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Abstract 

In this paper, we introduce a new type of semigroup, namely (Quotient semigroup) in differential equations 

with the functional analytic. This semigroup constructs the solution of the partial differential equations as the form: 

𝜌(𝑡)

ℎ(𝑥)

𝜕𝑢(𝑡, 𝑥)

𝜕𝑡
=
𝜌′(𝑡)

ℎ′(𝑥)

𝜕𝑢(𝑡, 𝑥)

𝜕𝑥
,    𝑤ℎ𝑒𝑟𝑒   𝜌(𝑡) 𝑏𝑒 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝜌(0) = 1 

 

Key Words: semigroup, strongly continuous, operators, generator operator,C0-semigroup. 

 

I. Introduction 

Many Scientists ([1],[2],[3]) introduce several generations of analysts working in the area of 

operator semigroups. In particular, the progress has been made in the asymptotic theory of strongly 

continuous semigroups. One of the major results in this direction a strongly continuous semigroup on 

a Banach space with the norm of the resolvent of its generator A is uniformly bounded in the right 

half-plane.  

We consider the following equations: 

 

𝜌(𝑡)

ℎ(𝑥)

𝜕𝑢(𝑡, 𝑥)

𝜕𝑡
=
𝜌′(𝑡)

ℎ′(𝑥)

𝜕𝑢(𝑡, 𝑥)

𝜕𝑥
, 𝑤ℎ𝑒𝑟𝑒   𝜌(𝑡) 𝑏𝑒 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝜌(0) = 1 

            We introduce a new type of semigroup namely (Quotient semigroup) and its define by: 

𝑈𝐷(𝑡)∅(𝑥) = ∅ [ℎ−1 (
ℎ(𝑥)

𝜌(𝑡)
)] such that ℎ−1  exists. 

            And also we introduce strongly continuous generalized Quotient semigroup defined by: 

𝑇𝐷(𝑡)𝜙(𝑥) = 𝑒𝑥𝑝 [∫ 𝜌(𝜉)
𝑥

ℎ(𝑥)⊛𝐷𝑡
𝑑ℎ(𝜉)]𝜙[ℎ(𝑥) ⊛𝐷 𝑡] 
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II. Strongly continuous semigroup and its generator operator. 

2.1 Definition [4]: 

Let E be Banach space then a function f(t) is called continuous at a point t0 if ‖𝑓(𝑡) − 𝑓(𝑡0)‖𝐸 →
0 , 𝑎𝑡 𝑡 → 𝑡0 , continuous on the interval [a,b], if it is continuous at each point of this segment. 

 

2.2 Definition [5]: 

The function f(t) is called differentiable in point t0, if there is an element 𝑓′𝐸 such that: 

‖
𝑓(𝑡0 + ℎ) − 𝑓(𝑡0)

ℎ
− 𝑓′‖

𝐸

→ 0 , 𝑎𝑡 ℎ → 0 

The element f' is called the derivative of the function f (t) at point t0 and denoted by: 

𝑓′ = 𝑓′(𝑡0)). 

2.3 Definition [6]: 

We will say that the operator function A(t) is continuous in norm at point t0 [a,b] if 

lim
𝑡→𝑡0

‖𝐴(𝑡) − 𝐴( 𝑡0 )‖𝐸 = 0. 

2.4 Definition [7]: 

The operator-function A(t) is strongly continuous in a point t0[a,b] if at any fixed  x  E1 

lim
𝑡→𝑡0

‖𝐴(𝑡)𝑥 − 𝐴( 𝑡0 )𝑥‖𝐸2 = 0. 

2.5 Theorem [8]: 

An operator–function A(t) is strongly continuous at t0[a,b] on all E1 if its norms are bounded, i.e. 

‖𝐴(𝑡)‖ ≤ 𝑀  ,   𝑀 > 0 

2.6 Definition [8]: 

We say that an operator A is closed if for every xnD (A), then  
‖x𝑛 − x0‖ → 0   and Ax0 = y0. 

 

2.7 Definition [7]: 

A family of bounded operators T (t) (t >0), define on the Banach space E, is called strongly continuous 

semigroup of operators if T(t) strongly continuous and satisfies the condition T (t)T (s) = T(t+s) (t>0, 

s > 0). 
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2.8 Definition [6]: 

It is said that T (t) is a semigroup of class C0 if it is strongly continuous and the following 

condition holds 

lim
𝑡→0
‖𝑇(𝑡)𝑥 − 𝑥‖𝐸 = 0.       for any x E. 

