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ABSTRACT

Keywords: . . .
Quasi Cancellation , (weakly cancellation R-module) concept we generalize some properties of
R-Modules. cancellation (weakly cancellation) R-modules to quasi cancellation (weakly quasi

cancellation) R-modules. Furthermore, we give some conditions under which R-

module M is quasi cancellation R-module.

Introduction

Let R be a commutative ring with identity, and
let M be a unitary left R-module. Gilmer [7] has been
defined the concept of cancellation ideal to be the ideal
of R which satisfies the following: whenever Al=BI
with A and B are ideals of R, implies = B . Mijbass in
[12] has been generalized this concept to modules. He
has been defined the cancellation module as follows:
An R- modudule M is called a cancellation module,
whenever AM=BM with A and B are ideals of R,
implies A=B.

This thesis include four sections .In section one,
we introduce quasi cancellation R-modudule concept.
An R-module M is said to be quasi cancellation,
whenever EM=ABM, with E, A and B are ideals of R,
implies either E=A or E=B, or both. The class of
cancellation R-modules is different from the class of
guasi cancellation R-modules. Moreover, we give
example which indicate that two classes are different
indicate that two, however we put some conditions
under which the two classes are eguivalent. We prove
that if R is Boolean ring and M is quasi cancellation R-
module then M is cancellation (Remark1-3). If M is
cancellation R-module and EM=ABM, with E, A and
B are ideals of R, then M is quasi cancellation if A or
B is an identity ideal (Remark 1-4). And if A<B orB
< A (prop. 1-5). E is prime ideal (Prop.1-6), so E is
maximal ideal (Prop. 1-8). Next, we prove that an R-
module M is quasi cancellation if it is generated by
non torsion element and whenever EM=ABM with A
and B are ideals of R. E is prime ideal of R (Th. 1-9).
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In section two, we define quasi cancellation
submodules, so we study the relation between quasi
cancellation submodules and quasi cancellation R-
modules. We give conditions under which a quasi
cancellation submodule N becomes quasi cancellation
R-module M. if M is a multiplication (Prop.2-2) and if
N is a pure submodule, see (Prop.2-3) . Moreover, we
give example which indicate the converse is not true in
general, thus we put another conditions as we see in
(Prop. 2-6) and (corollary 2-8). In section three, we
introduce a generalization for cancellation ring
concept namely quasi canellation ring, and we study
the relation between them (Remark 3-2). Also, we
define quasi canellation ideals. We give some
conditions under which quasi cancellation submodules
IM  of multiplication R-module becomes quasi
cancellation ideal 1 of R (Prop. 3-5(1)). But the
converse is not true in general , thus we put a
condition that M is a cancellation R-module (prop. 3-
5(2)). We end this section by characterizations of quasi
cancellation ideals, see (Th. 3-7). Finally, we
generalize weakly cancellation R-modules to weakly
quasi cancellation R-modules. An R-module M is said
to be weakly cancellation, whenever AM=BM with A
and B are ideals of R, implies A+ann(M)=B+ann(M)
[14] .

In this section , we define weakly quasi
cancellation R-module M , whenever EM=ABM with
E , A and B are ideals of R, implies either
E+ann(M)=A+ann(M) or E+ann(M)=B+ann(M). Also,
we discuss the validity of the results that we obtain in
this section , we show that if R is arithmetical ring ,
then the class of cyclic R-modules is contained in the
class of weakly quasi cancellation R-module (Prop. 4-
4) .Next , we give some characterizations of weakly
quasi cancellation R-modules (Th. 4-5).

S1 :- The relationships between cancellation

modues and quasi cancellation modules .
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In this section we introduce the definition of
quasi cancellation R-modules, with some examples
about this concept. Moreover we establish some
relationships between cancellation R-modules and
quasi cancellation R-modules.

1-1 Definition

An R-module M is called quasi cancellation
whenever EM = ABM with E, A and B are ideals if a
ring R, implies either E= Aor E = B.

