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Abstract
Moduli of smoothness are intended for mathematicians working in approximation theory,
numerical analysis and real analysis. Measuring the smoothness of a function by differentiability is two

grade for many purposes in approximation theory. More subtle measurement are provided by moduli of
smoothness.

Many versions of moduli of smoothness and K-functionals introduced by many authors. In this work we

choose two of these moduli and prove that they are equivalent themselves once and with a version of K-
functional twice, under certain conditions.

As an application of our work we introduce a version of Jackson theorem for the approximation by neural
networks.

Keywords: Jacobi modulus of smoothnessn. Neural networks. Best approximation. Modulus of
smoothness.

1. Introduction, Definitions, Preliminaries, and Main Results
For f: [-1,1] = 1 — IR, Lp(l) is the space of all functions satisfying || f||p(T) <co,

we use the norm || £ [lup(1) = (f,IfP)/?, 0 < p <o0 and

Lop(l) :={f : [lof llp(D)<e0}.
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Definition 1.1 [1]
ForréNo,r=1 and 0<p<w
Cp (@) ={f:fT7" € ACioc(—1,1) and Q"f" € L,p },

where ACioc (-1,1), the space of all absolutely continuous functions on (-1,1).

Definition 1.2 [1]
For a weight function w, and | € [-1,1]
Lop()) = { f: lofl,, < oo}.
Definition 1.3 [1]
Fork,r € Nand f € Cp(wap),0<p=<o0

O gy = sup [[W2 = Onfo(OGT)|
0<h<é

where, Q" = V1 —x%andr € N.
Natation 1.4
Foro,B €/,

Weep(0) = (L =20)*(1 +x)F

(_?1,00) if1<P<oo
P31 [0, ) if p= oo
(—=p, =) ifo<P<1

Definition 1.5 [1]
Fork, €N and h=0

k o () (DRt f (x=224 ihQ)  if [x— 222 x+ 29 ¢
Apo(fx;)= '

0 otherwise

-k
We denote the k™ forward and the k™" backward differences by A, (f,x) =

Ak (fox+ ’;—h)andZi (f,x) =ak (f,x — =) respectively.
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Definition 1.6 [1]
Adopting the weighted Dt moduli which were defined in [1,p. 218 and (8.2.10)] for a
weight  on D:=[-1,1] , we set for f € Loy,

W5 Oap = sup 0O, s

]
0<h<§

+ ‘?_% “(D(-)Z;{z(f:')||Lp[_1,—1+126*]
0<hs<6*

+ % ”w(-)Alli(ff-)||Lp[1—125*,1]’
0<h<é&*

where 6 := 2 k&%, and w(x) = V1 —x2,x € ] € [—1,1] and real §.

Definition 1.7 [1]
The weighted K-functional was defined in [1,p.55(6.1.1)] as

Kio(f,6)wp = nf {llo(f = DI, + ¥ llw@* g* I},
geCk(w)

In the articles [2],[3],[4].[5].[6].[7],[8] the authors introduced two versions of
moduli of smoothness and K-functional under certain conditions we prove that these
moduli are equivalent and also they are equivalent to a version of K-functional, as we
see in the following results:

As a property of the modulus a),gr the following raesult will be proved

Lemma 1.8

Suppose k is a natural number, r is a natural number or zero, satisfy % +a=> 0,% +
B = 0 for O<p<1, then whenever

g € (¥ (wg p) that

Wer(g' app < cPI||wgpQ g ]| .
Lemma 1.9
Letk €N, r € N, and£+o<2 0,§+,8 > 0 and p<1 if

f € C(wap) then

wer (7, 0)app < Vi, (F7,6%)app, 80,
Our theorem for equivalence is
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Theorem 1.10
Let k be a natural number, r € No and 1’2+ =0, r/2+ B = 0,p< land f € Cy

wq,p then there exists natural N depending on k,r,p, e and 8 such that for all 0< § < 2/k

and n € N Satisfying

max {N,ci/§}<n<co/é,then
kel (76 ) e pp < cDAL (FT ) p < cC@I02 (7, 8)ec g

< cP)wg, (180w pp < kL, (7,6 .

As a corollary of our main theorem above is

Corollary 1.11
For naturals k and r ,satisfies g +x>0, g Si e =2l

f € Cy (wgp), thus forany 0< 6 s% and p<1,that

Ag,r(f: n_k)OC,B,pN w;,Qr(fT, S)OC,B,pN w]?,r(frra)oc,ﬁ,p-
Now let us introduce an important theorem that give a property for the modulus wl?,r

,which is not esealy proved using the definition of w,?,r.

