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ABSTRACT

The aim object of this paper is present and study the concepts of
homomorphism and Jordan homomorphism on I'M -module and prove that every
Jordan homomorphism from I"-ring M Into prime I'M -module X is either a
homomorphism from M into X or anti-homomorphism from M into X.

Introduction
The definition of T'-ring presented by Nobusawa
[1] and generalization by Barnes[2].Let M and I" be two
additive abelian groups. Suppose that there is a mapping
from MxI'xM—M (the image of (a,a,b) being denoted
by aab, a,beM and a.eIl) satisfying for all a,b,ceM and
o,pel
i) (at+b)ac = aac + bac
a(o+p)c =aac + afc
ao(b+c) = aab +aac
ii) (aab)pc = aa(bpc)
then M is called a T-ring. This definition is due to
Barnes [2], every ring is T-ring. If the following
condition holds for a I'"-ring M then M is called a prime
I'-ring [3], al’MI'b =0 then a=0 or b=0, a,beM. M is
called 2-torsion free if 2a=0 implies a=0 for all acM.

Let M be a T-ring and X be an additive abelian
group X is a left 'M- module if there exists a mapping
MxT x X — X (sending (m,a,X) into max where me M
, a,fel and xeX) satisfying for all
m,mi,meM,a,Bel” and X,X1,X2 € X:[4]

i) (M1+m2 ) oX= MioX+moox
ii) m(o+ B )x=max+m [ x

iii) moy( X1+Xx2 )J=moxXi+maxz
iv) (Mmiamy) £ x= mio(m; £ X)
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X is called a right TM- module if there exists a
mapping XxI'xM — X, X is called ’'M- module if X is
both left and right ’'M- module, X is called a left prime
(right prime) if al'MI'b =0 then a=0 or b=0, acM,beX
(aeX,beM) respectively and X is prime if its both left
and right prime. X is called 2-torsion free if 2x=0 imples
x=0 for all xeX. [5]

In this paper the research extend the results of Herstien
[6],[7] to TM- module by introduce the concepts of
homomorphism and Jordan homomorphism on T'M-
module and prove that every Jordan homomorphism
from T-ring M into prime I'M-module X is either a
homomorphism from M into X or anti-homomorphism
from M into X.

1. Homomorphism on I'M-module:

In this section the research introduce the concepts of
homomorphism and Jordan homomorphism on I'M-
module. We begin by the following definition:
Definition 1.1:

Let M be I'-ring and X be TM-module €: M— X
be an additive map then @ is called homomorphism on
Xif
O(aab) = 0(a)ad(b) forallabeMand  eT.
Now we introduce the definition of Jordan
homomorphism on I'M-module:

Definition 1.2:

Let @ be an additive mapping of I'-ring M into 'M-

module X then @ is called Jordan homomorphism if

O(aca) =0(a)ab(a) forallacMand o 7.

Definition 1.3:
Let € be an additive mapping of I'-ring M into M-
module X then 0 is called
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O(aahpfa) = 8(a)ad(b) £6(a) Jordan
homomorphism if
forallabeMand «, B €T.

triple

Definition 1.4:
Let @ be an additive mapping of I'-ring M into I'M-
module X then @ is called anti- homomorphism if
O(aab) =0(b)ad(a) forallabeMand « 7.
In the following lemma we present the properties of
homomorphism on I'M-module
Lemma 1:
Let € be a Jordan homomorphism of I'-ring M into
I'M-module X , then for all a,b,ce Mand &, f €T.
i) B(aab +baa) =6(a)ad(b) + O(b)ab(a)
i) 0( aabpfa+ aabpfa) =0( a)a O(b) S 6(a)
+0@)p 0b)a 0(a)
iifd@aabaa)=0(a)a (b)ax 6 (a)
iv) 0( aabac+t cabaa) =0( a)a 8(b)a 6(c)
+0(C)a O(b)a 6(a)
v) O( aabpfct cabpfa) =0( a)a 6(b) S &(c)
+0(c)pO(b)a 0(a)
proof:
i) € ((atb) & (a+b))= @ (at+h) a 9 (a+h)
0@ a 0
+0@a 8(b)+0(b)a 8@)+0(b)ax 8(b) ...(1)
On the other hand
0 ((a+b) @ (a+h))= f (acx ataax b+tbx a+b a b)
= @ a @)+ b)a 0(b)+0(
aab+baa) ...(2)
Compare (1) and (2) we get
O(aacb +bea) = 8(a)ad(b) + 8(b)xO(a)
ii) Replace a # b+b £ afor b in (1) we get
O(@a(@pfbtb pa)+ (@fbtbfa)aa)
=f0(@a f@pfbthpa)+ @pb+bfa)a O(a)