1-2 Examples and Remarks

1/ Z4 is a quasi cancellation Z8-module , since <2> Z4
=<2><4>74

and <4> 74 = <2><4>74 .

2/ Z6 is not a quasi cancelation Z12-module , since
<6> 76 = <3> <4> 76 . But <6>#<3> and
<6>#<4> .

3/ Z12 is not a quasi cancellation Z24-module , since
<2> 712 = <4> <6> Z12 . But <2>#<4> and
<2>#<6> .

4/ Clearly, the class of cancellation modules is
deferent from the class of quasi cancellation modules.
However, we shall give a sufficient conditions under
which the two classes are equivalent.

The following example show that is not necessary that

each cancellation module is quasi cancellation module.

5/ Z3 is a quasi cancellation Z6-module. But it is not

cancellation, because <2> Z3 = <3> 73, but <2>#<3>

The following remark gives a necessary
condition to get cancellation modules from quasi
cancellation modules .

Before we give the following proposition , we
need the following definitions .

Recall the a ring R is called a Booldean ring in case
each of its elements is idempotent , [6] .

Recall that an ideal |1 of a ring R is called
idempotent if 12=1, [11].
1-3 Remark

Let R be a Boolean ring and let M be an R-
module If M is a quasi cancellation R-module, then M
is a cancellation R-module .

Proof :

Let M be a quasi cancellation R-module , and
let AM = BM with A and B are ideals of R . Since R is
a Boolean ring, then AM = BM = B* M = BBM. And
since M is a quasi cancellation R-module , then A=B .
Thus M is a cancellation R-module.

The following results gives sufficient
conditions under which the cancellation modules is
quasi can collation modules.

1-4 Remark

Let M be an R-module and let EM = ABM
with E , A and B are ideals of R, such that either A or
B is the identity ideal . If M is a cancellation
R-module , then M is a quasi cancellation R-module .
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Proof :

Clear

Recall that an ideal | of a ring R is a prime if
foreacha, beR,ab € I then either a € lor b €
I,[3].

The following propositions give another
condition to get quasi cancellation modules from
cancellation modules .

1-5 proposition

Let M be an R-module , and let EM = ABM
with E , A and B are ideals of R , such that either
ACSB orBSA.If Mis a cancellation R-module ,
then M is a quasi cancellation R-module .

Proof :

Let EM = ABM with E , A and B are ideals of
R.If A€ B ,then AB =B . Hence EM = BM and
since M is a cancellation R-module , then E = B.
Similarly , if B<S A , we can get that E = A .
Therefore M is a quasi cancellation R-module .

1-6 Proposition

Let M be R-module , and let EM = ABM with
E isaprimeideal of R. A, Bareidealsof R. If M is
a cancellation R-module , then M is a quasi
cancellation R-module .

Proof : Let EM=ABM with E is a prime ideal of
R . A and B are ideals of R . Since M is a cancellation
R-module , then E = AB , and since E is a prime ideal
of R, them either E= A or E=B . Thus M is a quasi
cancellation R-module .

The converse is not true in general , as we see
in the following example .
1-7 Example

Z4 as Z8-module is not cancellation , but it is a
quasi cancellation . Since <2> 74 = <2> <4> Z4 , and
<2>74 =<4> 74 . But <2>#<4> .

Recall that a proper ideal | of a ring R is said to
be a maximal ideal of R , if there exists an ideal J of R
such that ICJS R, then ] =R, [1].

1-8 Proposition

Let M be an R-module , and let EM = ABM
with E is a maximal ideal of R . A and B are ideals of
R . If M is a cancellation R-module , then M is a quasi
cancellation R-module .

Proof : Since R is a commutative ring with
identity , and since E is a maximal ideal
of R . Hence R/ H is a field , so in particular it is an
integral domain , [9] .

