushima Quasi-Newton equation, i.e H,.,y, = p.v, Where

*T *
* H - - - -
Py = M The corresponding AL-Bayati type algorithm is proved to possess the

Vi Yk
global convergence property in both convex and non-convex optimization problems.
Experimental results indicate that the new proposed algorithm was more efficient than
the standard BFGS- algorithm.

Introduction
Consider the unconstrained optimization problem:

min {f (x) ‘ X e R" } ..(1)
Where f is a continuously differentiable function of n variables .Quasi-
Newton methods for solving (1) often needs the new search direction d, ,
at each iteration given by:

d, =—H,9, +(2)
Where g, ., = Vf(x.,,)the gradient of is f evaluated at the current iteration
x,,(Storey & HU., 1993). One then computes the next iteration by the
formula

X =X, +,d, ..(3)
Where the step size «, satisfies the Wolfe — conditions

f(x + e d) < f(x)+6,a,d; g, .(4)

9(x, +,d,)"d, >5,d] g, ..(5)
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Where 0<¢g,<1/2 andg, <s,<1 , and H,, IS an approximation to

V2 (x)" . The matrix H,,, satisfies the actual quasi-Newton condition
HiaYe = Vi -(6)

Wherey, =g,.,—-9, , V. =X.,— X%, and B, =H," see (Al-Bayati & Al-Salih,
2008).

The standard Broyden - Fletcher-Goldfarb - Shanno (BFGS) update
can be separated into two components, H® and H® so that:

Heso = HO +H® (7)
Where
HO = H, - H ViV + Vi Hi +VkV;— |:y;—Hkyk:| HO — ViVy
Ye Hi Vi VeVl Vi Vi Ve Vi
AL-Bayati in (Al-Bayati, 1991) modified the BFGS formula by writing:
T
H AL gayati = HY+pH®,  p = i THkyk .(8)
Vi Yk
Which will satisfy the quasi-Newton like condition
Hi1 Y = AV (9)

This relaxation of the Quasi-Newton (QN)-condition is of particular interest
in deriving algorithms for non — quadratic objective functions.

Li and Fukushima proposed another Quasi—Newton (QN) like
condition (Li. & Fukushima, 2001) defined by:

HyaYi = Vi ..(10)
By using (10), so the modified BFGS update can be writhen as:
* T *T T *T *
Hygees = Hy — HkyKVfT+Vk¥k Hy +V$Vk* 14 Yi THk*Yk (1)
yk Hkyk Vk yk Vk yk
Where
Ye = Vi + MY, ..(12)

And m,is a small positive constant .We chooses m,to be a very small
number, for examplem < 10°. In (Kinsella, 2006) the BFGS update which
can be written in the product form:

Hip = (1 =9V YO H (=9 YV + v -.(13)
Where

9= — ..(14)
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A modified self-scaling VM-algorithm

In this section, we will deal with an algorithm which generates the
sequence of H, , matrices that converge to the {vzf(xk)}‘l =G and satisfy

the following modified Quasi —Newton equation:

HeaVi = oV .(15)
The latter possibility can be eliminated by Newton's method with line
search in which the Newton correction is used to generate a direction by:

dy =-G'gy ..(16)
In large group of methods,G™ is to be approximated from information
collected in the (k +1) th stage, or

G = pH, ..(17)
Gt zp (H, +AH,) ..(18)
Where
H,,=H, +AH, =AH, =H,,—H, ...(19)
AH, Y, = H 1Y —H i .(20)
AH Yy = pV = H Vi ...(21)
“V Z] _H oz
MM, = 5 i 22 (22)
Z Yy Z, Yy
Where z and z,are arbitrary n*1 vectors. Choose the following values:
2,=12,=V, ..(23)
To get:
FRVAVAREE = BRVAVAl
AH, = p; e Dl .(24)
Vk yk Vk yk
* * T «T
HI?EY H + -T—Vk* pk yk kyk _ Hkykvk :_\ikayk (25)
kyk Vk yk Vk yk

Where p, = i - k*yk , ¥, IS avector defined in (12).
Vk k

The modified AL-Bayati self-scaling VM-update can be expressed in the
following product form'

Hea=(1-% kyk )H (- kYka)+pk19 Vka ...(26)
Where
P = i ; B MY ang g — (27)
Vic Y Vie Yk
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Global convergence property of the new algorithm

The important property of the line-search method is the global
convergence defined by the relation:

lim inf g, | =0 -(28)

1. Convex case:
To prove that the new updates (25) generate identical conjugate

gradient search directions if the function is quadratic and the exact line
searches are used, let us consider the following property:
Property (3.1.1): Let f be given by

f(x):%xTGx+bTx ..(29)

Where G is a symmetric positive definite matrix. Choose an initial
approximation H, =H where H is any symmetric positive definite matrix.
Obtain H,,, from H where d =-Hg is the search direction and assuming
exact lime searches then

H,.0" =Hg’ ..(30)
Proof: see (Al-Bayati, 1991).