= 0@a(@@pOb0+ 60)SO@)HO@ L
6(b)+6(b) 5 0()a 6(a)
On the other hand
O(@aa (@apfb+b pa) + (@afbtb fa)aa)

=f(acafbtacbPataffbaatbPfaca)
=0@a 0@ pob)+ob)so@@)a b+
f@aabpfatafbaa)
Compare (1) and (2) we get
Oacbfat aabpfa)
+0@) p Ob)a 0(a)

0( a)a 6b) B 0@)
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iii) Replace o for £ in (ii) and since X is 2-torsion free
we get the require result.
iv) Replacing a+c for a in (iii) we get:

0 ((a+c) x b a (a+c)) = O (a+c) a O (b) a O (a+c)

d@@a db)a 8@)+0@)a 8(b)a 8(c)+0(c)a 6 (b
)a 6 (a)+ OCc)a 8(b)a 6(c)
(1)
On the other hand
0 ((a+c) a b o (a+c))
=f(@aabaataabactcabaatcabac)

=@ a b)) a b(@+0
C©afdbad(c)tf(@aabactcabaa)..(2)
Compare (1) and (2) we get
O0( aabact cabaa)
+0(c)a O (b)a 6(a)

=0( a)a O(b)a 6(c)

v) Replace a+c for a in definition 1.3
0 (@@tc)ab p(atc)) = (atc) a O (b) B 6 (a+c)

= 0@ abdb) L@ +0()
a 6(b) B 0(c)+0(c)a 0 (b) B o(c) +6(c)
a 0(b) S o(c)

...(D
On the other hand

0 ((atc) a b S (a+c))=
aabpfctcabfatcabfc)

= 0 (a) afdb)po@+éC)adb)po
(c)tf@abpfctcabpfa)...(2)
Compare (1) and (2) we get
Oaabfctcabpfa) =
+6(C)a 8(b) B O (c)
Definition 1.5 :

Let & be Jordan homomorphism of I'-ring M into
I'M-module X then we define :MxI'xM — X
by :
w(a,b),=0@ab)- 6(@)a 6(b), for all a,be M and

ael.
In the following lemma the research present the

properties of w(a,b),

Lemma 2 :
If @ be Jordan homomorphism of I'-ring M into [M-
module X then forallab,ceMand ', S €T

i) w(@+b,c),= w(ac),+ w(b,.c),
i) w(@b+c),=w(ab),+y(ac),
iii) w(a,b),.,= w(@b),+ w(ab),

O(@aabpat

O (@a 0(b)f 6(c)
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Proof:
i) w(@a+b,c),=0((atb)ac) - O(atb)a & (c)

= fH(aactbac) - f(@) a d(c) - 6(b)
a 6(c)

= f(aac) - (@ ab(c) +0(bac) -
6 () a 6(c)

=y(ac),+ y(bc),
i) w(a,b+c),= O @a (b+c) - €(a)a 0 (btc)

= f(aabtaac)- 0@ ad(b)
@) a 6(c)

= H(aab)- @) a b)) + HO(acxc)-
f@)a d(c)

=y(ab),+y(ac),
i) y(a,b),.,= 0 @(a+p)b)-0@)(a+ )0 (b)

= O(aabtafb) -0 (a)a 6 (b)-
0() B 0(b)

= f@ab)- @a b+ O( aph)-
0() B 0(b)

