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Abstract

In this paper, a technique of a piecewise-uniform meshes formed on an improvement
finite difference algorithm for finding derivatives of functions. The purpose was to overcome
difficulties which face numerical derivatives of functions with stiff formula, the main idea is
that the formula includes some terms that can lead to rapid variation in the graph of the
functions, which have recently been named singular layers in numerical analysis. The
fundamental numerical difficulty is related to non-physical oscillations of the solution
(instability) when the formula of the function dominates over the formula of its derivatives,
this is a characteristic of many fluid flow problems. The use of Shishkin mesh to find
derivatives of arbitrary degree and order is the novelty of this paper. The method was applied
to find derivatives of some examples until third order and the results were compared with a

previous study, mentioned in the paper, to derive the functions numerically.

Keywords: Piecewise Uniform Mesh, Boundary and Interior Singular Layers, Shishkin

Mesh, Finite Difference Method, Numerical Differentiation.
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1. Introduction

Functions are known to be Stiff fy(x), if 1 <W < oo, Its derivatives reach a certain

order of p that depends on the softness of the data can be limited by:
|F® )| < C[1 +Wke™#],k = 0,1, ..., p,x € [0,1] (1)

Where C and p indicates a general positive constant independent of ¥ and the number of

mesh points used. Kellogg and Tsan proved these estimates [1].

Recently, Shishkin showed that the regular and singular components of f can be

separated: f have a representation of f = E + S, where
|[E® ()| < Cand [SP(x)| < C¥*e ¥,k =0,1,..,p,x € [0,1], )

This Shishkin decomposition has played a major role in finite difference analysis and
finite component methods on the meshes of Shishkin and other adaptive layer meshes in
recent years. It was generally thought that decomposition (2) was necessary to demonstrate a
uniform convergence of standard numerical methods on the meshes of the adapted layer. It
should be noted that (1) and (2) are equivalent[2]. Prandtl originally introduced the term
boundary layer in 1904 [3]. It is often easier to locate the boundary layer, it will be found
analytically or by plotting the graph of the function, to illustrate this we consider a typical
boundary layer function e~*¢ obviously this boundary layer is the one that fall at the
boundary layer x = 0 as in Prob.4- Fig. 2. We define the arithmetic representation of the
boundary layer as follows: because of the function of the boundary layer S(x) and the
separate measurement function g(N) so that g(N) — 0 as N — oo, then the arithmetic width w
of the boundary layer corresponding to the boundary function S(x) for g(N) is the smallest w

value that we have

supl|f(x)| < g(N). (3)
x=W

If the domain of the exact solution of a problem involving stiff parameter indicated by Q
then the domain of numerical solutions is denoted by QN and satisfies QN € O where N is the

discretization parameter of the numerical method [4]. In the one dimensions, the simplest
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meshes are a uniform mesh QN = {x;}}, with N + 1 spaced grid points x;,; — x; = % for all i.

But with this mesh none of the mesh points will be inside the boundary layer, unless if N > ¥
(i.e. when N < W layer width w < h). Piecewise is a unified mesh installed on the boundary
layer, consisting of two uniform meshes: a denser fine mesh is for the boundary layer and a
coarse mesh is outside the boundary layer. The location of the shift point between the fine and
the coarse mesh is the function of the stiffness parameter W and a parameter of the
discretization N. The correct distribution of the grid points is to obtain an equal or comparable
number of mesh points in the fine and the coarse meshes [4]. A numerical comparison
between Shishkin Mesh (S-Mesh) and classic Uniform Mesh (U-Mesh) will be presented, on

same certain finite difference operator, in section (8).

2. Epsilon-Uniform Convergent
Consider the family of mathematical problems parameterized by a singular perturbation
parameter 1/W¥, where 1/W lies in the semi-open interval 0 < 1/W < 1. Suppose that each
family problem has a unique solution denoted by fy, and that fy approaches a sequence of
numerical solutions {Fy, QN}X_,, Where Fy is defined on QN and N is a discretization
parameter. It is then said that numerical solutions Fy converge Epsilon- uniformly with the
correct solution fy, if there is a positive integer N, positive numbers C and p where Ny, C,
and p are independent of N and ¥, so that for all N > N,
sup [[Fy — fllgy < CNP. @)

1=sW¥<oo

Pis called the Epsilon-uniform rate of convergence and C is called Epsilon-uniform
constant error. The definition above can be interpreted as follows, If the numerical method is
Epsilon-uniform, for all values of 1 < ¥ < oo, however small, the pointwise error at the mesh
points is never greater than CN~P for all N > N, values. Note that since C,p and N, are

independent of W, it follows that the upper error limit is independent of W [5].