Powell (1983) showed that if the level set {x: f(x)< f(x)} is
bounded when ¢, is defined so that { g],,d, =0, k >1} holds for all k and if
f(x) is twice continuously differentiable than conjugate gradient-method
achieves the limit:

IkiLr:Oinf lo.|=0 ..(31)
The following lemma (3.1.1) is given in (Li. & Fukushima, 2001)

Lemma (3.1.1)
Suppose that («, ,X,.; Y.:,d,.,) generated by the MBFGS algorithm

and that G is continuous at x".Then we have
Ikim Imyv, | =0 ..(32)
Theorem (3.1.1)

Assume that f(x) be a quadratic function defined in (29) and that the
line searches are exact: if H is any symmetric positive definite matrix and
for the new updating formula,

*T *
{p:+ Yi Hkyk} (33)

H _ H H k ykvk + Vk yk H k Vkvk
k+1 — "'k T T * + T T
Vk yk Vk yk Vk yk

*T H *
Where p, = T 2L

Vk yk
Then the search direction
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d = _Hnewgk+1 (34)

new

is identical to the conjugate gradient (CG) direction [H/S direction ]; d,
defined by

*T

doo=—g, ., +2 931 d for k >1 @
Proof:
* *T *T *
H =H Hkka-kF ViV Hy VkV: Y HeYi
k+1 — kK T . * - T * + T . * k + T %
VoY, V'Y, Vi Yk Vi Yy
Now
H, Y Ve Gin y:THkgk 1 y;THky;Vng 1
dnew:_Hkgk+l+ T * =+ T - - Vk_2 T *2 - N (36)
Vi Yk Vie Vi (Vi Vi)
y*TH g
=—-H g, + ‘ Tk*k+1Vk ..(37)
k Y

Using the propertyv, g,.,=0, quoted earlier which holds for line searches.
The vector g,,, can be substituted for H,g,., by using property (3.1.1).
Therefore:

*T
dnew =—0ut y-|k- gkt(l Vinew (38)
K new” k
New by using lemma (3.1.1) we have
Ye Gt
Qrew = =Oia + v (39
new gk+l Vlnewyk knew ( )

It is also known that d,.., and d., are identical (Nazareth, 1979), and d,,
is identical to d.,, with exact line searches, hence equation (38) becomes

.
dnew = _gk+l + gigkﬂ dkCG (40)
kCG Jk
In the following section we will list outline of the new proposed self-
scaling VM algorithm,

2. New Algorithm:
The outline of the modified algorithm is:
Step 0: Choose an initial pointx, € R", set k=1.
Step 1: If the hybrid stopping criterion is satisfied stop:
ITERM=1-if |x,, — x| was less than or equal t01.0D-16,

ITERM=2- if |f_, - f,| was less than or equal t01.0D-14,
ITERM=3-if f,, is less than or equal t01.0D-16,
ITERM= 4-if |g,| is less than or equal t01.0D -6,
ITERM= 6 if termination criterion was not satisfied, but
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Solution is probably acceptable,
ITERM=12- if NOF exceeded 1000,
ITERM <O - if the method failed.
Step 2: Compute the search directiond, =-H, g, .
Step 3: Find a step size «, which satisfy the rule (4) and(5).
Step 4: Generate a new iteration point by x,,, = x, +«,d, and calculate
The new updating formula (26) and(27).

