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Abstract

This research paper presents a new method: the integral Rohit
transform to study and solve quantum physics problems. The standard
calculus approach is typically used to solve quantum mechanics issues.
The obtained solutions demonstrate the potential and efficacy of the
suggested approach to overcoming quantum mechanical problems,
such as low-energy particle scattering by a completely rigid sphere
and particle behavior in a one-dimensional infinitely high potential
box. The successful application of the integral Rohit Transform has
been demonstrated in solving the one-dimensional time-independent
Schrodinger’s equation. This application has yielded results that include
the determination of eigenenergy values and eigenfunctions for a
particle confined within an infinitely high potential well, as well as the
calculation of the total scattering cross-section for low-energy particles
interacting with a perfectly rigid sphere. In the case of low energy
limit, the total scattering cross-section for low energy particles due to a
perfectly rigid sphere, as determined through quantum mechanics, is
equivalent to the geometrical cross-section of said sphere. Additionally,
the energy values that the particle can possess within a one-dimensional
infinitely high potential well demonstrate that the energy of said particle,
when confined within this potential well, is quantized.

1. Introduction:

in this publication. Quantum mechanics is used to determine
the total scattering cross-section for low energy particles by

Any type of particle beam that is directed towards matter
will deflect its constituent particles off their original course
upon colliding with those particles [1]. The scattering is char-
acterized by the wave functions, which are the solutions to
Schrodinger’s equation, in order to approach the scattering
problem quantum mechanically [2]. Only the s-wave is scat-
tered when the energy of the incident particles is low; all other
waves in the partial waves in the region of non-zero potential
are so little that they stay unaltered [3]. The scattering of low
energy particles by a completely rigid sphere has been covered
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a completely rigid sphere, and the results are contrasted with
classical findings. The phase shift of the s-wave induced by
the scattering potential is obtained by solving the Schrodinger
equation with the integral Rohit transform. This phase shift is
then utilized to derive the quantum mechanical total scattering
cross-section for low energy particles by a completely rigid
sphere. The likelihood that a particle will be scattered as it
moves through a material of a specific thickness is known as
the scattering cross-section. When considering low energy,
the total scattering cross-section can be expressed as follows:
Oiotal = % sin® &, where & is the scattering potential-induced
phase shift of the s-wave [1], [2], [3]. Due to the combined
potential of the entire crystal lattice rather than the atomic nu-
cleus, a small number of loosely bound valence electrons (that
is, electrons present in the outermost shells but not entirely
filled shells) become free from atoms and travel throughout
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2 Solving Quantum Mechanics Problems...

the crystal [4]. With the exception of limiting forces at the
crystal’s boundaries, electrons in the free electron gas experi-
ence no force within the infinite walls of the crystal [5], [6].
In order to determine the eigen values and eigen functions for
a particle inside the one-dimensional infinitely high potential
box, such as an electron in a one-dimensional crystal, this
paper also addresses the application of integral Rohit trans-
form to the one-dimensional time-independent Schrodinger’s
equation. The Rohit transform (RT) is put into words for a
function of exponential order by the integral equations as

Rh(t) = q3/ e Th(t)dt,t >0,q1 > q> qa.
0

The variable q is used to factor the variable t in the argu-
ment of the function h [7], [8].

The Rohit transform (RT) of unidentified functions [9],
[10] is given by

oo 00 nd
i.R{t"}=q3/ e*"’t”dz:/ eZ<Z> =
0 0 Z q

where z = qt

2 oo 2 5 |
R{h(t)} = 37/0 e “(2)'dz= i(;ﬁ- 1) = %ny - n;2

Thus R {"} = q—‘z
ii. R {sinbt} = q3/ e sinbtdt
0

o ibt _ ,—ibt
=q3/ eq’(el i l )dl
0 2i

o/ ,—(q—ib)t _ ,—(q+ib)t
R{sinbt} = q3/ (e < )dt =
0

2i
3 3
_ q —% —0 q — -0
2i(q—ib) (e —e)+ 2i(q—ib) (7" —e™)
3 3 3
) q q bq
Rsinbt = — =
M Dilg—ib)  2i(q+ib)  q?+b?