3. Maximum Absolute VValue Norm

The norm comes with boundary layer functions that do not involve averages namely L, or

the maximum norm defined by ||f ||, and it also follows this arithmetic law:

Iflleo = max |f (Ol (5)
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The maximum absolute value norm is the only appropriate criterion for studying the
phenomena of the boundary layer; this is because differences between distinct functions are
detected, no matter how much W [6]. The choice of the maximum error measurement rule is
due to the need to measure the error in the very small ranges in which the boundary or interior
layers occur. Other parameters, such as the root average square, include error means, which
slow down rapid changes in solutions and thus fail to capture the local behavior of error in

these layers. To be sure, these assertions are valid, for example, the function of the boundary

layere™** and e~V¥* on 2, where 2 = (0,1). Also known as L,- Norm, uniform norm,

max norm, or infinity norm defined as maximum absolute values of its components [6]:

1Ml = max{lv;l:i =1,2,..,n} (6)

4. Shishkin Mesh

In particular, this area of numerical analysis has been strengthened by the contributions of
Russian mathematician Grigorii lvanovich Shishkin. We will describe the construction of
Shishkin's formations and analyze the Shishkin solution, and we also aim to highlight the
mainstream approach of Shishkin, which is evident from the wide range of problems that
Shishkin has applied his methodology. The Shishkin mesh is a uniform mesh of piecewise.
What distinguishes the Shishkin network from any other uniform piecewise mesh is the
selection of so-called mesh transition parameter(s), which is the point at which the mesh scale

changes abruptly [7].

5. The modest composition of one dimension piecewise uniform mesh
The resulting piecewise uniform meshes blow, depends only on one parameter . We will

denote, the Piecewise uniform meshes with N mesh elements and one parameter z, by QY:

1- A single Boundary Layer Mesh:

A simple example of a piecewise uniform mesh is constructed on the interval Q = (0,1),
as follows; Select a point t satisfactory 0 < 7 < % and assume that N = 2", for some r > 2.

The point 1 is called a mesh transition point which divides Q into two subintervals the fine
one is (0,7) and the coarse one is (t, 1) if the boundary layer is close to zero but the coarse

one is (0,1 — 1) and the fine one is (1 —1,1) if the boundary layer close to one. The
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corresponding piecewise uniform mesh is constructed by dividing both (0,7) and (z,1) or
(0,1 —7)and (1 —1,1) into % equal subintervals and it becomes uniform when t = % ,as in

Fig. 1 (aand b).

2- Couple Boundary Layers Meshes:
The following piecewise uniform fitted mesh is constructed if the boundary layer located
at both boundary points x = 0 and x = 1, the fine mesh must be in the neighborhood of each

of these points. Thus, two transition points exit and three subintervals are needed. The
simplest construct is to choose T achieving 0 < t S% and determine the mesh transition
points at 7 and 1 — 7. Assuming that N = 3", withr > 2, the intervals (0,7), (t,1 — 1) and
(1 —1,1) each is divided into % equal mesh elements and it becomes uniform when t = g as

in Fig. 1 (c).

3- Interior Layer:

As well as in the case of the boundary layer settled at the midpoint x = % of the interval
domain Q = (0,1), the fine mesh must be in the neighborhood of x = % Thus, two transition
points exit and three uniform pieces are needed. The simplest construct is to choose t
achieving0 < 7 < % and determine the transition points at % and % Assuming that N =

4", withr > 1, the coarse intervals (0, %) and (%,1) are divided into % equal mesh

1-7 1+t

elements, and the fine subinterval ) divided into% equal mesh elements, and it

becomes uniform when t = %. The resulting piecewise uniform mesh, illustrated in Fig.(1) (d)

[6-9].
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11 1| | | 1 I
0 T 1

(a) Piecewise uniform meshes 0% with single boundary layer close to zero.