Thus E is a prime ideal of R , [11] . So by
prop.(1-5) we get M is a quasi cancellation R-module

The converse is not true in general , as we see
in the review example .

Recall that an ideal | of a ring R is said to be
irreducible if for each ideals A and B of R with
I=ANnB,impliesl =Aorl=B,[11].
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The following theorem gives a sufficient
condition under which R-module is quasi cancellation
. First , we needed the following definition , which
appear in, [10] .
Recall that an element m € M ,such that M is an R-
module is a torsion if there exists O # r € R, such that
rm = 0.
1-9 Theorem
Let M be an R-module generated by a non
torsion element , and let EM = ABM with E is a prime
ideal of R . A and B are ideals of R . Then M is a quasi
cancellation R-module .
Proof : Let M = (m), such that m is a non
torsion element of M . And let EM = ABM with A
and B are ideals of R . E is a prime ideal of R , then
E(m) = AB(m), hence xm € AB(m) for each x €
E there exists y € AB, such that xm = ym , hence
(x —y)m = o. Since m is a non torsion element , thus
Xx—y=05%S0x=y €AB . Hence € AB . So we can
get the converse by the same method . Therefore E =
AB , and since Eisa  prime ideal of R, thus either
E=A or E=B . Therefore M is a quasi cancellation R-
module .
In the following theorem , we give some
characterizations of quasi cancellation modules .
1-10 theorem
If M is an R-module generated by a non
torsion element , then the following statements are
equivalent .
1/ M is a cancellation R-module if EM = ABM , with E
is a prime ideal of
R.Aand B are ideals of R .
2/ M is a quasi cancellation R-module .
3/ If (x)M = ABM, where A and B are ideals of R , and
X € R . then
eitherx e Aorx € B.
4/ E = (EM: M), for each ideal E of R .
Proof :
(1) = (2) By prop.(1-7)
(2) = (3) Let (x)M = ABM, where A and B are ideals
of R, and x € R . Since M is a quasi cancellation R-
module , then either x) =
Aor(x) =B.If (x) = A impliesx € A, and if (x) =B
implies € B .
(3) = (4)Letx€ E , implies € EM , hence
x € (EM =M), thus E< (EM:M) . Now let y€
(EM: M), implies yM € EM. Since M is generated by
a non torsion element , thus let M = (m), such that M
is a non torsion element of M . Then y(m) € E(M),
there exists a € E, such that ym = am, so (y —a)m =
o, thus y=a €E Therefore (EM:M) <
E, hence E = (EM: M).
(4)= (1)Let EM=AM , where E and A are ideals of R .
then E € (AM: M), and by(4) A=(AM:M) . ThusE C A
. So from = EM , implies A € (EM: M) = E ,hence E =
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A. Therefore M is a cancellation R-module , which
completes the proof .
S2 : Quasi cancellation submodules
In this section we introduce the definition of
quasi cancellation submodules , with some results
show the relationship between quasi cancellation
submodules and quasi cancellation modules .

2-1 Definition

A submodmle N of an R-module M is said to
be a quasi cancellation R-submodule , if EN = ABN,
where E , A and B are ideals of R . Then either
=AorE=B.

Recall that an R-module M is called a
multiplication if for each submodule N of M , there
exists an ideal | of R such that N = IM, [13] .

2-2 Proposition

Let M be a multiplication R-module , and let N
be a submodule of M . If N is a quasi cancellation R-
submodule then M is a quasi cancellation
R-module .

Proof :

Let N be a quasi cancellation R-submodule of
M , since M is multiplication R-module , thus there
exists an ideal |1 of R, such that N=IM. Let
EM = ABM, where E , A and B are ideals of R . Now
EIM = ABIM , thus EN = ABN. Since N is a quasi
cancellation R-submodule , hence either E= A or E =
B . Therefore M is a quasi cancellation R-submodnle .

The following propositions gives some
conditions to get the converse of the review
proposition .