Thus R {sinbt} = 24

iii. R {cosbt} = q3/ e ¥ cosbtdt
0

o0 ibt —ibt
= q3 / €_qt <€l + € l )
0 2

o0 —(g—ib)t _ ,—(q+ib)t
R {cosbt} = q3/ (e 5 ¢ )dt
0

q3 —oo —0 q3 —oo
R {COSbt}:—m(e —e )_m(e -
670):.q3. +.q3. = a
2i(q—ib) 2i(q+ib) g*+b*
Th v
usR {cosbt} = s

iv. R{"}=¢’ / e =g’ / (e 4=P")dr
0 0
3 3

_ q e e 0) — q
BNCED N A Py

6]3

(q—0b)

Let g(t) be a piecewise continuous function in some inter-
. / . .
vals, then the Rohit Transform (RT) of g (t) is given by

Thus R{e"1} =

R} =q' [ e 0ar

Integrating by parts and applying limits, we have

R{g (1)} = {8(0) —/Ow —qe‘”g(t)dt}
7 [— 2(0)+¢ /0 ) qeq’g(t)dt]

R {g (1)} = qRs(r) — ¢°2(0)
Hence R {g (1)} = qG(q) — ¢°3(0)

On replacing g(t) by gl (t)and g, (t) by g” (t), we have

R{g (1)} = qRg (1) — ¢’¢ (0)
= gqRg(t) — ¢°2(0) — ¢’¢ (0)

R{g (1)} = ¢*Rg(t) —4*2(0) — ¢’¢ (0)
= ¢°G(q) — 4"8(0) —¢*¢ (0)
Hence R{g (1)} = ¢*G(q) — ¢*2(0) — ¢°g (0)

Similarly, R{g/l )} =¢*Glq) —¢°g(0) — q‘'s (0)— s (0).
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In general,

RS(1) = ¢'Rig(0)} — ¥ ¢+ 1 (0)
k=1

A unit step function is written as

0 for t<a

U([OC){

1 for t>0

The RT of a unit step function is given by

RiUt—a)} =4 /Oooefq’U(t—a)dt

R{U(t—a)} = ¢ /O T

R{U(t—a)} =gPe
Shifting property:
If R{g(H)} = G(q), then
Rg(t —a)U(t —a)] = e~ *G(q).

Proof:

Rlg(t—a)U(1—a) =¢* /0 e gt —a)U (1 —a)dr

= q3/ e gt —a)dt.
0

Putting v=t-a, we get
RgUO)] = [ et g(v)a,
0

Rig0)U)] =g [ e glv)ay

Putting v=t-a, we get

Rlgt=)U(t =) =e 19" [~ e 1g(0)a

R[g(t —a)U(t —a)] = e *G(q)

2. Material and Method:

2.1 Scattering of Low Energy Particles i.e. S-Wave
by Perfectly Rigid Sphere:

A perfectly rigid sphere of radius R [1], [3] is represented
as
oo forr<R
vin={
Oforr>R

The wave function vanishes forr < R, as V (r) = o forr
<R.

The radial part of time-independent Schrodinger equation
for r > R is written as:

10 duy(r) I+ Dw(r) 2mE
r28r(r2 c?lr ) rzl ™ u(r) =0 M

For low energy particles i.e. for s-wave, 1 = 0, therefore
equation 1 becomes

10 (a0l 2mE,
r2 or (r ar * w2 uo(r) =0 @
Let ug (r)= Uy (r)/r, then
dug(r) r&Uo(r) _ Uo(r)
or  or r?
Or
dug(r) aUy(r)
2 0UQ _
"Tor T r&r—Uo(r) 3)
Differentiate equation with respect to r, we get
d [ 50up(r)\  9*Uo(r) N dUo(r)  dUp(r)
ar\" “or ~Ton oar ar
Or
8 2(914()(1’) . 82U0(r)
or <r ar —Ton @)

Using equation 4 in equation 2 and simplifying, we get

d*Uy(r) N 2mE
or? 72

U()(V) = O

Or
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9*Up(r) 2
5,2 +k*Uy(r)=0 (5)
where k = 221—2‘5

Taking Rohit transform of equation 5, we get

q3/ efqug (r)dr +Kk*RUy(r) =0
0

7 {/O.R ef’”U(l)/(r)dr—i— /: e’”UO(r)dr} +K2R{Uy(r)} =0
(6)

The wave function vanishes forr < R, as V (r) = oo for r < R,
therefore, [ e=4" Up(r) dr = 0.