I | 1 1 L1 1]
0 . 1-t 1
(b) Piecewise uniform mesh 02 with single boundary layer close to one.

0 T _ l—-7 1
(c) Piecewise uniform meshes Q2 with couple boundary layers close to zero and one.

| | Illl | |

0 l1—-% l+t 1
2 2
(d) Piecewice uniform mesh Q2 with single interior layer close to 0.5.

Fig. 1: One Dimension Piecewise Uniform Mesh.

6. On the accuracy of the proposed difference schemes (HMG)

The difference schemes we use are algorithm for numerical differentiation presented by
H.Z.Hassan, et al [10] of discrete functions. The algorithm provided is suitable for calculating
derivatives of any degree with an arbitrary order of precision on the prior domain of
functions. The algorithm provided avoids the work of the initial difference and, in fact, more
convenient than the use of specific differential formulas tab defined difference formulas,
especially when derivatives are required with high roughness properties. Moreover, special
terms schemes. The solution of normal differential equations with restrict interval value and
partial differential equations with high numerical precision can be solved by implement the
difference schemes. The numerical technique is based on an undetermined coefficient method
in conjunction with Taylor's expansion. To avoid the difficulty of solving a system of linear
equations, an explicit closed-form equation for the weighting coefficients is derived in terms
of the elementary symmetric functions. This is done using an explicit closed formula for
inverse of Vandermonde matrix. Furthermore, the difference scheme code is designed to give
a uniform approximation order across a given domain. Suppose that x,x,,...,x, are n
different real numbers and x; < x, <...<x,. Let f to be a continuous differentiable
function in the interval [x4, x,,]Jand its values be given at these numbers. Then, for any one x;
the function value will be denoted as f; Moreover, for an equal tabular interval for the
function f , the uniform mesh step size will be denoted by h where h = x;,; — x; and

xi =x;+ (i—0Dh (for h = 0 and i, [ will be denoted as an integer everywhere). Using the
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method of undetermined coefficients, it can be derived mth-degree at the base point i

approximated to the order of accuracy O by using a stencil with n = m + O points as follows:

ﬁ-(m,O):ZCu(m,O). foi=123..n 7
=0

where the n unknown factors, C;,(m, 0), are the weighting coefficients for the derivative.
The values of the function f at all other nodes [ # i can be expressed as Taylor series in terms

of the reference point i as given in equation (2):

= (1-10) 1-0)? , o A-0°
fl z hkf(k) — f(O) T hf;(l) T hZf( ) T h3f(3)

(1—1)

— hnf(n) .. (8)

Substituting into Eq. (7) we get

_ N2 — 13

f:(m, 0) _chl(m 0)=f+ - )hﬁ + 4 2_) h2f, +%h3ﬁ(3)+~--
(1 —i)n-D - 1f(n y, =07 (=" h"f(n) ‘ 9)

(n—1)! n!
This can be rearranged to take the following form:
fi(m,0) = f; [Z Coa(m, 0)| + fi 37 [Z Ciu(m, 0). (1~ i)]

hz l=n
+f, ?[; Ciu(m, 0). (1 — i)?
(n—l) (n 1)

+f, CEET [Z C;i(m,0).(1— )™V + E;(m,0) (10)

The term E;(m, O) in the previous equation represents the remainder or error term in the

approximation of fi(m, O). Eq. (10) can be rewritten in a more compact form as follows:

L
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fi(m,0) = z [f(g K 1)'Z(Cl,(m 0).(1- WD)

+E;(m,0) (11)

Eq. (11) represents the exact value of themth derivative of the function at i. An
approximated value up to the order of accuracy of O can be obtained by neglecting the
remainder term E;(m, O). Therefore, we can write

g=n

l=n
. hl-D
£,(m, 0) ~ Z £ 1)—'Z(Ci'l(m’0)' 1-0D9)|,g=123,..n (12)
— (g - DI

We equate the coefficient of any degree derivative from the right-hand side to the
corresponding coefficient of the same degree derivative from the left-hand side. Hence, a
system of n linear equations in the unknown weighting coefficients can be represented by the

following equation:

b % Z[(cmm 0).(1-D¥ )], g=123,. (13)

Where

_{0 ifgm+1
9 lifg=m+1.