Recall that a submodule N of an R-modnle M is said
to be pure if N NnIM = IN, for each ideal | of R,
[5] .

2-3 proposition

Let M be an R-module , and N is a pure
submodule of M . If N is quasi cancellation submodule
, then M is a quasi cancellation module .

Proof :

Let EM = ABM, where E , A and B are ideas
of R . Since N is a pure submodule of M , than
NNEM=EN and NNABM = ABN, hence
EN = ABM, and since N is a quasi cancellation
submodule , implies either E = A or E = B . Therefore
M is a quasi cancellation module .

The converse is not true in general , as we see in the
following example
2-4 Example

Z9 as Z18-module is a quasi cancellation
module . Z3 is a submodule of Z9, and Z3 is not a
quasi cancellation submodule of Z9 . Because (3)Z3
=(2)(6)Z3 , but (3) # (2) and (3) # (6).

Recall that a proper submodule N of an R-module M
is said to be a maximal submodule if there
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exists a submodule L of Msuchthat NcL&E M,
thenL =M, [1].

Before starting the next result ,we will need the
following lemma ,which is the key of it .

2-5 lemma

Let N be a maximal submodule of an R-module M .
If LAON=KnN

for each submodules L and K of M, then L =K.
Proof :

Let x €L , then x €N (because N is a
maximal submodule of M) . Thus x€eLNN, so
x€K , since LOhNN=KnNN, impliesxe KNnN,
sox € K, therefore L < K . Simillarly , we can proof
that K € L, which is implies L = K.

2-6 proposition

Let M be a multiplication R-.module , and let
N be a maximal submodule of M . If M is a quasi
cancellation module and N is a pure submodule , then
N is a quasi cancellation submodule . proof :
Let EN = ABN, where E , A and B are ideals of R .
Since N is a pure submodule , then N n EM = EN and
N n ABM = ABN , hence NNEM=NnNABM .
Since M is a multiplication R-module and N is a
maximal submodule , thus by lemma(2-5) we can get
EM = ABM, and since M is a quasi cancellation
module , implies either E= A or E = B . Therefore N
is a quasi cancellation submodule .

The following corollaries follow directly from the
previews proposition
2-7 Corollary

Let N be a maximal submodule of a
multiplication R-module M . If N is a pure submodule
. Then N is a quasi cancellation module if and only if
M is a quasi cancellation R-module .

Recall that an R-module M is said to be a
cyclic if and only if there exists x € M sach that
M =Rx,[1] .

2-8 Corollary

Let M be a cyclic R-module and let N be a
submodule of M such that NnrM = rN, for each
r € R. If N is quasi cancellation submodule , then , M
is quasi cancellation module .
Proof :

Since M is a cyclic R-module and since NNrM =
rN, for each r € R. Them N is a pure submodule of
M [4] , and according to the proposition (2-3) , we
obtain the result .

2-9 Corollary

Let M be acyclic R-module , and let N be a maximal
submodule of M such that NnrM = rN, for each
r € R. Then N is quasi cancellation submodule if and
only if M is quasi cancellation module .

An R-module M is called a regular if each
submodule of M is pure ,[5] .
2-10 Corollary
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Let M be a regular R-module and let N be a
submodmle of M If N is quasi cancellation
submodmle , then M is quasi cancellation module .
2-11 Corollary

Let N be a maximal submodule of a
multiplication R-module M . If M is a regular R-
module , the N is a quasi cancellation submodule if
and only if M is quasi cancellation module .

S3 : Quasi cancellation rings

[2] has been defined the concept of
cancellation rings to be the ring R which satisfies the
following : whenever sr =t ,wherer,s,t €R

and r #o0,then s=t.

In this section we introduce a generalization for
cancellation ring concept namely a quasi cancellation
ring .

