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Abstract

In this paper, we introduce a new type of semigroup, hamely (Quotient semigroup) in differential equations
with the functional analytic. This semigroup constructs the solution of the partial differential equations as the form:

p(t) ou(t,x)  p'(t) Ou(t,x)
h(x) ot  h(x) ox '

where p(t) be a function such that p(0) = 1
Key Words: semigroup, strongly continuous, operators, generator operator,Co-semigroup.

l. Introduction

Many Scientists ([1],[2],[3]) introduce several generations of analysts working in the area of
operator semigroups. In particular, the progress has been made in the asymptotic theory of strongly
continuous semigroups. One of the major results in this direction a strongly continuous semigroup on
a Banach space with the norm of the resolvent of its generator A is uniformly bounded in the right
half-plane.

We consider the following equations:

p(t) du(t,x)  p'(t) du(t,x)
h(x) ot  h(x) odx
We introduce a new type of semigroup namely (Quotient semigroup) and its define by:

Up(O)0(x) = @ [n" (%)] such that k™1 exists.

And also we introduce strongly continuous generalized Quotient semigroup defined by:

To(O)¢() = exp [0, P dR(E)| [A(x) @p ¢]

where p(t) be a function such that p(0) =1
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I1. Strongly continuous semigroup and its generator operator.
2.1 Definition [4]:

Let E be Banach space then a function f(t) is called continuous at a point to if ||f(t) — f(to)llg =
0,att - t,, continuous on the interval [a,b], if it is continuous at each point of this segment.

2.2 Definition [5]:

The function f(t) is called differentiable in point to, if there is an element f’ E such that:

‘ flto + h) = f(to)

o f
The element ' is called the derivative of the function f (t) at point to and denoted by:
f' = f'(to)).

- 0,ath—->0
E

2.3 Definition [6]:

We will say that the operator function A(t) is continuous in norm at point toe [a,b] if
lim [|A(t) — A(to)llg = 0.
t—)to

2.4 Definition [7]:

The operator-function A(t) is strongly continuous in a point toe[a,b] if at any fixed x € Ex

tm{l |A(©)x — ACto )x|lg, = O.
—lo

2.5 Theorem [8]:

An operator—function A(t) is strongly continuous at toe[a,b] on all E; if its norms are bounded, i.e.
IAOI=M, M>0
2.6 Definition [8]:

We say that an operator A is closed if for every xneD (A), then
X, — X0l = 0 and Axo = Yo.

2.7 Definition [7]:

A family of bounded operators T (t) (t >0), define on the Banach space E, is called strongly continuous
semigroup of operators if T(t) strongly continuous and satisfies the condition T (t)T (s) = T(t+s) (t>0,
s>0).
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2.8 Definition [6]:

It is said that T (t) is a semigroup of class Co if it is strongly continuous and the following
condition holds

ltin(}IIT(t)x —x|lg =0. foranyx eE.

2.9 Theorem [9]:

The linear operator A is a generating operator (generator) of a semigroup T (t) of class Co iff its
closed with a dense in E.

2.10 Definition[6]:

A family of bounded operators T (t) (t >0), define on the Banach space E, is called strongly
continuous multiplicative semigroup of operators if T(t) strongly continuous and satisfies the
conditions:

1T(0)=I
2) T (H)oT (s) = T(t*s) (t, s> 0).

I11. Quotient semigroup.
3.1 Definition:

Lett e (i, o) R, X € (a,b)c R, p(t) and h(t) are real functions with domains D (p) =
(t, t2), D (h) = (a, b), continuously differentiable and strictly monotone. In addition, h(x).p(t) €
D(h"H)nD(p~Y) ,whereh! and p~?- inverse functions. Consider the differential equation:

p(t) du(t,x)  p'(t) du(t,x)
h(x) dt  h(x) ox

, p(0)=1, h(x) #0,Vx

It is easy to see that the general solution of this equation is:
h(x)
Where ¢ is an arbitrary differentiable function.

u(t,x)=0 .(2)

we can assign the one-parameter equation (1) to a one-parameter family of operators:

Up ()@ —(blh*(@)l 3
»(OO(x) = o R )
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under the assumption that ¢ belongs to the space of continuous and bounded functions C(a,b) with
the norm:

o1l = xggg))l@(x)l
3.2 Definition:
We define a binary operation ® by:
s®pt=h"1(h(s).h(t)) .. (4)

3.3 Lemma:

The operational family U, (t) defined by (3) is a semigroup of linear and bounded in C(a, b) of
operators with the binary operation in (4).

Proof:
We note that:

1-U5(0) = 0 [ (52)] = o[n~* (h(®))] = 2lx]

p(0)

p(s) p®)p(s)

—@lh‘1< ) )]—(blh‘1<—h(x) >I—U(t® )D(x)
B p(pppN)| ~ p(E®ps) )|~ "o TP

Therefore Up(t) is semigroup operator.

2-U, (DU ()DCE) = Up(®) [cz) [ (@)]l =01 ()]

3.4 Remark:

The semigroup Up(t) is called a Quotient semigroup.

3.5 Remark:

The function h(t) which given in the semigroup Up(t) is invariant relative to the functions
h(x) on h(x)+c, where c isreal constant.

