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Abstract: In this paper, we study a new 

statistical distribution called the hybrid odd 

exponential-exponential distribution (HOE-E 

distribution for short) we the aim of applying it 

to real data sets. This new distribution appears 

as a sub-model of the larger HOEE-Φ family in 

(Mahdi et al., 2024). We explore many 

mathematical and statistical properties of this 

distribution such as the series expansion of the 

PDF, the quantile function, moments and their 

generating function, incomplete moments, the 

shape of the PDF, and the shape of the hazard 

rate function, order statistics, and parameter 

estimation using the maximum likelihood 

estimation. We use this distribution to model a 

plasma concentration data set. Moreover, this 

we show that the suggested HOE-E 

distribution outperformance many other 

distributions based on various statistical 

criteria like AIC, CAIC, BIC, HQIC, W, and 

A.   
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 التوزيع الهجين الفردي الأسي المزدوج: الخصائص والتطبيقات الاحصائية 
 

 منذرعبد الله خليل   غنام احمد مهدي

 جامعة تكريت  /علوم الحاسوب والرياضيات

 مستخلصال

توزيع   بدراسة  نقوم  البحث  هذا  المزدوج في  الفردي الأسي  الهجين  التوزيع  يسمى    احصائي جديد 

توزيع    HOE-E)توزيع   هو  التوزيع  هذا  حقيقية.  بيانات  مجاميع  على  تطبيقه  بهدف  للاختصار( 

نستكشف العديد من الخصائص الرياضية  .  (Mahdi et al., 2024)في  HOEE-Φ  جزئي من عائلة

مثل   التوزيع  لهذا  العزوم  والاحصائية  العزوم،  الكمية،  دالة  الاحتمالية،  الكثافة  دالة  سلسلة  توسيع 

وتقدير   المرتبة  والإحصاءات  الخطر،  معدل  دالة  وشكل  الاحتمالية،  الكثافة  دالة  شكل  الناقصة، 

الأقصى الاحتمال  تقدير  باستخدام  تركيز    .المعلمات  بيانات  مجموعة  لنمذجة  التوزيع  هذا  نستخدم 

المقترح يتفوق على العديد من التوزيعات   HOE-E البلازما. علاوة على ذلك، نظُهر أن التوزيع

 . A، وAIC   ،CAIC ،BIC  ،HQIC ،Wالأخرى بناءً على معايير إحصائية مختلفة مثل 

 . MLE، Entropies ،PDF  ،CDF، طريقة  HOE-Gعائلة  ت المفتاحية:الكلما

1. Introduction 

  Statistical distributions provide an organized framework for analyzing 

and understanding data in a range of fields, making them useful tools in daily 

life. Making informed decisions across a range of disciplines, such as 

sociology, epidemiology, and finance, is made easier when one is aware of 

the intrinsic variability in phenomena through the study of statistical 

distributions. A phenomenon that gained attention in recent years is to 

generate new distributions from old ones. Marshal et al., in (Marshall & 

Olkin, 1997) defined the MO-G family which is shown to be an excellent 

alternative to many existing distributions such as the exponential 

distribution, the gamma distribution, and the Weibull distribution. It is also 

quite common to use PDFs of certain distributions and use them to define 

extended versions of them. In particular, Cordeiro et al., in (Cordeiro et al., 

2013) defined the exponential-G family which is one of the most common 

families in recent years. Bourguignon et al., in (Bourguignon et al., 2014), 

exploited the Weibull distribution to generate the Weibull-G family which 

was extensively studied and found many applications in real-life situations. 

By using the truncation method, Abbasi et al., in (Abbasi et al., 2023) 

introduced the right truncated Xgamma-G family of distributions which 

extends the PDF of the Xgamma distribution. Alzaatreh et al., in (Alzaatreh 

et al., 2013), introduced a new method for generating new continuous 

distributions called the T-X transformer method. This method proved to be 
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a very efficient and easy tool for generating wide range of continuous 

families by using two different random variables T and X. Many other 

methods have been presented by many other researchers such as The 

Marshall-Olkin Topp Leone-G family in (Khaleel et al., 2020), the Gompertz 

inverse exponential distribution in (Oguntunde et al., 2018), the [0,1] 

Truncated Inverse Weibull-G family in (Khaleel et al., 2022), and the 

Transmuted Topp-Leone power function distribution in (Hassan et al., 

2021).  