 

2.9 Theorem [9]: 

The linear operator A is a generating operator (generator) of a semigroup T (t) of class C0 iff its 

closed with a dense in E. 

 

2.10 Definition[6]: 

A family of bounded operators T (t) (t >0), define on the Banach space E, is called strongly 

continuous multiplicative semigroup of operators if T(t) strongly continuous and satisfies the 

conditions: 

1)T(0)=I 

2) T (t)oT (s) = T(t*s) (t, s > 0). 

 

III. Quotient semigroup. 

3.1 Definition: 

Let t  (t1, t2)  ℛ , x  (a,b)  ℛ,  𝜌(𝑡) 𝑎𝑛𝑑 ℎ(𝑡) are real functions with domains D (𝜌) = 

(t1, t2), D (h) = (a, b), continuously differentiable and strictly monotone. In addition,  ℎ(𝑥). 𝜌(𝑡) ∈
𝐷(ℎ−1) ∩ 𝐷(𝜌−1)  , whereℎ−1 𝑎𝑛𝑑 𝜌−1- inverse functions. Consider the differential equation: 

𝜌(𝑡)

ℎ(𝑥)

𝜕𝑢(𝑡, 𝑥)

𝜕𝑡
=
𝜌′(𝑡)

ℎ′(𝑥)

𝜕𝑢(𝑡, 𝑥)

𝜕𝑥
,    𝜌(0) = 1,   ℎ(𝑥) ≠ 0, ∀ 𝑥 

 

It is easy to see that the general solution of this equation is: 

𝑢(𝑡, 𝑥) = ∅ [
ℎ(𝑥)

𝜌(𝑡)
] …………………(2) 

Where  𝜑 is an arbitrary differentiable function. 

we can assign the one-parameter equation (1) to a one-parameter family of operators: 

𝑈𝐷(𝑡)∅(𝑥) = ∅ [ℎ
−1 (

ℎ(𝑥)

𝜌(𝑡)
)]………… . (3) 
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under the assumption that φ belongs to the space of continuous and bounded functions  C(a,b) with 

the norm: 

‖∅‖ = sup
𝑥𝜖(𝑎,𝑏)

|∅(𝑥)| 

3.2 Definition: 

We define a binary operation ⨀ by: 

𝑠 ⊛𝐷 𝑡 = ℎ
−1(ℎ(𝑠). ℎ(𝑡))  …………… . (4) 

3.3 Lemma: 

The operational family 𝑈𝐷(𝑡) defined by (3) is a semigroup of linear and bounded in C(a, b) of 

operators with the binary operation in (4). 

Proof: 

 We note that: 

1-𝑈𝐷(0) = ∅ [ℎ
−1 (

ℎ(𝑥)

𝜌(0)
)] = ∅[ℎ−1(ℎ(𝑥))] = ∅[𝑥] 

2-𝑈𝐷(𝑡)𝑈𝐷(𝑠)∅(𝑥) = 𝑈𝐷(𝑡) [∅ [ℎ
−1 (

ℎ(𝑥)

𝜌(𝑠)
)]] = ∅ [ℎ−1 (

ℎ(𝑥)

𝜌(𝑡)𝜌(𝑠)
)] 

= ∅ [ℎ−1 (
ℎ(𝑥)

𝜌(𝜌−1[𝜌(𝑡)𝜌(𝑠)])
)] = ∅ [ℎ−1 (

ℎ(𝑥)

𝜌(𝑡 ⊛𝐷 𝑠)
)] = 𝑈𝑄(𝑡 ⊛𝐷 𝑠)∅(𝑥) 

Therefore   𝑈𝐷(𝑡) is semigroup operator. 

 

3.4 Remark: 

The semigroup  𝑈𝐷(𝑡)  is called a Quotient semigroup. 

 

3.5 Remark: 

The function  h(𝑡)  which given in the semigroup  𝑈𝐷(𝑡) is invariant relative to the functions  

h(x)  on h(x)+c , where  c is real  constant. 