Hence, equation 6 becomes

q3/0 efqug (r)dr+Kk*RUy(r) =0
7 {—eqRU' (R)+ /oo eq’U/(r)dr} +k*RUy(r) =0
0 q A 0 0

& { — e RU(R) — ge" Uy (R) + ¢ / e"’Uo(r)dr}
R

+k*RUp(r) =0

—g’e" U (R) —g*e " Uo(R) +¢*R{Uo(r)} +K*R{Uo(r)}
=0
™)

Since the wavefunction ug (r) is continuous at r = R, it vanishes
atr =Ri.e. Uy (R)=0. Therefore, equation 7 becomes:

—q e RUG(R) + ¢*R{Uo (r)} + K*R{Uo(r)} = 0 (8)
Since U(;(R) = % [Up(R)] is a constant, let % [Up(R)] =d, then

equation 8 becomes:

e Rd+ P R{Uo(r)} +K*R{Up(r)} =0

_ ged

R{Uo(r)}— q2—|—k2 )

Taking inverse Rohit transform of equation 9, we get

Uo(r) = %sink(r—R)U(r—R) (10)

Now forr > R, U(x—R) = 1. Therefore, equation 10 becomes:

Uo(r) = %sink(r —R)

Or

Up(r) = %sin(kr—&)) 11)

where &) = kR is the phase shift of the s-wave caused by
scattering potential.
Now,

Uo(r)

d
uo(r) = = —sin(kr— &) (12)
kr
This equation represents the solution of Schrodinger’s equa-
tion forr > R.
Now, quantum mechanically, the total scattering cross-section

for s-wave is given by

4r
)
Orotal = ﬁsm 8()

Or
4r
Ototal = ﬁSlnzé(kR)
Or
, sin*(kR)
Orotal = 4TR" ————=

(kR

In the low energy limit, k — 0. Since in the limg_,q
sin? (kR)
(kR)?
geometrical cross-section of the rigid sphere. Classically, the
scattering cross-section for a rigid sphere is 2. Therefore,
it is observed that in the limit of low energy, according to
quantum mechanics, the total scattering cross-section for low
energy particles caused by a perfectly rigid sphere is four
times greater than the classical scattering cross-section for a

rigid sphere with the same radius.

= 1, therefore, G,y = 4TR%, which is equal to the
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2.2 Particle in A One-Dimensional Infinitely High
Potential Box:
The one-dimensional time-independent Schrodinger’s equa-
tion 11, 12 is given by

W)+ 2 EV (1) ()] =0

7 (13)

In this equation, y(x) is the probability wave function
and V(x) is the potential energy function. Consider a particle
confined to the region 0 < x < L. It can move freely in this
region but it is subject to strong forces at x =0 and x = L. The
one-dimensional infinitely high potential box is defined as

0 for0<x<L
Ve ={
oo for x leq 0 and x > L

For a particle inside the one-dimensional infinitely high
potential box [11], [12], V(X) = O Therefore, equation 13
becomes

W (x) +K*¥(x) =0 (14)

2mE and x belongs to [0, L] with y(0) = w(L) =

where k = hT

0.