Therefore,

Og—123 snandg #m+1

Z[(Cu(m 0).(1—HW-V)] =

(14)

_m g=—m + 1.
Then equation (14) represented in matrix form, transpose of the Vandermonde matrix
V;(m, 0) used, the Vandermonde matrix inverse V;”*(m, O) expressed in a closed form, and
using El-Mikkawy explicit closed form expression for the inverse matrix of the generalized

Vandermonde matrix by using the elementary symmetric functions [10].

7. Algorithm

1- Determine the singular layer width (w) and find its location analytically or by

plotting as in Fig. 2, then the transition point parameter t is:
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T = min{o, w} (15)
2- Generate the piecewise uniform meshes of type Shishkin mesh (S-mesh) 2¥ so that it

fits with the locations in step (1), as follows:

Location (a): If the boundary layer lies at the beginning point x = 0 of 2 = (0,1) then the

piecewise uniform mesh is as follows:
DN — ayN
"QT - {xi i=1

With mesh points:

(2(i—1) 19 N
a ! N Tyl - ] )"-12 (16)
X =
o 2(i-7) N N
kxﬁ//z +T(1 —1),i= §+ 1,§+ 2,,..,N
Where 7 value from equation (15), such that o = % and w constant value depends on the
problem.

Location (b): If the Boundary layer lies at the end point x = 10of 2 = (0,1) then the

piecewise uniform mesh is as follows:

I ={xib £V=1 (17)

With mesh points:

2(i—1 N
( )( —T) i=1,2,...,5
b
xb = 18
‘ . 2= N N 18
kxN/2+ N T,L=E+1,E+2,,...,N
Where 7 value from equation (15), such that o = % and w constant value depends on the
problem.

Location (c): If the boundary layer lies at both the beginning point x = 0 and the end point

x =1of N =(01) then the piecewise uniform mesh IS as
follows: QY =
{xf L, (19)
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With mesh points:

( 3(-—-1 N
(N )T, i=1,2,...,§
N
c 3(i—— N N 2N
Xy _<x§/3+¥(1—2ﬂ,i=§+ 1,§+2,...,? (20)
c 3(i—=1) =~ 2N 2N
L x2N/3+—N T,l:?'f'l,?'*'z,...,]v

where t value from equation (15), such that o = % and w constant value depends on the

problem.

Location (d): If the interior layer lies at the midpoint x =% of 2 = (0,1) then the piecewise

uniform mesh is as follows:

-Qév = {xid ?’:1 (21)

With mesh points:

(2(i — 1 N
(N )(1—’1'),1.:1,2,...,2
N
2\i—7 N N 3N
xid:<X5/4+¥Li=z+1,z+2,...,7 (22)
. 3N
4 2(1—7)(1—1), 3N 3N
kx3N/4+ N ,l=T+1,T+2,...,N

[4], [6], and [11].

8. Numerical results and Conclusion

In this section four numerical examples presented and plotted in fig. 2 to illustrate the
theoretical results. The test problems below are Stiff functions in forms fy(x), x € Q, 1<K
Y < oo, Q is the domain, ¥ is the stiff parameter, w is a layer width, and a (¢ = 1) is

arbitrary scalar :

1- fe(x)=e*+e¥*, xeQ=[01],w = %ln ¥[10]
2- fylx) = L X€EQ=[-11], w= \/%ln'lf

3- fw(x) = cosmx + eVFED 4 oVt

1+¥x
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€0 =[-11] ? nw
X = |—-L1l|,w =—I1n
VI
4- fe(x)=eV¥* xeQ=[01],w = %mw [12], [13]
3% 10*Problem (1), Psi=100 i problem (2), Psi=100 prablem (3), Psi=1000 problem (4), Psi=10000
A N | =
2 : i i s |
| |
1S : | |
1 ! | ! |
| |
% 05 1 1 05 0 los 1 ' 05

Fig. 2: Matlab plots of Test Problem Functions, these sharper bounds (S) identify both the
location and the scale of the layers.