 

3.6 Proposition: 

Let  D be a  semigroup  generated by the equation (1) then there exists  a point  𝑡0𝜖(𝑡1, 𝑡2) , 
such that  𝑈𝐷(𝑡0)𝜑(𝑥) = 𝜑(𝑥). 
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Proof: 

It follows from continuity and monotony of the function  ℎ𝑐(𝑡) =
𝑐

ℎ(𝑡)
  , which the appropriate 

selection of constant c, it becomes zero at unique point 𝑡0𝜖(𝑡1, 𝑡2). In this case,  It follows that the 

Cauchy problem for equation (1) with the initial condition u (t0, x) = φ (x)  has a unique solution and 

it can be represented as: 

𝑢(𝑥, 𝑡) = 𝑈𝐷(𝑡0)𝜑(𝑥)………… . (5) 

3.7 Definition: 

If  𝜌(𝑡) = ℎ(𝑡) then the semigroup D-semigroup can be written by the form: 

𝑈𝐷(𝑡)𝜑(𝑥) = 𝜑(𝑡 ⊛
ℎ 𝑥)……………(6) 

Where 𝑡 ⊛ℎ 𝑥 = ℎ−1 (
ℎ(𝑥)

ℎ(𝑡)
) 

And its called h-symmetric and the equation (1) is called symmetric generating equation. 

 

2.8 Lemma: 

The family of semigroups produced by symmetric differential equation, contains  only one 

symmetric semigroup. 

 

Proof: 

Let   𝑈𝐷(𝑡)∅(𝑥) = ∅ [ℎ−1 (
ℎ(𝑥)

ℎ(𝑡)
)], for   c1 and  ℎ𝑐(𝑡) =

𝑐

ℎ(𝑡)
 , thus we have: 

𝑈ℎ𝑐(𝑡)∅(𝑥) = ∅ [ℎ𝑐
−1 (

ℎ𝑐(𝑥)

ℎ𝑐(𝑡)
)] = ∅ [ℎ−1 (

ℎ(𝑥)

ℎ(𝑡)
. 𝑐))] 

Therefore  𝑈ℎ𝑐  is not symmetric for c1  . 

 

3.9 Definition: 

The semigroup 𝑈𝐷(𝑡)  is called a strongly continuous at a point 𝑡0𝜖(𝑡1, 𝑡2) , if for all  φE the 

inequality  holds: 

lim
𝑡→𝑡0

‖𝑈𝐷(𝑡)𝜑 − 𝜑‖𝐸 = 0  ……………(7) 

3.10 Definition: 

The semigroup 𝑈𝐷(𝑡)   , 𝜌(𝑡) =
1

𝑡+1
   , 𝑡 ≠ −1 is a class  

 𝑈ℎ
(0)(𝑡) = 𝑈𝐷(𝑡) = ∅[ℎ

−1(ℎ(𝑥). (𝑡 + 1))]   
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We note that  𝑈𝐷
(0)(𝑡) with the binary operation  𝑡 ⊛ℎ 𝑥 = ℎ−1(ℎ(𝑥). (𝑡 + 1)) is called Arithmetic 

semigroup. 

 

3.11 Definition: 

Let   f(t)  be a vector function , define on  𝑡𝜖(𝑡1, 𝑡2)  with valued in  E. 𝜇(𝑡) be a strictly 

monotonic function ,define on  𝐷(𝜇) ⊆ 𝑅 , 𝑅(𝜇) = (𝑡1, 𝑡2) , then a function   𝑔(𝑡0 = 𝑓(𝜇(𝑡))   is 

called  𝜇-deformation of function f(t). 

 

3.12 Remark: 

Every  D-semigroup  is   𝜌-deformation of semigroup  𝑈𝐷
(0)(𝑡)   . 

 

3.13 Definition : 

 The function φ C(a,b) is called uniformly continuous if its 𝜇−1-deformation 

   𝜓 = 𝜙(𝜇(𝑥))  is bounded and uniformly continuous function. we note that : 

‖𝜙‖𝐶(𝑎,𝑏) = sup
𝑥∈(𝑎,𝑏)

|𝜙(𝑥)| = sup
𝑠∈(𝜇−1(𝑎),𝜇−1(𝑏))

|𝜙(𝜇(𝑠))| = ‖𝜓‖𝐶𝜇 

3.14 Proposition: 

Every  𝑈𝐷
(0)(𝑡)  strongly continuous semigroup in the space of  h-1-uniformaly continuous 

functions. 