3-1 Definition
A ring R is said to be a quasi cancellation ring
if and only if whenever r,s,a,b€R,r #o0and
sr = abr ,theneithers =aors=0»b.
Equivalent ; if whenever E = AB, where E , A
and B are ideals of R, then either E = Aor E =B.

3-2 Remarks
1/ If M is a quasi cancellation R-module , then R is a
quasi cancellation
ring .
2/ If M is a cancellation R-module , and R is a quasi
cancellation ring .
Then M is quasi cancellation R-module .
Proof :
1/ Let E = AB, where E , A and B are ideals of aring R
, then EM = ABM . Since M is a quasi cancellation R-
module , then either E = A or E=B.ThusRis a
quasi cancellation ring .
2/ Let EA = ABM , where E , A and B are ideals of R ,
since M is a cancellation R-module , then E
= AB, and since R is a quasi cancellation
ring , then either E = Aor E = B. Therefore M is a
quasi cancellation R-module .

3-3 Definition

An ideal | or aring R is called quasi cancellation ideal
if EI = ABI, where E , A and B are ideals of . Then
eitherE = Aor E = B.

The following corollary follows directly from the
previous remarks .

3-4 Corollary

If M is a cancellation R-module , then M is quasi
cancellation R-module if and only if R is quasi
cancellation ring .

3-5 Proposition

70
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Let M be a multiplication R-module and let | be an
ideal of aringR .
Then
1/ If IM is quasi cancellation submodule , then |
is quasi cancellation ideal of R .
2/ If M is cancellation R-module and I is quasi con
collation ideal , then IM is quasi cancellation submodule

Proof :

1/ Let EI = ABI , where E , A and B are ideals
of a ring R, then EIM=ABIM . Since IM is a quasi
cancellation submodmle , implies either E=A or E=B
. Therefore I is a quasi cancellation ideal .

2/ Let EIM = ABIM, where E , A and B are
ideals of R . Since M is a cancellation R-
module , then EI = ABI, and since | is a quasi
cancellation ideal , implies either E =AorE =B.
Therefore IM is quasi cancellation submodule .

The following corollary  follow directly from the
previous proposition .

3-6 Corollary

Let M be a multiplication R-module , and let |
be an ideal of R, If M is a cancellation R-module .
Then IM is a quasi cancellation submodule of M if and
only if I is quasi cancellation ideal of R .

Next , the following theorem gives the
relationship between quasi cancellation submodule and
quasi cancellation ideal .

3-7 Theorem
Let M be a multiplication R-module and let N
be a proper submodule of M, If M is a cancellation
R-module .Then the following statements are
equivalent .
1/ N is a quasi cancellation submodule of M .
2/ (N: M) is a quasi cancellation ideal of R .
3/ N = 1M, where | is a quasi cancellation ideal of R .
Proof :

(1) > (2) Let , N be a quasi cancellation
submodule of M and let E(N: M) = AB(N: M) , where
E, A and B are ideals of R . Then E(N:M)M =
AB(N:M)M , implies that EN = ABN. Since N is a
quasi cancellation submodule , thus either E =
Aor E =B . Hence (N:M) is a quasi cancellation ideal
of R.

(2) > (3) We can get that | is a quasi
cancellation ideal of R , when N = IM only when put
I=(N:M).

(3) = (1) From prop. (3-5) .
S4 : weakly quasi cancellation R-modules
In this section we introduce a generalization
for weakly cancellation

R-modules concept

cancellation R-modules .

namely weakly quasi
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4-1 Definition

An R-module M is called weakly quasi
cancellation if EM = ABM. where E , A and B are
ideals of R . Then either E +ann(M) =A+
ann(M) or E + ann(M) = B + ann(M) or both .

So a ring R is called weakly quasi cancellation
if E=AB, where E, A and B are ideals of R , then
either E + ann(M) = A + ann(M)or E + ann(M) =
B + ann(M) or both .