  Let r(t) be a given PDF of a random variable T that takes values in 

the interval [a, b] where a and b are two real numbers. The T-X transformer 

method relies on a function W(F(X)) of the CDF of some other random 

variable X that satisfies the following conditions: 

A. 𝑊(𝐹(𝑥)) ∈ [𝑎, 𝑏]. 

B. 𝑊(𝐹(𝑥)) can be differentiated and is not decreasing monotonically. 

C. 𝑊(𝐹(𝑥)) approaches 𝑎 as 𝑥 approaches −∞ and it approaches 𝑏 as 𝑥 

approaches +∞. 

The CDF is then given by the formula: 

G(x) = ∫ r(t)
W(F(x))

a

 dt. (1) 

 

A simple differentiation with respect to x gives the PDF: 

g(x) = {
d

dx
W(F(x))} r{W(F(x))}. (2) 

 

In this paper, we use the PDF function of the exponential function in place 

of r(t) and set W(F(x)) to be the function: 

W(F(x)) =
F(x)

1 − F(x)
log

1

1 − F(x)
, (3)  

  and use them to generate a distribution called the hybrid odd 

exponential-exponential distribution (HOE-E distribution). This new 

distribution is shown to be a useful alternative to many other existing models. 

The rest of the paper is organized as follows: in section 2, we construct the 

HOE-E distribution using the method outlined before. Section 3 deals with 

many essential statistical and mathematical properties of this distribution. 

The method of maximum likelihood estimation is used in section 4 to 
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estimate the parameters of the HOE-E distribution. In section 5 we give a 

simulation study based on the Monte Carlo algorithm while in section 6 we 

give an application of the newly defined distribution. We conclude the paper 

in section 7.  

2. The Hybrid Odd Exponential-Exponential Distribution (HOE-E): In the 

previous section and as was discussed in (Mahdi et al., 2024), we gave an 

outline of the method we will use to generate our targeted model, and now 

we shall proceed with this goal. By substituting (𝑡 ∈ (0, ∞)): 

r(t) = λe−λt, (4) 

F(x) = 1 − e−θx, (5) 

and equation (3) in equation (1) we get: 

G(x, λ, θ) = ∫ λe−λt

1−e−θx 

e−θx log
1

e−θx

0

 dt. (6) 

By carrying out the integral we have the CDF of the HOE-E distribution: 

G(x, λ, θ) = 1 − exp {−λθx
1 − e−θx

e−θx
} , (7) 

and a differentiating with respect to x gives the PDF as: 

g(x, λ, θ) = λθ
1 + θx−e−θx

e−θx
exp {−λθx

1 − e−θx

e−θx
} , (8) 

  where x takes it values in the interval (0, ∞). We denote a random 

variable X with PDF given in equation (8) by X~HOE-E(λ, θ) which is a 

two-parameters distribution, where θ is a scaling parameter and λ is a shape 

parameter. We can easily find the survival function S(x, λ, θ) and the hazard 

rate function H(x, λ, θ) of the distribution and they take the form: 

S(x, λ, θ) = exp {−λθx
1 − e−θx

e−θx
} , (9) 

and 

H(x, λ, θ) = λθ
1 + θx−e−θx

e−θx
, (10) 
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Figure (1): Shapes of the CDF, the PDF, the survival function, and hazard 

rate function of the HOE-E(λ, θ) distribution. These figures were created 

by the authors using R program. 

respectively. Figure 1 shows a variety of plots of the CDF, PDF, survival, 

and hazard rate function of the HOE-E(λ, θ) distribution.  

3. Statistical and Mathematical Properties of the HOE-E Distribution: In 

this section, we will derive many statistical and mathematical properties of 

the HOE-E distribution. The most important derivation of this section is the 

series expansion of the PDF given in equation (8) which will make many 

other derivations easy.  