Theorem 1.12

For the natural r and k that satisfies >+ cc>0,-+B>0,for f€Cf, =1, 6>
0,0<p<1,wehave:

wlg,r(f(r)’x 6)0(‘8119 S C(p)w]g,r(f(r)l 6)

For the equivalence of the moduli w,ﬁr and wg the following result is

o,B,p

Theorem 1.13

If k and r are natural numbers satisfying >+ o< > 0and >+ 8 > 0, f € Cf. then

(1)’]21. (f(r)’ 6)0(,[3,p~w5 (f(r)' 6)0)0('6 QII;)

Artificial forward neural networks are non-linear expressions representing

functions.
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In the articles [1],[2].[3].[6]1.[7].[8].[9].[10],[11],[12].],[13].[14] the authors introduced
Jackson version theorems used the first degree usual modulus of smoothness.

In [15] the author improved this degree of approximation using the k™ order usual
modulus of smoothness.

In our work we improve the results in
[11.12].[31.[6].[71.[8].[9].[10],[11],[12].].[13].[14] and in [15] to direct neural network
theorem using weighted Jacobi modulus of smoothness, and prove:
Theorem 1.14

1
”f - p”Lp[O,l]d <c(pr d)w.(f, ;)Lp[O,l]d

where 7, d are naturals.

2 Auxiliary Results

This section consists of the lemmas that we need in our proofs of the main results.
Lemma 2.1
If 7 is a natural number, p < 1and>+oc,=+ B € J,, then

Cp* (wa 8) € Gp(@ap)-
Proof/

|we g()QT () g" ()] < m2P~*THwe Q™ () g™ (),

lwe g(QT () g7 ()P < mP2B="D 0y, QT (x) g™ (x)|P.

Taking the integral over the interval I, then:

[ 10w s @g P dx
I

< [ w20 g @G WP d
1
Using the hypothesis f € C;*" (w« g), then

f | W 5Q ()G @ dx < o
1
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Thus
e Q757 <
Lemma 2.2 [1]
Letke N, r€No, 12+ x>0,r/2+p>0,and0<p <w if f € C)(wxp), then

O r (0 pp < €@ |0 Q77 . §>0
where c is a constant depends only on k and p.

Lemma 2.3 [16]
If 0 < g < pthen

CIFIHYP < IFIDYI.

Lemma 2.4

Suppose k € N, r € N, or zero satisfy >+o= 0,2+ 8 >0 for 0 < p < 1, then

whenever

g € €} (wy p) that
0 (07 ) pp S CPIS* |0 5@ T 7| .

In this work c(p) | a constant depending on p only and may differ from step to another

step.

Proof/

For the proof, we shall use a method from [17]

T, ,§+ﬁ

o] e
0<h=s Lp(onk)

Wy, r(g ,6)« B =

—+ —+ﬁ'

)

sup
Ly(Dhk)

he
f hQ f:& gr+k(x Bi= Uq ... ...uk)dulduz .duk
0<h<p 2

Since a)f(;oc'?ﬁ(x) S wep (¥)Q"(y).Foranyy € (x- @ , X+ kh—Q) SO we get
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wl?,r (gr’ 5)°< B

hQ hQ
2 2
< -k k+r  k+1r
= sup ] o _hQQ (W@ " g )X+ Uy .. ..
0<hs<é$ 2

+ uy) duy du, .....duyg

Lp(th)
hQ he
w0 (g7 8 pp < sup || [-hg - Joho- 107 llg [lwx,p Q" gk””p duy ....dw || £>1
0<hs<é 2 2 £

< () 1RQ*llp Q71 [Jwowcp @4+ g**7|, €= 1

< C(p) 6k ”woc,ﬁ Qk+r gk+r||€ £>1

1
< c() 64, | we g Q%" g** T () [* |8/
where X1 . X2 ... xn is a partition for [-1,1]with |[x;, x;11]| = A x;,
such that | A x;] <z , zisa positive constant depending on p only.

Using Lemma 2.3, it will

1 11
il

A =
W (97,8 pp < c@E(| D o, , Q7 g™ (x)|PAX )" (2)" °
i=1

< C(p)6 k”wo(,ﬁ Qr+k gT+k||p.