Step 5: Set k =k +1 and go to Step 1.
3. Non-convex case:

To guarantee the global convergence property of the line-search
method consists in turning the search direction towards the negative

gradient when necessary, i.e. when IIZnglﬁjkll >0 is not satisfied. This idea is
k k

realized if (2) is replaced by the formula d, = —H,g withH, = H +o|H,g,]1,

where o >0 is a small number (Luksan & Spedicato, 2000)

Theorem (3.3.1): Let the objective function f(x) be bounded from below

and has bounded up to at least second-order derivatives .Consider the line-

search method satisfying (4) and (5).If

0 T
> M — o and g.d, <0 .(41)
= 9,9,d.d,

Then (28) holds (Luksan & Vlcek, 2005).

Theorem (3.3.2)
Let the objective function f:R" - R be bounded from below and

has bounded up to at least second-order derivatives .Consider the line-
search method satisfying (4) and (5) with

d, :_Hkgk_o-”Hkgk”gk -(42)
Where H, is symmetric positive andk >0. If o >0 then (28) holds.
Proof: Assume, for contradiction purposes, that (31) does not hold. Then
we can suppose

o] = &
For some ¢, >0 and g Hg, >0 ,k >1, by positive definiteness of H, .
We have from (42) by the Schwarz inequality
d"d <|Hg|" + 20]Hg|g] + o*[Hg| o] = @+ ola] )*|Hgl --(43)
~g"d > oHg| o[ ..(44)

-g'd, _ olHg][gf
ol @+oal )Hg] o -(45)
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o|Hal o]
L+ o]l Hg| o
Using Theorem (3.3.1), we get a contradiction.

...(46)

4. Numerical Results:

In this section, we reported the numerical results for the new
algorithm (3.2). We tested, using the collection of problems, for general
sparse and separable unconstrained optimization test problems from
Luksan & Vlcek, 1999). The following values for the dimension N of the
problem have been used: N=10, 100, 500, 1000. For each problem, we

T
choose the initial matrixH, , =pk% . This algorithms use a hybrid line
k Jk
search technique which satisfy Wolfe- conditions see (Luksan &
Spedicato, 2000) The following two VM-methods hare been tested.

BFGS: BFGS method with the Wolfe- conditions as
In which s, =0.0001, 5, =0.2

New algorithm (3.2): The Algorithm with the Wolfe- conditions as
In which s, =0.0001 , &, =0.2.

Tables of numerical results shows the computational results, where
the columns have the following meanings:

Problem : the name of the test problem.

NIT : number of iterations.

NFV : number of function evaluations.

f : value of the objective function at the point x.

g . gradient of the objective function at the point x.

ITERM : hybrid stopping criterion

From Table (1), we observed that the average performances of the modified
AL-Bayati algorithm are more efficient and better than the standard BFGS
for unconstrained minimization problems.

Table (1): Comparison results of all algorithms as a total of (15)test

functions.
Standard BFGS New algorithm (3.2)
N NOI NOF TIME NOI NOF TIME
10 3885 7703 0:00:00.08 3340 7709 0:00:00.06
100 5463 10332 0:00:00.67 4407 10043 | 0:00:00.57
500 4091 9164 0:00:02.20 3565 9276 0:00:02.22
1000 4065 9003 0:00:04.63 3375 9102 0:00:04.84
Total 17504 36202 0:00:07.58 14684 36130 | 0:00:07.69
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The details of these results are fully described in the subsequent tables.

Table (2)
Algorithm Standard BFGS with N=10
Problem | NOI NOF F g ITERM
1 398 1001 22.3407562 0.163E+01 12
2 654 1001 0.121328883E-03 0.125E-01 12
3 656 1000 0.921077850 0.620E-02 12
4 106 153 0.799804276E-10 0.702E-05 2
5 139 179 0.160886197E-09 0.788E-05 2
6 69 112 3.01929454 0.965E-06 4
7 423 1000 11.4354732 0.217E+01 12
8 57 92 -133.510600 0.233E-05 2
9 374 1002 1.05358706 0.316E-01 12
10 13 23 0.944550269E-13 0.428E-06 4
11 500 1001 0.105143334E-03 0.167E-02 12
12 262 698 1.92460901 0.698E-04 2
13 74 123 -8.05139211 0.877E-06 4
14 74 145 -0.385263183E-01 0.836E-06 4
15 86 173 -0.251419625E-01 0.968E-06 4
Total 3885 | 7703
TIME= 0:00:00.08
Table (3)
Algorithm Standard BFGS with N=100
Problem NOI NOF F g ITERM
1 357 1000 375.772751 0.416E+01 12
2 675 1000 0.417037296E-03 0.229E-01 12
3 642 1000 25.2065330 0.110E-01 12
4 94 126 0.736274182E-10 0.347E-05 2
5 195 259 0.353606890E-08 0.233E-04 2
6 84 145 33.3754297 0.800E-06 4
7 490 725 1039.41617 0.274E-04 2
8 56 57 -98.8560279 0.562E-06 4
9 350 1001 18.9030005 0.500E+00 12
10 7 14 0.512511155E-13 0.667E-07 4
11 500 1001 0.110666145E-05 0.118E-04 12
12 334 1002 2.39784602 0.109E+00 12
13 578 1000 -49.9997833 0.285E-04 12
14 501 1001 -0.133766122E-02 0.207E-01 12
15 600 1001 0.908528629E-02 0.334E-01 12
Total 5463 | 10332