Numerical comparisons between the maximum errors of the HMG-algorithm [10] on
Shishkin Mesh (S-Mesh) vs the maximum errors of HMG-algorithm on Uniform Mesh
presented, the MATLAB computer program are used. The data and results are presented
through the Tables (2),( 3), (4), and (5) each table contains maximum error of 1%, 2" and 3"
of approximation derivatives of the four test functions with their corresponding exact
solutions, i.e. each table contains the numerical data of three of the Figs.. The results of the
work are presented through a set of tables; in addition, it is represented by a set of Figs.. In
order to further clarify the image of the work, Table 1 was provided for describe each of the
test problems, details of the data, the size of the solutions, and to illustrate the figures and

other tables.

Table 1: Description of test problems and numerical applications.

i [ ] e | ol
1 2 | 3to4(a) | boundary | Lower |10 | aln¥/¥ | £V, f3 & | 120
2 3 | 4(b)to5 | interior | center [10°| qIn¥/¥ q(}), \I(JZ), q(,3) 120
3 4 | 6to7(a) | boundary | upper | 102 aln®/NE | £, (52 8| 120
4 5 | 7(b)to8 | boundary | Both | 104 alnw/NE | £V, £8P £8P | 120
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Table 2: Comparison of maximum norm error of problem 1.

1% Derivative

2"9 Derivative

3" Derivative

N U.Mesh S.Mesh U.Mesh S.Mesh U.Mesh S.Mesh
90 | 3.827E-04 | 5.884E-05 | 1.852E-02 | 2.914E-03 | 5.905E-01 9.361E-02
92 | 3.237E-04 | 4.966E-05 | 1.566E-02 | 2.449E-03 | 4.836E-01 7.914E-02
94 | 2.747E-04 | 4.204E-05 | 1.329E-02 | 2.030E-03 | 4.008E-01 8.926E-02
96 | 2.340E-04 | 3.578E-05 | 1.136E-02 | 1.797E-03 | 3.640E-01 5.762E-02
98 | 1.999E-04 | 3.051E-05 | 9.717E-03 | 1.500E-03 | 3.140E-01 1.045E-01
100 | 1.713E-04 | 2.610E-05 | 8.318E-03 | 1.299E-03 | 2.563E-01 4.242E-02
102 | 1.472E-04 | 2.239E-05 | 2.914E-03 | 1.105E-03 | 2.198E-01 3.644E-02
104 | 1.269E-04 | 1.932E-05 | 6.210E-03 | 9.891E-04 | 2.144E-01 3.124E-02
106 | 1.097E-04 | 1.661E-05 | 5.363E-03 | 8.017E-04 | 1.809E-01 1.148E-01
108 | 9.497E-05 | 1.436E-05 | 4.612E-03 | 6.634E-04 | 1.385E-01 2.377E-02
110 | 8.254E-05 | 1.246E-05 | 4.048E-03 | 6.338E-04 | 1.492E-01 2.065E-02
112 | 7.183E-05 | 1.081E-05 | 3.508E-03 | 4.693E-04 | 1.216E-01 2.627E-02
114 | 6.277E-05 | 9.438E-06 | 3.118E-03 | 4.192E-04 | 1.366E-01 1.938E-02
116 | 5.487E-05 | 8.237E-06 | 2.683E-03 | 3.739E-04 | 9.060E-02 2.066E-02
118 | 4.811E-05 | 7.153E-06 | 2.389E-03 | 2.438E-04 | 1.032E-01 2.432E-02
120 | 4.233E-05 | 6.263E-06 | 2.148E-03 | 2.059E-04 | 1.315E-01 1.029E-01
122 | 3.726E-05 | 5.557E-06 | 1.906E-03 | 2.409E-04 | 1.056E-01 8.799E-02
124 | 3.278E-05 | 4.916E-06 | 1.587E-03 | 2.247E-04 | 2.310E-02 7.022E-02
126 | 2.897E-05 | 4.271E-06 | 1.406E-03 | 1.405E-04 | 4.483E-02 7.259E-03
128 | 2.570E-05 | 3.845E-06 | 1.268E-03 | 2.256E-04 | 3.750E-02 2.676E-02