 

Proof: 

We note that: 

‖𝑈𝐷
(0)(𝑡)𝜙(𝑥) − 𝜙(𝑥)‖ = sup

𝑥(𝑎,𝑏)
|𝜙[ℎ−1(ℎ(𝑥). (𝑡 + 1))] − 𝜙[ℎ−1(ℎ(𝑥))]| 

= sup
𝜏(ℎ−1(𝑎),ℎ−1(𝑏))

|𝜓(𝜏 + 𝑡) − 𝜓(𝑡)| = ‖𝜓(𝜏 + 𝑡) − 𝜓(𝑡)‖ → 0, 𝑡 → 0 

3.15 Theorem: 

A generator operator of the semigroup  𝑈𝐷
(0)(𝑡) given by the differential expression : 

𝐴ℎ
(0)𝜙(𝑥) =

ℎ(𝑥)

ℎ′(𝑥)

𝜕𝜙

𝜕𝑥
  , ℎ(𝑥) = 0   ; 0 < 𝑥 < 1, lim

𝑥→𝑏
ℎ(𝑥) = ∞ 

And a domain 𝐷(𝐴ℎ
(0)
) = {𝜙: 𝜙 ∈ 𝐶ℎ−1 , 𝐿𝜙 ∈ 𝐶ℎ−1}. 
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Proof: 

We have : 

𝑅(𝜆, 𝐴) = (𝜆𝐼 − 𝐴)−1   ,   𝑅𝑒(𝜆) > 𝜔,𝑤ℎ𝑒𝑟𝑒 𝑅(𝜆, 𝐴) 𝑠𝑡𝑎𝑛𝑑 𝑓𝑜𝑟 𝑟𝑒𝑠𝑙𝑣𝑒𝑛𝑡𝑎 𝑜𝑓   𝜆 

Thus: 

𝑅(𝜆, 𝐴ℎ
(0)) = ∫ 𝑒−𝜆𝑡𝑈𝐷

(0)(𝑡)𝜙(𝑥)𝑑𝑡

∞

0

 

‖𝑅(𝜆, 𝐴ℎ
(0))‖ <

1

𝑅𝑒(𝜆)
  , 𝑅𝑒(𝜆) > 0 

∀  𝑛𝑁    , 𝐽𝑛 = 𝑛𝑅(𝑛, 𝐴ℎ
(0)) 

Thus we have: 

𝐴ℎ
(0)𝐽𝑛 = 𝑛(𝐽𝑛 − 𝐼) 

𝑦𝑛(𝑥) = (𝐽𝑛𝜙)(𝑥) = 𝑛∫ 𝑒−𝑛𝑡𝑈𝐷
(0)(𝑡)𝜙(𝑥)𝑑𝑡

∞

0

= 𝑛∫ 𝑒−𝑛𝑡𝑈𝐷
(0)(𝑡)𝜙(𝑥)𝑑𝑡

∞

1

 

= 𝑛∫ 𝑒−𝑛𝑡𝜙[ℎ−1(ℎ(𝑥). (𝑡 + 1))]𝑑𝑡

∞

0

= ∫𝑒
−𝑛[

ℎ(𝜏)
ℎ(𝑥)

−1]
ℎ′(𝜏)𝜙(𝜏)𝑑𝜏

𝑏

𝑥

 

ℎ(𝑥)

ℎ′(𝑥)
𝑦′𝑛(𝑥) = 𝑛(𝐽𝑛 − 𝐼)𝜙(𝑥) = 𝐴ℎ

(0)𝑦𝑛(𝑥) 

 

3.17 Definition: 

Let (𝑎, 𝑏) ⊆ 𝑅 be an interval and let  h(x) be a differentiable function such that   lim
𝑥→𝑏

ℎ(𝑥) = ∞ 

, we define a space 𝐿𝑝,𝜔,ℎ by : 

𝐿𝑝,𝜔,ℎ =

{
 

 

𝜙:  ‖𝜙‖𝑝,𝜔,ℎ,𝑔 = [∫|exp[𝜔ℎ(𝑥)] 𝑔(𝑥)𝜙(𝑥)|
𝑝𝑑ℎ(𝑥)

𝑏

𝑎

]

1
𝑝

, 𝑝 ≥ 1 , 𝜔 > 0 , 𝑔(𝑥) > 0, 𝑔′(𝑥) > 0

}
 

 

 

On the space  𝐿𝑝,𝜔,ℎ  we define the following family of operators: 

𝑇𝐷(𝑡)𝜙(𝑥) = 𝑒𝑥𝑝 [ ∫ 𝜌(𝜉)

𝑥

ℎ(𝑥)⊛𝐷𝑡

𝑑ℎ(𝜉)]𝜙[ℎ(𝑥) ⊛𝐷 𝑡] 
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3.18 Theorem: 

The family of operators  𝑇𝐷(𝑡) is strongly continuous generalized canonical semigroup defines 

on the space 𝐿𝑝,𝜔,ℎ and the following estimation holds: 

‖𝑇𝐷(𝑡)‖ ≤ |𝑡|−𝑝 

 

Proof: 