TIME= 0:00:00.67
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Table (4)

Algorithm Standard BFGS with N=500

Problem NOI NOF F g ITERM
1 313 1000 1950.53768 0.506E+01 12
2 654 1000 0.190687684E-03 0.178E-01 12
3 615 1000 133.781367 0.107E-01 12
4 143 179 0.407524183E-10 0.174E-05 2
5 224 298 0.116517131E-08 0.108E-04 2
6 88 151 168.291764 0.134E-05 2
7 83 196 163899.853 0.740E-03 2
8 34 54 90.9672145 0.713E-06 4
9 406 1002 97.5181572 0.102E+01 12
10 6 12 0.315195199E-13 0.251E-06 4
11 132 265 0.101551041E-07 0.100E-05 4
12 334 1002 2.66906251 0.436E-01 12
13 390 1001 -218.394928 0.162E+01 12
14 335 1002 0.311487476 0.209E-01 12
15 334 1002 0.120585472 0.261E-01 12

Total 4091 | 9164
TIME=0:00:02.20
Table (5)

Algorithm Standard BFGS with N=1000

Problem NOI | NOF f g ITERM
1 318 1002 3920.15325 0.250E+01 12
2 645 1000 0.134675134E-03 0.171E-01 12
3 592 1001 269.500609 0.302E-01 12
4 151 190 0.658806352E-10 0.233E-05 2
5 229 300 0.142991691E-08 0.119E-04 2
6 90 151 336.937181 0.225E-05 2
7 106 265 761774.954 0.242E-02 2
8 34 55 316.436141 0.433E-06 4
9 468 1002 196.256249 0.228E+01 12
10 5 10 0.783883858E-11 0.252E-06 4
11 10 21 0.129032045E-08 0.992E-06 4
12 334 1002 2.68842398 0.300E-01 12
13 414 1000 -423.279033 0.514E+01 12
14 335 1002 0.336253881 0.155E-01 12
15 334 1002 0.128686577 0.194E-01 12

Total 4065 | 9003

TIME=0:00:04.63
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Table (6)
Algorithm New algorithm (3.2) with N=10
Problem NOI NOF f g ITER
M
1 319 1001 22.3509232 0.128E+01 12
2 500 1001 0.204896592E-03 0.183E-01 12
3 448 1000 0.921150040 0.787E-02 12
4 105 204 0.162854447E-11 0.902E-06 4
5 141 269 0.351765178E-11 0.740E-06 4
6 64 129 3.01929454 0.965E-06 4
7 373 1002 11.5380087 0.240E+01 12
8 55 117 -133.510600 0.233E-05 2
9 353 1000 1.05358886 0.138E-01 12
10 13 26 0.944262632E-13 0.428E-06 4
11 500 1001 0.105143334E-03 0.167E-02 12
12 243 500 1.92460901 0.106E-04 2
13 67 140 -8.05139211 0.877E-06 4
14 73 146 -0.385263183E-01 0.836E-06 4
15 86 173 -0.251419625E-01 0.968E-06 4
Total 3340 | 7709
TIME= 0:00:00.06
Table (7)
Algorithm New algorithm (3.2) with N=100
Problem NOI NOF f g ITERM
1 276 1002 375.891261 0.440E+01 12
2 500 1001 0.744415616E-03 0.352E-01 12
3 454 1000 25.2068266 0.153E-01 12
4 77 148 0.740969869E-11 0.770E-06 4
5 222 433 0.284088442E-10 0.989E-06 4
6 80 167 33.3754297 0.799E-06 4
7 248 518 1039.41624 0.324E-01 2
8 37 63 -98.8560279 0.234E-03 2
9 340 1002 18.9030390 0.500E+00 12
10 7 14 0.512705437E-13 0.667E-07 4
11 500 1001 0.110666145E-05 0.118E-04 12
12 334 1002 2.39784602 0.109E+00 12
13 332 691 -49.9993495 0.429E-01 2
14 500 1000 -0.118051218E-02 0.223E-01 12
15 500 1001 0.179335699E-01 0.375E-01 12
Total 4407 | 10043