3-1. Series expansions of the PDF and CDF: Starting with equation (7), 

we can put it in the following form using the exponential expansion, 

(Merovci et al., 2016): 
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G(x, λ, θ) = 1 − ∑
(−1)n(λθ)n

n!
xnenθx

∞

n=0

(1 − e−θx)
n

. (11) 

 

Using the generalized Newton expansion, we get: 

G(x, λ, θ) = ∑
(−1)n+1(λθ)n

n!
xnenθx

∞

n=1

∑ (
n

m
)

∞

m=0

e−mθx, (12) 

Therefore, the CDF expansion reduces to: 

G(x, λ, θ) = ∑ ∑ Tm,nxne−(m−n)θx

∞

n=1

∞

m=0

, (13) 

where, 

Tm,n =
(−1)n+1(λθ)n

n!
(

n

m
). 

  Now, if we take the derivative of equation (13) with respect to 𝑥, we 

get the PDF function as: 

𝑔(𝑥, 𝜆, 𝜃) = ∑ ∑ 𝑇𝑚,𝑛[(𝑛 − 𝑚)𝑥𝑛 + 𝑛𝑥𝑛−1]𝑒−(𝑚−𝑛)𝜃𝑥

∞

𝑛=1

∞

𝑚=0

. (14) 

  As was mentioned earlier, equation (14) will be utilized many times 

to derive many other properties of interest. In particular, we will prove later 

that the moments of the HOE-E can be calculated using equation (14) and 

they are given by a mixing of gamma functions. 

3-2. The quantile function: The quantile function 𝑄(𝑢) of the HOE-E 

distribution can be found by solving for 𝑥 in the following equation, 

(Oguntunde et al., 2019): 

1 − 𝑒𝑥𝑝 {−𝜆𝜃𝑥
1 − 𝑒−𝜃𝑥

𝑒−𝜃𝑥
} = 𝑢 . (15) 

After a few algebraic manipulations, we get: 

𝑒𝜃𝑥
𝑥

𝑥 + 𝜅
= 1, 

where, 𝜅 =
1

𝜆𝜃
𝑙𝑜𝑔

1

1−𝑢
. Using Theorem 3 of (Mező & Baricz, 2017), we get 

the quantile function as: 

𝑄(𝑢) =
1

𝜃
𝑊−1(𝜃𝜅).  (16) 
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This equation can be used for theoretical purposes such as finding the mode 

or can be used in applications to formulate simulation studies. 

3-3. Moments and moments generating function: The moments of a 

random variable 𝑋 play a pivotal role in statistics theory. The moment 𝜇𝑝 of 

order 𝑝 can be found by the formula, (Al-Noor et al., 2022): 

𝜇𝑝 = 𝐸(𝑋𝑝) 

For our distribution, if we substitute equation (14) in the formula above, we 

get: 

𝜇𝑝 = ∫ 𝑥𝑝 ∑ ∑ 𝑇𝑚,𝑛[(𝑛 − 𝑚)𝑥𝑛 + 𝑛𝑥𝑛−1]𝑒−(𝑚−𝑛)𝜃𝑥

∞

𝑛=1

∞

𝑚=0

∞

0

 

= ∑ ∑ 𝑇𝑚,𝑛 ∫ (𝑛 − 𝑚)𝑥𝑛+𝑝𝑒−(𝑚−𝑛)𝜃𝑥 + 𝑛𝑥𝑛+𝑝−1𝑒−(𝑚−𝑛)𝜃𝑥𝑑𝑥.
∞

0

∞

𝑛=1

∞

𝑚=0

 

By using the change of variables, 𝑦 = −(𝑚 − 𝑛)𝜃𝑥, we end up with: 

𝜇𝑝 = ∑ ∑ 𝑇𝑚,𝑛

∞

𝑛=1

∞

𝑚=0
∫

1

(𝑛 − 𝑚)𝑛+𝑝𝜃𝑛+𝑝+1

∞

0

𝑦𝑛+𝑝𝑒−𝑦

+
𝑛

(𝑛 − 𝑚)𝑛+𝑝𝜃𝑛+𝑝
𝑦𝑛+𝑝−1𝑒−𝑦𝑑𝑦 

= ∑ ∑ 𝑇𝑚,𝑛

∞

𝑛=1

∞

𝑚=0
[

𝛤(𝑛 + 𝑝 + 1)

(𝑛 − 𝑚)𝑛+𝑝𝜃𝑛+𝑝+1
+

𝑛𝛤(𝑛 + 𝑝)

(𝑛 − 𝑚)𝑛+𝑝𝜃𝑛+𝑝
] ,  (17) 