4-2 Remarks
1/ If M is weakly quasi cancellation R-module , then R
iS quasi

cancellation ring .
2/ Cleary , each quasi cancellation R-module is weakly
quasi cancellation

R-modules .

Recall that an R-module M is said to be a faithful if
ann(M) =0,

whereann(M) ={r e R : rm =0 Vm € M}, [11].
3/ If M be a faithful R-module . Then M is weakly quasi
cancellation R-module if and only if M is a
quasi cancellation R-module .

Recall that a ring R is called arithmetical of for
eachideals A,Band Cof R,wehave (A+B)NC =
(AN C)+ (B nNC). This property is equivalent to the
condition that (ANB)+C=(A+C)n(B+C), [8]

The following proposition show the relation
between weakly cancellation modules and weakly
quasi cancellation module .

4-3 Proposition
Let R be arithmetical ring and let M be an R-
module . If M is weakly cancellation R-modules |,

then M is weakly quasi cancellation  R-modules .
Proof :

Let EM = ABM, where E , A and B are ideals of R .
Since M is weakly cancellation R-modules , then
E +ann(M) = AB + ann(M). Hence FECAB+
ann(M) € (AN B) + ann(M). And since R s

arithmetical ring , then E < (A4 ann(M) N (B +
ann(M). Thus ECA+ann(M) and ECSB+
ann(M), so E+ann(M) €A+ ann(M)and E +

ann(M) € B + ann(M) . Since E 4+ ann(M) = AB +
ann(M), then AB C E+ann(M). And since AC
AB,s0 ACE+ann(M).And A+ ann(M) S E +
ann(M), implies E+ann(M) = A+ ann(M) .
Therefore M is weakly quasi cancellation R-module .

4-4 Proposition

Let R be arithmetical ring , and let M be

acyclic R-module  then M is weakly quasi
cancellation R-modules .
Proof :
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Let EM = ABM , where E , A and B are ideals
of R and let
M = (m) such that o #meM. then xm€
AB(m) for each x € E . So xm = abm for some a € A
and b € B. Hence (x —ab)m = o, implies x —ab =
0,50 x—ab €ann(M). But x =ab + x = ab, thus
x € AB + ann(M), implies E S AB+ ann(M) <
(AN B) + ann(M) . Since R is arithmetical ring , then
(AN B) +ann(M) = (A + ann(m) N (B + ann(M),
implies E € (A+ ann(M) n (B + ann(M) . Thus we
get EC A+ ann(M) and E € B + ann(M), so
E+ann(M) € A+ ann(M) and E + ann(M) € B +
ann(M) . Now from EM = ABM, we get ABC E +
ann(M). So A<SABCE + ann(M),hence A+
ann(M) € E + ann(M), implies E +ann(M) = A+
ann(M). Therefore M is weakly quasi cancellation R-
module .

4-5 Theorem
Let R be arithmetical ring and let M be an R-
module . Then the following statements are equivalent

1/ M is weakly quasi cancellation R-module .

2/ If EM < ABM, where E,A and B are ideals of R,

then E € B + ann(M)) and E < B + ann(M) .

3/ If (x)M € ABM, where A and B are ideals of R, and

x€R,then x€ A+ ann(M) and x € B + ann(M) .

4/ (EM: M) = E + ann(M), for each ideal E of R .
Proof :

(1) = (2) Let EM < ABM, where E , A and B are
ideals of R , ABM = EM + ABM = (E + AB) M ,
since M is weakly quasi cancellation R-
module . Then either A+ ann(M) =E + AB) +
ann(M), or B+ ann(M) = (E + AB) + ann(M) .
Since ACAB and B < AB, then ECAB+
ann(M) € (AN B) + ann(M) = (A + ann(M)) n
(B + ann(M)(because Ris arithmetical ring) , thus
wegetE € A+ ann(M) and E € B + ann(M) .