Table 3: Comparisons of maximum norm error of problem 2.
N 1° Derivative 2" Derivative 3" Derivative
UM S\M UM SM UM S\M
332 | T7.741E-5 7.462E-7 1.7960E-3 | 4.43915E-5 1.64875 1.62221E-2
336 | 7.022E-5 6.771E-7 1.6360E-3 | 4.13786E-5 1.50293 1.47939E-2
340 | 6.388E-5 6.150E-7 1.4920E-3 | 3.85816E-5 1.37104 1.34992E-2
344 | 5.8640E-5 | 5.596E-7 1.3620E-3 | 3.60060E-5 1.25165 1.23301E-2
348 | 5.385E-5 5.120E-7 1.244E-3 3.36100E-5 1.14351 1.12650E-2
352 | 4.9490E-5 | 4.687E-7 1.1380E-3 | 3.13825E-5 1.04548 1.03021E-2
356 | 4.550E-5 4.293E-7 1.0420E-3 | 2.93287E-5 | 9.5655E-1 | 9.42747E-3
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N 1% Derivative 2" Derivative 3" Derivative

UM S.\M UM S.M UM S.\M
360 | 4.185E-5 3.936E-7 9.5450E-4 | 2.74078E-5 | 8.758E-1 8.63391E-3
364 | 3.851E-5 | 3.6104E-7 8.754E-4 2.56116E-5 | 8.0246E-1 | 7.91227E-3
368 | 3.546E-5 3.313E-7 8.0370E-4 | 2.39668E-5 | 7.3577E-1 | 7.25474E-3
372 | 3.267E-5 3.043E-7 7.384E-4 2.24197E-5 | 6.751E-1 6.65690E-3
376 | 3.0120E-5 | 2.796E-7 6.7910E-4 | 2.09985E-5 | 6.1985E-1 | 6.11087E-3
380 | 2.778E-5 2.571E-7 6.250E-4 1.96731E-5 | 5.6952E-1 | 5.61343E-3
384 | 2.563E-5 2.366E-7 5.758E-4 1.84159E-5 | 5.2363E-1 | 5.16336E-3
388 | 2.367E-5 2.178E-7 5.308E-4 1.72780E-5 | 4.8175E-1 | 4.74861E-3
392 | 2.186E-5 2.007E-7 4.898E-4 1.61956E-5 | 4.4352E-1 | 4.37162E-3
396 | 2.0210E-5 | 1.850E-7 4.5226E-4 1.51984E-5 | 4.0859E-1 | 4.02842E-3
400 | 1.868E-5 1.706E-7 4.1794E-4 1.42697E-5 | 3.7665E-1 | 3.70992E-3
404 | 1.729E-5 1.575E-7 3.8651E-4 1.33969E-5 | 3.4947E-1 | 3.42169E-3
408 | 1.600E-5 1.454E-7 3.5772E-4 1.25904E-5 | 3.2533E-1 | 3.16647E-3
Table 4: Comparison of maximum norm error of problem 3.
N 1st Derivative 2nd Derivative 3rd Derivative
UM S.M UM S.M UM S.\M

69 | 2.0058E-05 | 5.2982E-06 | 0.00089836 | 0.00024241 | 0.02680568 | 0.00738692
72 | 1.4869E-05 | 3.9014E-06 | 0.00066944 | 0.00017928 | 0.02007716 | 0.0054866
75 | 1.1142E-05 | 2.9053E-06 | 0.00050401 | 0.00013404 | 0.01518717 | 0.00411832
78 | 8.4323E-06 | 2.1861E-06 | 0.00038313 | 0.00010123 | 0.01159503 | 0.0031218
81 | 6.4413E-06 | 1.661E-06 | 0.00029387 | 7.7182E-05 | 0.00892966 | 0.00238823
84 | 4.9635E-06 | 1.2736E-06 | 0.00022731 | 5.9367E-05 | 0.00693324 | 0.00184278
87 | 3.8561E-06 | 9.8484E-07 | 0.00017722 | 4.6044E-05 | 0.00542452 | 0.00143347
90 | 3.0188E-06 | 7.6765E-07 | 0.0001392 3.599E-05 | 0.00427487 | 0.00112354
93 | 2.3805E-06 | 6.0286E-07 | 0.00011011 | 2.8338E-05 | 0.00339193 | 0.00088699
96 | 1.8899E-06 | 4.768E-07 | 8.7677E-05 | 2.2467E-05 | 0.00270869 | 0.00070493
99 | 1.5102E-06 | 3.7962E-07 | 7.0253E-05 | 1.7929E-05 | 0.00217633 | 0.00056384
102 | 1.2141E-06 | 3.0415E-07 | 5.6626E-05 | 1.4396E-05 | 0.00175863 | 0.00045365
105 | 9.8171E-07 | 2.4514E-07 | 4.5899E-05 | 1.1627E-05 | 0.00142896 | 0.00036708
108 | 7.9816E-07 | 1.987E-07 | 3.7404E-05 | 9.4425E-06 | 0.00116719 | 0.00029876
111 | 6.5231E-07 | 1.6192E-07 | 3.0637E-05 | 7.7093E-06 | 0.00095811 | 0.00024445
114 | 5.3576E-07 | 1.3263E-07 | 2.5215E-05 | 6.3252E-06 | 0.00079019 | 0.00020085
117 | 4.421E-07 | 1.0916E-07 | 2.0848E-05 | 5.214E-06 | 0.00065452 | 0.0001657
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1st Der