We can find the first and second moments as: 

𝜇1 = ∑ ∑ 𝑇𝑚,𝑛

∞

𝑛=1

∞

𝑚=0
[

𝛤(𝑛 + 2)

(𝑛 − 𝑚)𝑛+1𝜃𝑛+2
+

𝑛𝛤(𝑛 + 1)

(𝑛 − 𝑚)𝑛+1𝜃𝑛+1
] , (18) 

and 

𝜇2 = ∑ ∑ 𝑇𝑚,𝑛

∞

𝑛=1

∞

𝑚=0
[

𝛤(𝑛 + 3)

(𝑛 − 𝑚)𝑛+2𝜃𝑛+3
+

𝑛𝛤(𝑛 + 2)

(𝑛 − 𝑚)𝑛+2𝜃𝑛+2
] , (19) 

so the variance is given by 
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𝑉𝑎𝑟(𝑋) = 𝜇2 − 𝜇1
2

= ∑ ∑ 𝑇𝑚,𝑛

∞

𝑛=1

∞

𝑚=0
[

𝛤(𝑛 + 3)

(𝑛 − 𝑚)𝑛+2𝜃𝑛+3
+

𝑛𝛤(𝑛 + 2)

(𝑛 − 𝑚)𝑛+2𝜃𝑛+2
]

− {∑ ∑ 𝑇𝑚,𝑛

∞

𝑛=1

∞

𝑚=0
[

𝛤(𝑛 + 3)

(𝑛 − 𝑚)𝑛+2𝜃𝑛+3

+
𝑛𝛤(𝑛 + 2)

(𝑛 − 𝑚)𝑛+2𝜃𝑛+2
]}

2

(20) 

  The moment generating function 𝑀𝑋(𝑡) of a random variable 𝑋 is, by 

definition, given by: 

𝑀𝑋(𝑡) = 𝐸(𝑒𝑡𝑋) 

  To find this function for our model, we substitute equation (14) in the 

formula above to get: 

𝑀𝑋(𝑡) = ∫ 𝑒𝑡𝑥 ∑ ∑ 𝑇𝑚,𝑛[(𝑛 − 𝑚)𝑥𝑛 + 𝑛𝑥𝑛−1]𝑒−(𝑚−𝑛)𝜃𝑥

∞

𝑛=1

∞

𝑚=0

.
∞

0

 

This last equation simplifies to: 

𝑀𝑋(𝑡) = ∑ ∑ 𝑇𝑚,𝑛 ∫ (𝑛 − 𝑚)𝑥𝑛𝑒−[(𝑚−𝑛)−𝑡]𝜃𝑥
∞

0

∞

𝑛=1

∞

𝑚=0

+ 𝑛𝑥𝑛−1𝑒−[(𝑚−𝑛)−𝑡]𝜃𝑥𝑑𝑥. 

Changing the variable of integration to 𝑦 = [(𝑚 − 𝑛) − 𝑡]𝜃𝑥, we can put it 

in the form: 

𝑀𝑋(𝑡) = ∑ ∑ 𝑇𝑚,𝑛

∞

𝑛=1

∞

𝑚=0
∫

(𝑛 − 𝑚)

(𝑚 − 𝑛 − 𝑡)𝑛+1𝜃𝑛+1
𝑦𝑛𝑒−𝑦

∞

0

+
𝑛

(𝑚 − 𝑛 − 𝑡)𝑛𝜃𝑛
𝑦𝑛−1𝑒−𝑦𝑑𝑦 

= ∑ ∑ 𝑇𝑚,𝑛

∞

𝑛=1

∞

𝑚=0
[

(𝑛 − 𝑚)𝛤(𝑛 + 1)

(𝑚 − 𝑛 − 𝑡)𝑛+1𝜃𝑛+1
+

𝑛𝛤(𝑛)

(𝑚 − 𝑛 − 𝑡)𝑛𝜃𝑛
] . (21) 

 

3-4 The incomplete moments: For a random variable 𝑋 the incomplete 

moment of order 𝑝 is denoted by 𝑚𝑝(𝜔) and computed via the formula, 

(Khaleel et al., 2017): 
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𝑚𝑝(𝜔) = ∫ 𝑥𝑝𝑓(𝑥)𝑑𝑥
𝑤