Lemma 2.5
Letk eN,r€No and r’2+x >0, §2+ =0 andp<1.
If € Cj(wxp) then
Wer(f7, ) pp < ki, (1,6 ) pp 8>0.
Proof/
Letg € C;**(w«,B). By Lemma 2.1, then g € C} wy g

wlg,r(fr' 6)“,3,]) S wl?‘r(fr’ 6)0(,[3,p - w]?,r(grﬂ 6)0(,3,;) + w]?,r(gr, 6)0(,6,1)
0 (0" 8 pp < W (F7 = 97, 8)x ppt 02 (97, 8)x -
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By Lemma 2.2 we get

wlg:r(fr’ S)M'Brp S C”woc'ﬁrp(fr - gr)”p-l-a)lgr(gr’ 6)0(’6‘13

By Lemma 2.4 we get
W r (f7,8)ec pp < C || pp (F" = gN)lp+08" [l @47, g7

This completes the proof.
Lemma 2.6 [1]
ForkeN , reNo, and h>o0

p

_ (h)2 h/2
AX(fX) = f—h/z _h/sz(x +uy + o+ u)duy ... duy .

Lemma 2.7
K (T 6% o pp < 19, (FT, (8/1)" 5 )
< AL (F ) apy
< c(P)wpe(f", Q/Mapp
cP) e ("8
c@) w78 app:

IA

IA

Lemma 2.8

w;.Qr(fr’ 6)“.3,11 S C(p)wlgr(frt 6)0(,B,p1

when 6 >0 , 0<p < .

3 The Equivalence Results
In this section, we shall introduce and prove our theorems for the equivalence
of the moduli of smoothness themelves and the moduli of smoothness with K-

functional. As an application we introduce a neural network approximation theorem.

© Journal of University of Babylon for Pure and Applied Sciences (JUBPAS) by University of Babylon is licensed under
a Creative Commons Attribution 4. O International License, 2020.
https://www.journalofbabylon.com/index.php/JUBPAS, info@journalofhabylon.com, jub@itnet.uobabylon.edu.iq
+9647823331373 (Viber and Telegram)

128


https://extranet.issn.org/resource/issn/2312-8135
https://extranet.issn.org/resource/issn/1992-0652
http://creativecommons.org/licenses/by/4.0/
https://www.journalofbabylon.com/index.php/JUBPAS
mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq

Journal of University of Babylon for Pure and Applied Sciences, Vol. (28), No. (3): 2020

Online ISSN: 2312-8135, Print ISSN: 1992-0652

Theorem 3.1

Let k be a natural number, r € Noandr/24+x> 0,r/2+ f = 0,p < 1land
f € Cp (wup) then there exists natural N depending on k, 7, p, < and 8 such that for
all 0< 6 < 2/k and n € N Satisfying

max {N,ci/d}<n<ca/é,then
k2 (fT,6) e pp < c(PIAL, (fFT 0 ) pp < C@)@r2 (T, 8)ec
< c)wg, (10w pp < kL, (fT,6%)x .

Proof/ By Lemma 2.6
K2.(fT, 6% pp < cOU KT, 6/ ) s
< cPIFAR . (FT e g
< cP)wa (f7, Q/M)w gy

< c@)wiy (F7,8)ec
Now by Lemma 2.8, then

w;.Qr(fr’ 6)“'&1’ = w]((z,r(frt 6)0(,[3,p1

K (f7,6M)w pp < eI, (F7, 8 pp-

By lemma 2.5 we get
Ko (T8 epp < cPIAL(FT 0 ) g

< c(P)0e2(fT, ) pp < CPIW (T, O pp < DI, (T, g -
Corollary 3.2

For naturals k and r , satisfies >+ cc > 0, >+ B = 0and f € Cj (wp), then for any
0<6§% and p <1, we have

Ag'r(f; n_k)oc,B,p"’ w]:?- (fr; 6)0(,[3,19"’ w]gr(fr; S)K,B,p
Then, let us introduce an important theorem that give a property for the modulus w,gr :

which is not esealy proved using the definition of a),gr.