=y(ab),+ y(ab),
Not that € is homomorphism from '-ring M into T'M-
module X if and only if y(a,b)_, =0 for all a,b M and

ael.
Now, we present the following lemma:
Lemma 3:

Let & be a Jordan homomorphism of 2-torsion free
I'-ring M into 2-torsion free I'M-module X then for all
abmeMand «,f T.

i) w(ab), g Om) B wb,a),+
w(b,a), p 6(m)p y(ab),=0
i) y(ab), a 6(ma y(b,a),+
w(b,a),  d(m)a w(a,b), =0
iii) w(@b), a 0(ma y(b,a),+
y(0,a), a O(m)a y(b,a),=0
Proof :
Letw=aabfmpfbaatbaaffmpPaab
Since @ is a Jordan homomorphism, then
Ow)=0(aabfmpfbaatbaaffmpfaab)
= 6 (a) af@bpmpb)a 6(a)+
Ob)a O@pfmpa)a 6(b)
= 0 ()
a0 om)pobad@+dbad(@)psom)
pO@a b)) ..(1)
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On the other hand
Ow)=0((aab)fmpbaa)yt(baa)fmp(aab))

B@aab)pém)pobaa)ytfbaa)p 6(m)SH(a
ab)
= O( aabh)poémpOl@add+ 6(b)
a 0 (a)- 0( aa b))+(-0 (aa b)+
f@a fh)+réb)a H@) L OmM)L O(aab)
=-O@ab)pf O(m)p(0(aab)- 8@)a O (b)-
O@aab)p 6(m) L (0 (@ahb)-6(b)
a 0@)+0@a d(b)s O(m)L O@ab)+

OO)a 8@ L Om)L O@ab) ...(2)

By comparing (1) and (2), we get:

0= -0(acrb) B O(m) B w(ab),-
0(aab) B O(m) B y(b,a),+ 0 (a)
a @b)p o(m)p 0 (@ab)+
Ob)a 8(@)p 6(m)pS O (@ab)- 0 (a)
a @b)p 0(m)ps ob)a 6 (a)- 00 a
f@pom)po@a d(b)

=0(aab)B 0(m) B y(ab),-

0@aab) B 0m)pyba),+ 0 (a)

adpomp yba),+0ba 0@ pL0mps
w(a,b),

=-( w@hb),-00a @) pOm By(b), -
(y(@b),-0@a 0 (b)0(a) a d(b)

Thus we have:
w(@b), pOm) B yb,a),+

w(b.a), B O(m) S y(ab),=0

ii) Replace S by «in (i) and proceeding in the same
way as in the proof of (i) by the similar arguments, we
get (ii).

iii) Interchanging « and £ in (i), we get (iii).

The research needs the following lemma:

Lemma 4:[5]

Let M be I'-ring and X a 2-tortion free semiprime
I'M-module and a,b the elements of X. Then the
following conditions are equivalent:

i) al'MI'b=(0)

ii) br'MT"a=(0)

iii) alrMT"b+bI"'MI"a=(0)

If one of these conditions are fulfilled then
al'b=bT"a=(0).

Lemma 5:
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Let & be a Jordan homomorphism of 2-torsion free
I'-ring M into 2-torsion free ’'M-module X then for all
abmeMand «,f T

i) y(@b), BOm B yba),= y(b,a),
Bm) B y(ab),=0

i) y(@b), a dma y(ba),= y(b,a),
a 8(ma y(a,b), =0

iii) w(@b), a 0(ma y(b,a),= w(b,a),

a 0(m)a y(b,a),=0
Proof:
(i) By lemma 3 (i) we get:
v(ab), B Om)pwba),+
y(b,a), B O(m) S w(ab),=0
By lemma 4 we get:
v(ab), B &m)pyb.a),=
w(b.a), f Om) B y(ab),=0
ii) By lemma 3 (ii) we get:
y(ab), a 6(ma y(ba),+
w(b,a), a (ma w(ab),=0
By lemma 4 we get:
v(@ab), a 6(ma y(ba),=
yv(b,a), a d(m)a y(a,b), =0
iii) By lemma 3 (iii) we get:
w(ab),a 0(ma y(b,a),+
y(0,a), a 0(ma y(b,a),=0
By lemma 4 we get:
w(a,b),a 0(ma y(ba),=
y(0,8), a 0(m)a y(b,a),=0
2) The Main Results:
In this section the research introduce the main results
and we begin by the following theorem:
Theorem 6:
Let € be a Jordan homomorphism from T'-ring M
into prime I'M-module X then for all a,b,c,d,meM and
a,perl:

) w(ab), pOm)pw(d,.c),=0
i) w(a,b), @ (m)a w(d,c), =0
i) w(a,b), @ O(m)a w(d,c),=0

Proof:
Replace a+c for a in lemma 5(i)

v(a+c,b), pOm)pwb,a+c),=0
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w(a,b), S Om) s yb.a),+
w(a,b), g 0(m)pwb.c),+
w(c.b), pOm A y(ba),+

w(c,b), B 0(m)pyb,c),=0
By lemma 5
w(a,b), g o(mpwb,c),+

w(c,b), B Om) S w(b,a),=0
Therefore, we get:

y(@b), pOm B yb,c), fmpy(ab), 6(m)
Bw(b,c),=0

w(a,b), g 0m)pwb.c), fmpy(cb), f60(m)

By(ba),=0
Hence, by the primness of X:

w(ab), B Om) B y(b,c),=0
(D)

Now, replacing b+d for b in lemma 5(i)

v(ab+d), pOm) S wb+d,a), =0

w(a,b), g 6(m)pwba),+

w(ab), fm)py(d,a), +
w(a,d), g O(m)pyb,a),+

w(a,d), g 6(m)pw(d,a),=0
By lemma 5

w(ab), f0(m)pw(d,a),+

w(a.d), B 6(m)p y(ba), =0
Then the research get

w(@b), pOm) B y(d,a), B o6mp
w(ab), g Om) B y(d,a),

w(ab), BOm) By(d,a), s ompy(d)),ps
& (m) B y(b,a),=0

Since X is prime TM-module, then
w(ab), B Om) f y(d,a),=0

...(2)
Thus

w(a,b), pOm P ywb+da+c), =0
w(ab), B Om) B wyba),+
w(ab), pOm) B wy.c),+
w(a,b), pOm By a),+
y(ab), pOmpBw(d,.c), =0
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By (1) and (2) and lemma 5(i) the research get

w(ab), g Om) B w(d,.c), =0

ii) Proceeding in the same way as before by similar
replacements in lemma 5(ii), the research obtains (ii).

iii) Finally, replacing a + £ for « in (ii), the research
get:

l//(a” b)a+ﬂ ﬂ H(m)ﬂ W(dlc)aJrﬂ :0
v(ab), B &m)pw(d.c),+
w(a,b), B Om) B w(d.c),+
w(ab), fOm)pBy(d.c),+
w(a,b), £ 0(m)f (d,c), =0

By (i) and (ii) the research get

w(a,b), B Om)Bw(d,.c),+
w(a,b), p&(m) B w(d,c),=0
Therefore

y(a,b), fOm) B y(d.c),a

o (m)a y(a,b), B Om) S w(dc),
=y(ab), B Om) B y(d.c),a dm)
B é(mpw(d,c), =0

Since X is prime I'M-module, then
w(@b), a d(ma y(d,c),=0
Now, the research able to prove the main result in this

a y(ab),
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Every Jordan homomorphism from T'-ring M into
prime I'M-module X is either a homomorphism from M
into X or anti-homomaorphism from M into X.

Proof:

Let @be Jordan homomorphism of I'-ring M into
prime I'M-module X. Since X is prime therefore by
theorem 6 (i) , w(a,b),=0 or w(d,c), =0 for all
abcdeMand o €T

If w(d,c), #0 for all cdeM and « €T then
w(a,b), =0 for all abeM and o €T and hence & is
homomorphism of T"-ring M into prime I'M-module X.

But if w(d,c), =0 for all cdeM and « €T then
@ is anti-homomorphism from M into X.
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