(2) = (3) Let (x)M < ABM, where A and B are ideals
of Rand

X €ER. By (2) we get (x) € A+ ann(M) and (x) S
B + ann(M).Hence x € A+ ann(M) and x € B +
ann(M) .

(3) = (4) let x € (EM: M), where E is an ideal of R ,
then xM €S EM, so x€E+ann(M), hence
(EM:M) € E+ann(M). Now let y€eE+
ann(M) ,then yM € EM, so y € (EM: M), hence
E +ann(M) € (EM:M). Therefore (EM:M) =
E + ann(M) .

(4)= (1) let EM = ABM , where E , A and B are ideal
of R EM € ABM, by(2) we get ECA+
ann(M) and E € B + ann(M), s0 E + ann(M) <
A+ann(M) and E +ann(M) € B + ann(M) .
From EM = ABM , we get ABM < EM . Since
AM € ABM and € ABM , thus A € E + ann(M)
and B € E+ann(M) , so A+ ann(M) € E +
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ann(M) and B+ ann(M) € E + ann(M) .
Therefore E +ann(M) = A + ann(M)and E +
ann(M) = B + ann(M) , hence M is weakly quasi
cancellation R-module .

Recall that an R-module M is called prime if and
only if ann(M) = ann(N) for every non-zero
submodule N of M, [3] .

4-6 Proposition
Let N be a pure submodule of an R-module M.

1/ If N is weakly quasi cancellation submodule , then M
is weakly quasi cancellation R-module .

2/ Let M be a Prime R-module and let N be a maximal
submodule of M . If M is weakly quasi cancellation
R-module , then N is weakly quasi cancellation
submodule of M.

Proof :

1/ Let EM = ABM , where E , A and B are ideals of R .

Since N is pure submodule of M , then NN EM = EN

and N N AB = ABN. Hence EN = ABN, since N is

weakly quasi cancellation submodule , then either E +

ann(N) = A + ann(N)or E + ann(N) = B + ann(N)

: o) githerE + ann(M) = A + ann(M)or E +

ann(M) = B + ann(M) . Therefore M is weakly

cancellation R-module .

2/ Let EN = ABN , where E , A and B are ideals of R .

Since N is pure submodule of M , then NN EM =

EN and NNABM =ABN. Hence NNEM=Nn

ABM, and since N is maximal submodule , then by

lemma (2-5) we get EM = ABM, and since M is weakly

quasi  cancellation R-module . Then either

E+ann(M) = A+ ann(M) or E + ann(M) = B +

ann(M). Since M is prime R-module , thus either

E +ann(N) = A+ ann(N) or E + ann(N) = B +

ann(N) . Therefore N is weakly quasi cancellation R-

module .

4-7 Proposition
Let R be arithmetical ring and let M be an R-
module . Then M is  weakly quasi cancellation R-
module if and only if (A + ann(M): E) = (AM: EM)
and (B + ann(M):E) = (BM:EM) , where E , A and
B are ideals of R .
Proof :
Let M be a weakly quasi
module and let
x € (A+ann(M):E), then xE € A+ ann(M), so
xEM € AM. Hence xe€ (AM:EM), thus (A+
ann(M):E) = (AM: EM) . Now let
y € (AM:EM), then yEM < AM . By th. (4.5) we get
yE € A+ ann(M), hence y € (A + ann(M): E) . Then
(AM:EM) € (A+ ann(M):E), so (AM:EM) =
(A+ ann(M): E). Similarly , we can prove that
(BM:EM) = (B + ann(M):E) .
Conversely ; Let EM = ABM, where E , A and B are
ideals of R , so EM € ABM thus (ABM:EM) =R,

cancellation R-
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hence (AB+ann(m):E)=R, and ECAB+
ann(M) € (AN B) + ann(M) < (A + ann(M)) +

(B + ann(M))(because R is arithmetical ring) . Thus
E € A+ ann(M)

and E € B +ann(M). By th. (2-5) we get M is
weakly quasi cancellation R-module .
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