−∞

, 

where, 𝑓(𝑥) is the PDF function of 𝑋. Substituting equation (14) in the 

formula above and using the change of variable 𝑦 = −(𝑚 − 𝑛)𝜃𝑥, we get: 

𝑚𝑝(𝜔) = ∑ ∑ 𝑇𝑚,𝑛

∞

𝑛=1

∞

𝑚=0
∫

1

(𝑛 − 𝑚)𝑛+𝑝𝜃𝑛+𝑝+1

(𝑛−𝑚)𝜃𝜔

0

𝑦𝑛+𝑝𝑒−𝑦

+
𝑛

(𝑛 − 𝑚)𝑛+𝑝𝜃𝑛+𝑝
𝑦𝑛+𝑝−1𝑒−𝑦𝑑𝑦 

= ∑ ∑ 𝑇𝑚,𝑛

∞

𝑛=1

∞

𝑚=0
[
𝛾(𝑛 + 𝑝 + 1, (𝑛 − 𝑚)𝜃𝜔)

(𝑛 − 𝑚)𝑛+𝑝𝜃𝑛+𝑝+1
+

𝑛𝛾(𝑛 + 𝑝, (𝑛 − 𝑚)𝜃𝜔)

(𝑛 − 𝑚)𝑛+𝑝𝜃𝑛+𝑝
] , (22) 

where, 𝛾(𝑠, 𝑡) is the lower incomplete gamma function. 

 

3-5 Shapes of PDF and hazard rate function: We can study the shape of 

the PDF and the hazard rate function of the HOE-E distribution by studying 

the first derivatives of these functions. The derivative of the PDF function is 

given by, (Ahmed et al., 2021): 
𝑑

𝑑𝑥
𝑔(𝑥, 𝜆, 𝜃) = [(𝑒𝜃𝑥 + 𝜃𝑥𝑒𝜃𝑥 − 1)(𝜃𝑒𝜃𝑥 − 𝜆𝜃2𝑥𝑒𝜃𝑥 − 𝜆𝜃𝑒𝜃𝑥) +

(2𝜃𝑒𝜃𝑥 + 𝜃2𝑥𝑒𝜃𝑥)]𝜆𝜃 𝑒−𝜆𝜃𝑥(𝑒𝜃𝑥−1), 

Therefore, the critical points of the PDF are the roots of the equation: 

(𝑒𝜃𝑥 + 𝜃𝑥𝑒𝜃𝑥 − 1)(𝜃𝑒𝜃𝑥 − 𝜆𝜃2𝑥𝑒𝜃𝑥 − 𝜆𝜃𝑒𝜃𝑥) + (2𝜃𝑒𝜃𝑥 + 𝜃2𝑥𝑒𝜃𝑥) = 0. (23) 

 

   If 𝑥0 is a root of this equation, then it is a local minimum if the function 

is decreasing for 𝑥 < 𝑥0 and increasing for 𝑥 > 𝑥0, while it is a local 

maximum if the function is decreasing for 𝑥 > 𝑥0 and increasing for 𝑥 < 𝑥0. 

The first derivative of the hazard rate function takes the simple form: 

𝑑

𝑑𝑥
𝐻(𝑥, 𝜆, 𝜃) = (2𝜆𝜃2 + 𝜆𝜃3𝑥)𝑒𝜃𝑥, 

  which is evidently always increasing for 𝑥 > 0 as was suggested in 

Figure 1. It is worth mentioning that the root of equation (23) can only be 

approximated by some suitable numerical method. 

3-6. Order statistics: A statistical sample's 𝑟th order statistic is equal to its 

𝑟th-smallest value which is one of the most essential techniques in non-

parametric statistics and inference, along with rank statistics. 
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Let 𝑋1, 𝑋2, … , 𝑋𝑛 be a random sample taken from some random variable 𝑋. 

The CDF function of the 𝑟th random variable is given by, (Al Abbasi et al., 

2019): 

𝐹𝑟(𝑥) = ∑ (
𝑛

𝑗
)

𝑛

𝑗=𝑟

[𝐹(𝑥)]𝑗[1 − 𝐹(𝑥)]𝑛−𝑗 , 

and the corresponding PDF function is: 

𝑓𝑟(𝑥) =
𝑛!