‖𝑇𝐷(𝑡)𝜙‖𝑝,𝜔,ℎ
𝑝 = ∫exp [𝜔ℎ(𝑥) + 𝑝 ∫ 𝜌(𝜉)

𝑥

ℎ(𝑥)⊛𝐷𝑡

𝑑ℎ(𝜉)] 𝑔(𝑥)|𝜙(ℎ(𝑥)⊛𝐷 𝑡)|
𝑝𝑑ℎ(𝑥)

𝑏

𝑎

≤ 

≤ ∫exp[𝜔ℎ(𝑥)] 𝑔(𝑥)|𝜙(ℎ(𝑥) ⊛𝐷 𝑡)|
𝑝𝑑ℎ(𝑥)

𝑏

𝑎

≤
1

|𝑡|
∫ exp[𝜔ℎ(𝜏)]𝑔(ℎ−1(ℎ(𝜏). (𝑡 + 1)))|𝜙(𝜏)|𝑝𝑑ℎ(𝜏)

𝑏

ℎ(𝑎)⊛𝐷𝑡

 

≤
1

|𝑡|
∫ exp[𝜔ℎ(𝜏)] 𝑔(𝜏)|𝜙(𝜏)|𝑝𝑑ℎ(𝜏)

𝑏

𝑎

 

‖𝑇𝐷(𝑡)𝜙‖𝑝,𝜔,ℎ
𝑝 ≤

1

|𝑡|
‖𝜙‖𝑝,𝜔,ℎ

𝑝
 

‖𝑇𝐷(𝑡)𝜙‖ ≤ |𝑡|−𝑝‖𝜙‖ 

Clearly  𝑇𝐷(0)𝜙(𝑥) = 𝜙(𝑥) 

𝑇𝐷(𝑡)𝑇𝐷(𝑠)𝜙(𝑥) = 𝑇𝐷(𝑡)𝑒𝑥𝑝 [ ∫ 𝜌(𝜉)

𝑥

ℎ(𝑥)⊛𝑄𝑠

𝑑ℎ(𝜉)]𝜙[ℎ(𝑥) ⊛𝐷 𝑠] 

= 𝑒𝑥𝑝 [ ∫ 𝜌(𝜉)

𝑥

ℎ(𝑥)⊛𝐷𝑡

𝑑ℎ(𝜉)] 𝑒𝑥𝑝 [ ∫ 𝜌(𝜉)

ℎ(𝑥)⊛𝐷𝑡

ℎ(𝑥)⊛𝐷(𝑡+𝑠)

𝑑ℎ(𝜉)]  𝜙[ℎ(𝑥) ⊛𝐷 (𝑡 + 𝑠)] 

= 𝑒𝑥𝑝 [ ∫ 𝜌(𝜉)

𝑥

ℎ(𝑥)⊛𝐷(𝑡.𝑠)

𝑑ℎ(𝜉)]  𝜙[ℎ(𝑥)⊛𝐷 (𝑡. 𝑠)] = 𝑇𝐷(𝑡 + 𝑠)𝜙(𝑥) 
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Generating operator of  semigroup  𝑇𝐷(𝑡). 

We can constriction the grating of the semigroup  𝑇𝐷(𝑡)  by: 

𝐴𝐷𝜙(𝑥) = lim
𝑡→1

1

𝑡
[ 𝑇𝐷(𝑡) − 𝐼]𝜙(𝑥) 

And this means, 

𝐴𝐷𝜙(𝑥) =
𝑑

𝑑𝑡
𝑇𝐷(𝑡)𝜙(𝑥)|𝑡=0 = ℎ(𝑥)

𝑑𝜙(𝑥)

𝑑ℎ(𝑥)
− 𝜌(𝑥)𝜙(𝑥) 
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 الخلاصة 
هذه تكون  القسمة(  في المعادلات التفاضلية مع استخدام التحليل الدالي. شبه الزمرة، قدمنا نوع جديد من شبه الزمرة يسمى )شبه زمرة البحثفي هذا 

 حل للمعادلات التفاضلية الجزئية على الشكل الاتي:

𝜌(𝑡)

ℎ(𝑥)

𝜕𝑢(𝑡, 𝑥)

𝜕𝑡
=
𝜌′(𝑡)

ℎ′(𝑥)

𝜕𝑢(𝑡, 𝑥)

𝜕𝑥
,   𝑤ℎ𝑒𝑟𝑒   𝜌(𝑡) 𝑏𝑒 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝜌(0) = 1, ℎ(0) = 1 
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