© Journal of University of Babylon for Pure and Applied Sciences (JUBPAS) by University of Babylon is licensed under
a Creative Commons Attribution 4. O International License, 2020.
https://www.journalofbabylon.com/index.php/JUBPAS, info@journalofhabylon.com, jub@itnet.uobabylon.edu.iq
+9647823331373 (Viber and Telegram)

129


https://extranet.issn.org/resource/issn/2312-8135
https://extranet.issn.org/resource/issn/1992-0652
http://creativecommons.org/licenses/by/4.0/
https://www.journalofbabylon.com/index.php/JUBPAS
mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq

Journal of University of Babylon for Pure and Applied Sciences, Vol. (28), No. (3): 2020

Online ISSN: 2312-8135, Print ISSN: 1992-0652

Theorem 3.3
For the natural r, k € N, that satisfy §+o<20,§+[320,f0rf EC§, x=>1,6>0,
0<P<1,then:
W (fON8), o < c@, (fD,0)
Proof/ Using Theorem 3.1, it is
0o (FON ), o < @KL (D, 0F), o
< C(p)(llwa,ﬁQr(fr—gr)llp + (O 6) ||l wa,g@ T BT
<N ep) (lw0ap@ (g, + 6 e @7 B4 )

=5k K,Sr(f, Y app

Now by using Theorem 3.1 again to have

w,?,r (f(r)’ ~ 6)0<,B,p <c(p) »* “)k,r(f(r); 5)

Theorem 3.4

o,B,p

o,Bp’

Ifk,reNsatisfying§+o<20 and §+820,f66§.Then

W (F, 8), o~ @8 (£, 8)wp Q.
Proof/ The proof is directly using Corollary 3.2, it means:

0y (F0, 8), o S Ky (D 6Y) 4 < cPI0(FT, )i pp <

e (T8 ) pp < cCBI0r(f7 8N -

4. The Neural Networks Application

Artificial forward neural networks are nonlinear expressions representing
multivariate numerical function. In connection with such paradigms there arise mainly
three problems: a density problem, a complexity problem, and an algorithmic problem.
The density problem deals with the following question: which function can be
approximated in a suitable sense.
"The mathematical expression of neural networks is:

N(X) = Z:il Ci 0; (Z;’lzl (x)l'jx]' + Hi), X € Rd,d = 1,

© Journal of University of Babylon for Pure and Applied Sciences (JUBPAS) by University of Babylon is licensed under
a Creative Commons Attribution 4. 0 International License, 2020.
https://www.journalofbabylon.com/index.php/JUBPAS, info@journalofhabylon.com, jub@itnet.uobabylon.edu.iq
+9647823331373 (Viber and Telegram)

130


https://extranet.issn.org/resource/issn/2312-8135
https://extranet.issn.org/resource/issn/1992-0652
http://creativecommons.org/licenses/by/4.0/
https://www.journalofbabylon.com/index.php/JUBPAS
mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq

Journal of University of Babylon for Pure and Applied Sciences, Vol. (28), No. (3): 2020

Online ISSN: 2312-8135, Print ISSN: 1992-0652

where for any 1 < i < m, 6i€ R, is the threshold, w; = (Wi, Wiz, - -.o., Wis)T € RS
the connection weight of neuron | in the hidden layer with the input neurons, and c; €
R is its connection weight with the output neuron , and ¢;(0) is the sigmoidal activation
function.”

In [9],[10],[11],[13],[14],[18], the authors introduced direct theorems using the
first degree usual modulus of smoothness. Then in [15] the authors improved the above
results to k™ degree modulus of smoothness. In this section we improve the result in
[15] to the weighted Jacobi modulus of smoothness. In [15], the author prove the
following result
Lemma 4.1 [15]

For any f in L, 4, there exists a neural networ p(x) = Yae(o...nyd Goc Tieq X{

satisfy

1
If = plloye < c@rdo (f=)

N/ 1,l0,1]¢
where 7, and d are naturals.

Using the same lines used for Theorem?2.1 in [15] to get the following Corollary4.2
1
IIf = p”Lp[O,l]d <c(pr, d)wrl‘c(f» Z)Lp[o,l]d

1
<c (p T d)Ag,r (f‘ ;)Lp[O,l]d.

Now let us introduce our man theorem here

Theorem 4.3

1
”f - p”Lp[O,l]d < C(pv r, d)wrl'( (f' E)Lp[oi]d
Where r,d € N

Proof/ Using Corollary 3.2, for f € [0,1]%, we can find a neural network

1
If =Pl 012 < ¢, dor (f, E)LP[O'ﬂd

For r = 0 in Theorem 3.4. Using Theorem 3.4, to obtain
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1
If =Pl 00e < o, Doy, (f’ )

n

Conclusions

In recent years some authors defined some versions of moduli of smoothness and
K-functionals. We conclude that under certain conditions we can show that these moduli
and K-functional are equivalent. So we can use them to determine the degree of neural

networks approximation of functions in L, space for p < 1.
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