(𝑟 − 1)! (𝑛 − 𝑟)!
𝑓(𝑥)[𝐹(𝑥)]𝑟−1[1 − 𝐹(𝑥)]𝑛−𝑟 , 

where, 𝐹(𝑥) and 𝑓(𝑥) are the CDF and PDF of the random variable 𝑋. In 

our case, the CDF function of the 𝑟th random variable is: 

𝐹𝑟(𝑥) = ∑ (
𝑛

𝑗
) [1

𝑛

𝑗=𝑟

− 𝑒𝑥𝑝 {−𝜆𝜃𝑥
1 − 𝑒−𝜃𝑥

𝑒−𝜃𝑥
}]

𝑗

𝑒𝑥𝑝 {−𝜆𝜃(𝑛

− 𝑗)𝑥
1 − 𝑒−𝜃𝑥

𝑒−𝜃𝑥
} , (24) 

 

and, the PDF function becomes: 

𝑓𝑟(𝑥) =
𝑛!

(𝑟 − 1)! (𝑛 − 𝑟)!
𝜆𝜃

1 + 𝜃𝑥−𝑒−𝜃𝑥

𝑒−𝜃𝑥
[1

− 𝑒𝑥𝑝 {−𝜆𝜃𝑥
1 − 𝑒−𝜃𝑥

𝑒−𝜃𝑥
}]

𝑟−1

× 𝑒𝑥𝑝 {−𝜆𝜃(𝑛 − 𝑟 + 1)𝑥
1 − 𝑒−𝜃𝑥

𝑒−𝜃𝑥
}.                   (25) 

4. Parameters estimation: Here, we will derive the expressions for the 

maximum likelihood estimators for the distribution under consecration. Let 

𝑋1, 𝑋2, … , 𝑋𝑛 be a random sample of size 𝑛, taken from the HOE-E 

distribution. The log-likelihood function of the HOE-E distribution is, 

(Hassan et al., 2021): 

ln(λ, θ) = n log λ

+ n log θ + ∑ log(eθxj + θxje
θxj − 1) − λθ ∑ xj(eθxj − 1).

n

j=1

n

j=1
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We can find the partial derivatives of this last equation as: 

∂

∂λ
ln(λ, θ) =

n

λ
− θ ∑ xj(eθxj − 1),

n

j=1

(26) 

and 

∂

∂θ
ln(λ, θ) =

n

θ
+ ∑

(2xj + θxj
2)eθxj

eθxj + θxje
θxj − 1

n

j=1

− λ ∑((θxj
2 + xj)eθxj − xj)

n

j=1

. (27) 

  By setting these two equations equal to zero and solving the resulting 

system, we obtain the maximum likelihood estimator for the HOE-E 

distribution. Note that these two equations are highly non-linear and thus 

they require a numerical method to find their roots. 

5. Simulation study: This section uses a Monte Carlo simulation process under 

the square error loss function to estimate the parameters of the HOE-E 

distribution using the MLE method and the R programming language. Using 

HOE-E data, 3,000 random samples are created for Monte-Carlo 

experiments, where 𝑥 represents the HOE-E lifespan for a range of real 

parameter values and sample sizes 𝑛 as (30,50,100,200). The best estimating 

techniques reduce the root mean square error (RMSE) and bias of the 

estimators. The MLE method's simulation results are compiled in Tables 1 

and 2. We quantify the accuracy of these guesses using the Mean, the RMSE, 

and the bias. These tables demonstrate that when we raise the sample size 𝑛, 

we get better results. We also see that bias and RMSE are both exactly zero 

for a certain set of parameter selections. The parameters Means has no clear 

behaviors. 

6. Applications: In this section, we will give an application of the HOE-E 

distribution on a real-life data set. The criteria used to judge the efficiency 

of the models are the Akaike information criterion (AIC), the Corrected 

Akaike information criterion (CAIC), the Bayesian information criteria 

(BIC), the Hannan-Quinn information criterion (HQIC), the Cramer-von 

Mises statistic (W) and the Anderson-Darling statistic (A).   
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Table (1): MLE estimation for the parameters of the HOE-E distribution 

using a Monte Carlo method with θ = 2.5. 