TIME= 0:00:00.57
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Table (8)
Algorithm New algorithm (3.2) with N=500
Problem NOI NOF F g ITERM
1 319 | 1001 1950.79424 0.553E+01 12
2 500 1001 0.367590874E-03 0.872E-02 12
3 438 1000 133.782356 0.340E-01 12
4 87 167 0.101233922E-10 0.794E-06 4
5 232 452 0.232191798E-10 0.982E-06 4
6 43 107 168.291793 0.105E-01 2
7 69 191 163899.853 0.379E-02 2
8 27 74 90.9672145 0.752E-06 4
9 364 1002 97.6385394 0.943E+00 12
10 6 12 0.315201668E-13 0.251E-06 4
11 132 265 0.101551041E-07 0.100E-05 4
12 334 1002 2.66906251 0.436E-01 12
13 346 1000 -218.195126 0.172E+01 12
14 334 1000 0.311551615 0.240E-01 12
15 334 1002 0.120585472 0.261E-01 12
Total 3565 | 9276
TIME=0:00:02.22
Table (9)
Algorithm New algorithm (3.2) with N=1000
Problem NOI NOF f g ITERM
1 269 1001 3920.24240 0.474E+01 12
2 500 1001 0.244925354E-03 0.240E-01 12
3 358 910 269.504891 0.851E-01 2
4 95 182 0.986567524E-11 0.619E-06 4
5 237 460 0.209417316E-10 0.958E-06 4
6 44 109 336.937199 0.705E-02 2
7 106 316 761774.954 0.214E-02 2
8 31 85 316.436141 0.523E-06 4
9 374 1002 196.410872 0.191E+01 12
10 5 10 0.783887445E-11 0.252E-06 4
11 10 21 0.129032045E-08 0.992E-06 4
12 334 1002 2.68842398 0.300E-01 12
13 344 1001 -421.874354 0.623E+01 12
14 334 1000 0.336271755 0.177E-01 12
15 334 1002 0.128686577 0.194E-01 12
Total 3375 | 9102

TIME= 0:00:04.84
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Conclusions and Discussions

In this paper, we have proposed a new self-scaling VM-type for
unconstrained minimization based on a modified Quasi-Newton condition.
The convergence property and the computational experiments show that the
new approach given in this paper is very successful. We claim that the
formula (26) - (27) will be more efficient and better than the standard BFGS
formula. Namely, there are about 17%improvement in NOI, 1%
improvement in NOF, taking overall the calculations and for different
dimensions (10 <n<1000).

Methods NOI NOF TIME
Standard BFGS 100 100 100
New algorithm (3.2) 83.88 99.80 101.4

Test problems for general sparse and partially separable

nconstrained optimization
We seek a minimum of either a general objective function f(x) or a
partially separable objective function

f(x):ifk(x) , XxeR"

From the starting pointx. For positive integersk and I, we use the notation
div (k,1)for integer division, i.e., maximum integer not greater thany, and

mod (k,I)  for the remainder after integer division, i.e.,
mod(k, 1) = I(% —div(k,1)). The description of individual problems follows.
problem 1:Chained Wood function.

K
f(x)= Z[loo(xiz—l — %)%+ (X —1)* +90(X%; — X,.,)
j=1
+ (Xi+l _1)2 +10(Xi + X — 2)2 + (Xi - Xi+2)2 /10]
i=2j , k= (n=-2)/2
x=-3, mod(i2)=1 , i<4, x =-2 , mod(i,2) =1 ,

)Zi:_l , mod(i,2)=0 , <4, >Zi:O , mod(i,2) =0 ,
problem 2 :Chained Powel sin gular function .

f(x)= Zk:[(xi—l + %) +5(Xy = Xi,0) " + (6 = 2%,1) 100X —X;.,)*]

i=2j , k= (n-2)/2

x. =3 , mod(i,4) =1, -1, mod(i,4) =2

x.=0 , mod(i,2) =3 , x.=1 , mod(i,4) =0
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problem 3 :Chained Cragg and Levy function .