ivative

2nd Derivative

3rd Derivative

UM

S.M

UM

S.M

UM

S.M

120

3.6646E-07

9.0258E-08

1.7314E-05

4.3182E-06

0.00054458

0.00013742

123

3.0507E-07

7.496E-08

1.4439E-05

3.5919E-06

0.00045499

0.00011469

126

2.5501E-07

6.2517E-08

1.209E-05

3.0003E-06

0.00038165

9.5947E-05

Table 5: Comparison of maximum norm error of problem 4.

1 De

rivative

2"9 Derivative

3" Derivative

UM

S.M

UM

S.M

UM

S.\M

552

6.78908E-06

3.74541E-10

3.18711E-03

2.53785E-07

9.96265E-01

3.21388E-04

554

6.61049E-06

3.59876E-10

3.10416E-03

1.45961E-07

9.70665E-01

5.50270E-04

556

6.43716E-06

3.49786E-10

3.02363E-03

2.53320E-07

9.45688E-01

3.82423E-04

558

6.26893E-06

3.35405E-10

2.94544E-03

2.00467E-07

9.21508E-01

7.41005E-04

560

6.10562E-06

3.24974E-10

2.86952E-03

2.48430E-07

8.98040E-01

8.81195E-04

562

5.94708E-06

3.13975E-10

2.79579E-03

1.32364E-07

8.75173E-01

2.64168E-04

564

5.79316E-06

3.12980E-10

2.72417E-03

1.29191E-07

8.52981E-01

4.11034E-04

566

5.64370E-06

2.93198E-10

2.65463E-03

1.26103E-07

8.31436E-01

1.05000E-03

568

5.49856E-06

2.98741E-10

2.58707E-03

1.47615E-07

8.10488E-01

1.41430E-03

570

5.35761E-06

2.87002E-10

2.52144E-03

2.11643E-07

7.90144E-01

1.66893E-04

572

5.22071E-06

2.78249E-10

2.45767E-03

1.17325E-07

7.70368E-01

2.19345E-03

o574

5.08773E-06

2.74213E-10

2.39571E-03

1.14554E-07

7.51159E-01

2.13623E-04

576

4.95854E-06

2.64293E-10

2.33550E-03

1.44821E-07

7.32451E-01

6.80923E-04

578

4.83304E-06

2.54886E-10

2.27699E-03

1.36206E-07

7.14293E-01

2.05421E-03

580

4.71109E-06

2.52868E-10

2.22011E-03

1.06670E-07

6.96640E-01

2.63596E-03

582

4.59260E-06

2.38742E-10

2.16484E-03

1.56695E-07

6.79465E-01

3.12805E-04

584

4.47744E-06

2.28056E-10

2.11110E-03

1.01753E-07

6.62760E-01

6.08444E-04

586

4.36552E-06

2.36923E-10

2.05886E-03

1.96975E-07

6.46543E-01

7.24793E-04

588

4.25674E-06

2.21945E-10

2.00807E-03

9.70890E-08

6.30743E-01

1.52397E-03

590

4.15100E-06

2.12765E-10

1.95869E-03

9.48475E-08

6.15410E-01

1.60980E-03
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The numerical results indicate that the new technique has an improvement about
(86.5038105%) in Maximum error of the s-mesh method against the uniform mesh method
[10], as in Table 6.
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