 
Source: This table was created by the authors using R program. 
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Table (2): MLE estimation for the parameters of the HOE-E distribution 

using a Monte Carlo method with θ = 1.1. 

 
Source: This table was created by the authors using R program. 

The data set used here is the plasma concentration data from pediatric studies 

used previously in (Kindblom et al., 2009). The data set reads: 

1.50, 0.94, 0.78, 0.48, 0.37, 0.19, 0.12, 0.11, 0.08, 0.07, 0.05, 2.03, 1.63, 

0.71, 0.70, 0.64, 0.36, 0.32, 0.20, 0.25, 0.12, 0.08, 2.72, 1.49, 1.16, 0.80, 

0.80, 0.39, 0.22, 0.12, 0.11, 0.08, 0.08, 1.85, 1.39, 1.02, 0.89, 0.59, 0.40, 

0.16, 0.11, 0.10, 0.07, 0.07, 2.05, 1.04, 0.81, 0.39, 0.30, 0.23, 0.13, 0.11, 

0.08, 0.10, 0.06, 2.31, 1.44, 1.03, 0.84, 0.64, 0.42, 0.24, 0.17, 0.13, 0.10, 

0.09. We compare the performance of the HOE-E with other distributions 

Like: the [0, 1] truncated exponentiated exponential exponential distribution 
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([0, 1] TEEE) (Ismael, 2021,), the Beta exponential distribution (BeE) 

(Nadarajah & Kotz, 2006). Kumaraswamy exponential distribution (KuE) 

(Cordeiro & de Castro, 2011), Exponentiated Generalized exponential 

distribution (EGE) (Okagbue et. al., 2017). Weibull exponential distribution 

(WeE) (Bourguignon et. al., 2014), Gompertz exponential distribution (GoE) 

(Bashir & QURESHİ, 2022), Marshal Olkin exponential distribution (MOE) 

(Marshall & Olkin, 1997), and the exponential distribution (E).  

The results are summarized in Table 3 below. The first row in this table 

confirms that the HOE-E distribution has the smallest values for all measures 

used in the study, hence our model is considered the best choice in this 

situation. Figure 2 also demonstrates various analysis aspects of this study. 

Table (3): The performance of the HOE-E distribution compared to the 

other models for the plasma concentration data set. 

Distributions Estimates AIC CAIC BIC HQIC W A 

HOE-E 
λ =0.1004 

θ =17.0351 
59.44 59.63 63.82 61.17 0.19 1.26 

[0, 1] TEEE 

λ =1.8411 

θ =1.3102 

γ =1.2759 

65.96 66.34 72.52 68.55 0.23 1.49 

BeE 

λ =0.9783 

θ =2.2557 

γ =0.7357 

68.73 69.12 75.30 71.33 0.25 1.62 

KuE 

λ =0.9557 

θ =5.8691 

γ =0.2664 

68.59 68.98 75.16 71.19 0.25 1.61 

EGE 

λ =1.3555 

θ =0.9836 

γ =1.2331 

68.74 69.13 75.31 71.34 0.25 1.62 

WeE 

λ =0.9546 

θ =0.0531 

γ =0.0918 

68.51 68.89 75.08 71.10 0.25 1.60 

GoE 

λ =1.7152 

θ =0.1144 

γ =1.0608 

68.46 68.85 75.03 71.06 0.25 1.60 

MOE 
λ =0.5919 

θ =1.2949 
65.16 65.35 69.54 66.89 0.23 1.50 

E λ =1.6897 64.75 64.82 66.94 65.62 0.25 1.62 

Source: This table was created by the authors using R program.  
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Figure (1): The empirical histogram, the empirical CDF, the P-P plot, and the 

expected of the HOE-E distribution for the plasma concentration data set. 

Source: These figures were created by the authors using R program. 

7. Conclusions: The study examines a new distribution called the hybrid odd 

exponential-exponential distribution or HOE-E for short. It studies various 

statistical and mathematical properties of this new distribution such as series 

expansion, quantile function, moments and their generating function, 

incomplete moments, and order statistics. It uses the maximum likelihood 

method to estimate the parameters of the new model and includes a 

simulation study of this estimators as well. An application of the HOE-E 

distribution on a data set from the health sector reveals its superiority over 

many other distributions.  
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