3.6 Proposition:

Let D be a semigroup generated by the equation (1) then there exists a point tye(ty,t;) ,
such that U, (to)e(x) = @(x).
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Proof:

It follows from continuity and monotony of the function h.(t) = , Which the appropriate

c
h(t)
selection of constant c, it becomes zero at unique point ty,e(t;,t,). In this case, It follows that the
Cauchy problem for equation (1) with the initial condition u (to, X) = ¢ (x) has a unique solution and

it can be represented as:

u(x,t) = Up(ty)@(x) v vevcee e (5)
3.7 Definition:

If p(t) = h(t) then the semigroup D-semigroup can be written by the form:

Up(®)p(x) =t ®" %) ... cce v v ... (6)
Where t ®" x = o1 (%)

And its called h-symmetric and the equation (1) is called symmetric generating equation.

2.8 Lemma:

The family of semigroups produced by symmetric differential equation, contains only one
symmetric semigroup.

Proof:

Let Up()0(x) =0 [h‘l (%)] for czland h.(t) = % , thus we have:

_, (he(x) _. (h(x)
Un (00 =0 ["Cl (m)l =0 l" (m)ﬂ

Therefore Uy is not symmetric for c#1 .

3.9 Definition:

The semigroup Up (t) is called a strongly continuous at a point tye(t,,t,) , if for all ¢<E the
inequality holds:

L}ir?IIUD(t)go -l =0 evee e e e (7)
~lo

3.10 Definition:

The semigroup Up(t) ,p(t) = i ,t # —1isaclass

U (1) = Up() = B[R (h(x). (¢ + 1))]
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We note that U,SO)(t) with the binary operation t ®" x = h=1(h(x). (¢t + 1)) is called Arithmetic
semigroup.

3.11 Definition:

Let f(t) be a vector function , define on te(t;,t,) with valued in E. u(t) be a strictly
monotonic function ,define on D(u) € R,R(u) = (t4,t;) , then a function g(t0 = f(u(t)) is
called p-deformation of function f(t).

3.12 Remark:

Every D-semigroup is p-deformation of semigroup Ul()o)(t) p

3.13 Definition :

The function @ €C(a,b) is called uniformly continuous if its u~*-deformation

¥ = ¢(u(x)) is bounded and uniformly continuous function. we note that :

pllccar = sup dC)| = sup —[p(u(s)| = [lllcy
xe(a.b) se@ M @n~1(0)

3.14 Proposition:

Every Ulgo)(t) strongly continuous semigroup in the space of h-uniformaly continuous
functions.

Proof:

We note that:

[V @ b@) — d@)|| = sup 1910 (B0, ¢ + )] = S RE)I

xe(a,b)

= sup )|¢(T +8) -y = I+t Ol - 0,t >0

re(h~1(a),h~1(b)

3.15 Theorem:

A generator operator of the semigroup Ul()o) (t) given by the differential expression :

h(x) ¢

(0) — _r — . i =
Ay p(x) = R (o) 9x L h(x) =0 ;0<x< 1,)1(1_r)r11) h(x) = o

And a domain D(Aflo)) ={¢: ¢ € C-1, L € Cp—1}.
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Proof:
We have :

R(A,A) = (Al — A)~' , Re(Ad) > w,where R(4,A) stand for reslventa of A
Thus:

(149) = f e U (D) (x)dt
0

|R A < 7o » - R0

VY neN , Jn = nR(n,AglO))

Thus we have:

Ago)]n =n(, —1I)

() = Up) @) = n j e UP(O(x)dt = n j e U () (x)dt
0 1
0 b
i =) nf_q;
=n j e M p[h~1(h(x). (t + 1))]dt = J e U () (r)de
0 X
h(x) No

h( )yn(x) = n(]n I)¢(x) N h yn(x)

3.17 Definition:

Let (a,b) S R be an interval and let h(x) be a differentiable function such that lir% h(x) =
X—
, we define a space L, 4, by :

Lpwn =49 19llpwng = [fleXp[wh(x)]g(X)(P(X)Ipdh(x)‘ p=21,0>0,9(x)>0,g'(x) >0

On the space L,,, we define the following family of operators:
X

TO#@ =ew| [ p©dn©|olhe) @l
h(x)®pt
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3.18 Theorem:

The family of operators Tp (t) is strongly continuous generalized canonical semigroup defines
on the space L, ,,, and the following estimation holds:

1Ty @) < [¢-7
Proof:
b X
T @610 = [em|ah+p [ o0 dh©[9GIgtG) @p OPah) <
a h(x)®pt
b
< [ explon(0] g1 (hG) @ ()
e b
st [ explor@lgth (. ¢+ DNIP@ P
h(a)®pt

1
<= j explwh(@] g(0)|p(DPdh(r)

||TD(t)¢||pa)h =Tel ”(p”pwh

ITp @)@l < [t 7Pllll
Clearly Tp(0)¢p(x) = ¢(x)

To ()T ()b (x) = Tp(E)exp j p(©) dh(©) | [h(x) @ 5]
h(x)®qs

x h(x)®pt

—ep| [ p@d®fex| [ p©)dn®| $1hGO @5 ¢+ 5)
h(x)®pt h(x)®p(t+s)

—ew| [ P dR©| IR @b (€5)] = Tyt + )P@)
h(x)®p(t.s)
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Generating operator of semigroup Tp(t).
We can constriction the grating of the semigroup Tp(t) by:
1
App(x) = lim— [Ty () — 1](x)

And this means,

de(x)

d
App(x) = ETD(t)Q-')(X)h:o = h(x) dh(x) —p(x)P(x)
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