K
f(x)= Z [(e" —x)* +1000% — X,1)° +tan* (X, — X%;,,) + %3 + (%, —1)°]
-1

i=2j , k= (n-2)/2

i=1 , x=2 , i-1

problem 4 :Chained Cragg and Levy function .

(0= D018~ 2x )%, s~ +1°

p= 7/3 , X,=X,,=0

n+1

X, = -1 , i>1

problem 5 :Generalized Broyden banded function .

f(x):i

(2+5x7)X +1+ DX, (L+X;)

jed;

p=7/3 , J,={j:max (Li-5) <min (n,i+1)}

Xx.=-1, i>1

problem 6 :Seven—diagonal generaliization of the Broyden tridiagonal function .

n n/2
f (X) = 2”(3_2Xi )Xi —Xjg —Xin +]“p +Z”Xi + Xi+n/2||
i=1 i=1

p= 7/3 , X,=X,,=0

x.=-=-1, i>1

problem 7 :Sparse mod ification of the Nazareth trigonometric function .

2
f(x):%Z(nH— D (a; sinx; + by cosxj)J
i=1 jed,

a, = 5[1+mod (i,5)+mod (j,5)], b, = (i+]j)/10
3, = {j:max(Li-2) < min(n,i+2)}uij:[j-i|=n/2}

X, =1/n , i>1
problem 8 : Another trigonometric function .

f(x)=%zn:[i(l—cos X;)— > (a; sinx; + by COSX,-)J

a, = 5[L+mod (i,5)+mod (j,5)], b, = (i+]j)/10
3, = {j:max(Li-2) < min(n,i+2)}ulj: [i-i|=n/2}

X, =1/n , i>1
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problem 9 :Chained Wood function .

fO)=>] {exp P(f[ X j ] +1o[_§5: X%, —10— @J

jed
+10(X, 5%, —5% % — A ) +10(xi3_4 X3, 1 A3)2

A, = —0.001900 , A, = —0.000261

4, = —0.002008
j = {i, mod(i,5) = 0}
x =—2 , mod(i5) =1, i<2, . =-1 , mod(i,5) =1, i>2

mod(i5)=2 , i<2, . =—1 , mod(i,5)=2 , i~2
=-1 , mod(i,5) =4

2
x =2 , mod(i,5) =3 , ,

x =—1 , mod(i,5) =0

X

problem 10 :Generalization of the Brown2 function .
f(x)= Z[(Xf,l)(x‘zﬂ) + (X))
i=2

x =-1.0 , mod(i,2)=1 , % =10 , mod(i,2) =0

problem 11 : Discrete boundary value problem.
2

f(x) =D [2% =X =X, +h*(x +ih+1)°/ 2]
i=1
h=1/(n+1) , Xo= X,y =0
x =ih (L—ih) , =1
problem 12 : Discretization of a variational problem.
f (X) = ZZ|:Xi (Xi - Xi+1) Ih+ ZhZ [(exi+1 —e” )/(Xm — X )]}
i=1 i=0
h=1/(n+1) , X=X,y =0
x, =ih (L-ih) , i>1
problem 13 :Banded trigonometric problem.

f(x):Zn:i[(l—cos X;)+sin x,, —sin x,,,]

0,x=1/n, i=1

XO = Xn+1 =
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problem 14 : Variationa | problem 1.

This problem is a finite difference analogue of avariationa | problem

defined as a minimization of the functional :

f(x) :jExz(mexm —1} dt

where x(0)=0 & x(1)=0 .We use the trapezioda | rule together with 3— point finte
difference s on a uniforrm grid having n+1 internal nodes. The starting point is
given by the formula

X, =x(t,) =ih (L—ih) , where h =1/ (n+1) .

problem 15 : Variationa | problem 2.

This problem is a finite difference analogue of avariational problem

defined as a minimization of the functional :

f(x) =i[x2(t)—x2(t)—2t x(t)] dt

0

where x(0)=0 & x(1)=0 .We use the trapezioda | rule together with 3— point f inte
difference s on a uniforrm grid having n+1 internal nodes. The starting point is

given by the formula ii =X(t;)=1ih (1-ih) , where h =1/ (n+1) .
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