Taking Rohit transform of equation 14, we have

7 /O ey (Wdx+ KR{y(x)} =0

L oo
3 —qx ., —qx .,/ 2 _
q [/O e \;/’(x)der/L e Py (x)dx] + kK*Ry(x) =0 (15)

As 0 < x < L, therefore, [; e~y (x) dx = 0.
Thus:

L
¢ [ ey v RR{y ()} =0

Pl Y L)~ 0) +a [ Y (@ax] +ERIY()} =0

¥ (0) + ge 9 y (L) — qy(0)
L
+q2/0 e Py (x)dx] +k2R{q/(x)} -0

Ple "y (L) -

Pe "y (L) -7y (0)+q e "y (L) — g y(0)

16
L PRY() + PRy ()} =0 1o

Put y(0) =0, v (L) =0, ¥ (0) = A (a constant), and ¥ (L)
= B (a constant), the equation 16 becomes:

P "B— A+ R{y(x)} +IR{y(x)} =0

R{y(0)}Hq* +k) = —ge "B+ g’A

_ 3 7qLB 3A
qe q
R = 17
W) ="+ 2 a7
Taking inverse Rohit transform of equation 17, we get
B . A
y(x) = —;smk(fo)U(x—L) + Esm(kx) (18)
Now for 0 < x < L, U(x-L) =0.
Thus,
A .
y(x) = Esm(kx) (19)
Put y(L) =0, equation 18 or 19 gives sin (k L) =0
Or
kL =n 7, where n is a positive integer.
Or
nw
k=— 20
2 (20
Comparing the values of k, we have
2mE nw 2
”oo\L
Simplifying, we get
n?m?h?
E=—5 21
2mL? @

This equation gives the eigen energy values for a particle
inside the infinitely high potential well. Substituting equation
20 in equation 20, we have

y(x) = ,%sin (mx> (22)

T L

Applying normalization condition, we have
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x=L
| v@w =1 23)

Where y* (x) is the complex conjugate of y(x). Using equa-
tion 22 in equation 23 and simplifying, we have

nw 2
A= —\/ = 24
VI (24)
Using equation 24 in equation 19, we have
2
y(x) = \/zsin (nljrx) (25)

This equation gives the eigen functions for a particle inside
the infinitely high potential well.

3. Conclution:

The quantum mechanical formalism is employed to deter-
mine the total scattering cross-section for low energy particles
caused by a perfectly rigid sphere. This is achieved by utiliz-
ing the integral Rohit transform. In the case of low energy
limit, the total scattering cross-section for low energy particles
due to a perfectly rigid sphere, as determined through quan-
tum mechanics, is equivalent to the geometrical cross-section
of said sphere. This geometrical cross-section is four times
greater than the classical scattering cross-section for a rigid
sphere of identical radius. Additionally, the energy values that
the particle can possess within a one-dimensional infinitely
high potential well demonstrate that the energy of said particle,
when confined within this potential well, is quantized. The
minimum energy of the particle occurs when n = 1 because if
n = 0, then the particle’s wave function is equal to zero, imply-
ing that the particle does not exist within the one-dimensional
infinitely high potential well. Consequently, the energy E =
0 is not permissible. This indicates that the particle cannot
possess zero total energy inside the one-dimensional infinitely
high potential well and therefore, cannot be at rest within it
according to quantum mechanics. As a result, the ground state
(also referred to as zero-point energy) of a particle within the
one-dimensional infinitely high potential well is expressed as

2h?

E ="
' omiL2

In this paper, the successful application of the integral
Rohit Transform has been demonstrated in solving the one-
dimensional time-independent Schrodinger’s equation. This
application has yielded results that include the determination
of eigen energy values and eigen functions for a particle con-
fined within an infinitely high potential well, as well as the

calculation of the total scattering cross-section for low energy
particles interacting with a perfectly rigid sphere. The ob-
tained solutions serve as a testament to the accuracy of the
proposed method, highlighting its superiority when compared
to existing approaches documented in the literature [1], [2],
(31, [4], [S], [6], [13], [14], [11], [12], [15], [16], [17], [18],
[19], [20].

Consequently, these findings provide compelling evidence
for the capability and effectiveness of the proposed method
in addressing various quantum mechanics problems. Notably,
this includes the investigation of low energy particle scattering
by a perfectly rigid sphere, as well as the study of particle
behavior within a one-dimensional infinitely high potential
box, such as an electron in a one-dimensional crystal.

Future Scope of Rohit Transform

The future scope of the Rohit transform (RT) holds promise
across various domains, including signal processing, image
processing, data compression, and cryptography.
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