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1. INTRODUCTION

Kider in 2011, [1] introduced the definition of a fuzzy normed space. Also he proved this fuzzy
normed space has a completion in [2]. Also Kider in 2012, [3] introduce a new type of fuzzy normed
space. Kider in 2014, [4] proved that the Hausdorff standard fuzzy metric space is complete. Kider and
Kadhum in 2017, [5] introduce the fuzzy norm for a fuzzy bounded operator on a fuzzy normed space
and proved its basic properties then other properties was proved by Kadhum in 2017 [6]. Ali in 2018,
[7] proved basic properties of complete fuzzy normed algebra. Again Kider and Ali in 2018, [8]
introduce the notion of fuzzy absolute value and study properties of finite dimensional fuzzy normed
space.

The concept of general fuzzy normed space were presented by Kider and Gheeab in 2019, [9] [10]
also they proved basic properties of this space and the general fuzzy normed space GFB (V, U). Kider
and Kadhum in 2019, [11] introduce the notion fuzzy compact linear operator and proved its basic
properties. Kider in 2020, [12] introduce the notion fuzzy soft metric space after that he investigated
and proved some basic properties of this space again Kider in 2020, [13] introduce new type of fuzzy
metric space called algebra fuzzy metric space after that the basic properties of this space is proved.

Here in this work the definition of algebra fuzzy metric space is used then basic properties of this
space with some examples is recalled. After that the algebra fuzzy metric from a point in the universal
set to a fuzzy compact set and the algebra fuzzy metric from a fuzzy compact set in the universal set to
another a fuzzy compact set are defined. This will be the back ground to define the Hausdorff algebra
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fuzzy metric from a fuzzy compact set in the universal set to a fuzzy compact set. Then basic
properties of the Hausdorff algebra fuzzy metric space is investigated and proved. The final result in
this paper is that if (S, m, ®©) is a fuzzy complete algebra fuzzy metric space then (AFH(S), h, ® )isa
fuzzy complete algebra fuzzy metric space where AFH(S) is the set of all

nonempty fuzzy compact set in S.

2. BASIC PROPERTIES OF ALGEBRA FUZZY METRIC SPACE

Definition 2.1: [13]

Let @:1 X I =1 be a binary operation function then @ is said to be continuous t-conorm ( or simply t-
conorm) if it satisfies the following conditions s, r ,z, w € [ where I=[0, 1]

)s@r=r@s

(i)s@Ir@z]=[s@r]@z

(ii1) @ is continuous function

(iv)s®0=0

V) (s@r)<(z© w)whenevers <zandr < w.

Lemma 2.2:[13]

If ® is a continuous t-conorm on I then

H1 @ 1=1

{0 E@1=10=1

(1110 @ 0=0

(ivr@r=rforallr €0, 1].
Example 2.3:[13]

The algebra product a @ b =a+ b - ab is a continuous t-conorm for all a, b €.
Definition 2.4:[13]

Assume that S# @, a fuzzy set D in S is represented by D = {(s, ug(s)): s€S, 0 < ug(s) < 1}where

ui(x): S— Iis a membership function.

Definition 2.5:[13]

If S+ @, © is a continuous t- conorm and m: SXS—I satisfying the following conditions:
M0 <m(s,1)<1;

(2) m(s, r) =0 if and only if s =T;

3)m(s, 1) = m(r, s) ;

(4) m(s, t) < m(s, 1) @ m(r, t)

For all s, 1, t € S then the triple (S, m, (®) is said to be the algebra fuzzy metric space
Example 2.6:[13]

If (S, d) is a metric space andt @ r=t+r - tr forallt,r € [0, 1]. Put my(s, v) = A(s)

1+d(s,u)

S. Then (S, my, @) is algebra fuzzy metric space. my is known as the algebra fuzzy metric comes
from d.

Example 2.7:[13]

If S+ @ putmp(s,u)= {

foralls,u €

0 ifs=u

1 if s #u

Then (S, mp, @) is algebra fuzzy metric space known as the discrete algebra fuzzy

metric space.

Definition 2.8:[13]

If (S, m, (@) is algebra fuzzy metric space then fb(s, j) ={ueS: m(s, u) <j} is known as an open fuzzy
ball with center seS and radius j €(0, 1). Similarly closed fuzzy ball is defined by fb[s, j] ={ueS: m(s,
u) <j}.
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Definition 2.9:[13]

If (S, m, () is algebra fuzzy metric space and WES is known as fuzzy open if fb(w, j) W for any
arbitrary weW and for some j €(0, 1).

Also DES is known as fuzzy closed if D€ is fuzzy open then the fuzzy closure of D, D is defined to be
the smallest fuzzy closed set contains D.

Definition 2.10:[13]

If (S, m, () is algebra fuzzy metric space then DCS is known as fuzzy dense in S

whenever D=S.

Theorem 2.11:[13]

If FB(s, j) is open fuzzy ball in algebra fuzzy metric space (S, m, @) then it is a fuzzy open set.
Proposition 2.12:[13]

Suppose that (S, m, @) is algebra fuzzy metric space then s,, —s if and only if m(s,, s) —=0.
Definition 2.13:[13]

In algebra fuzzy metric space (S, m, @) a sequence (s,,) is fuzzy Cauchy if for any given 0<t<1 then
there is N € N with m(s,, s,,,)< t, for each m, n < N.

Definition 2.14:[13]

An algebra fuzzy metric space (S, m, @) is known as fuzzy complete if (s;,) is fuzzy Cauchy
sequence then s,, —s € S.

Theorem 2.15:[13]

In algebra fuzzy metric space (S, m, @) if s,, =s € S then (s,,) is fuzzy Cauchy sequence.

Definition 2.16:[13]

Anon empty set D in algebra fuzzy metric space (S, m, @) is known as fuzzy bounded whenever we
can find t€(0, 1) with D < FB(s, t) for some s €S. Also a sequence (d,,) in algebra fuzzy metric space
(S, m, ®) is fuzzy bounded if we can find t€(0, 1) with {d4, d>, ...,d;,,...} S FB(s, t) for some s €S.
Lemma 2.17:[13]

In algebra fuzzy metric space (S, m, @) If the sequence (s,) €S with s, —s €S. Then (s,,) is fuzzy
bounded.

Lemma 2.18:[13]

In algebra fuzzy metric space (S, m, @) if (s,,) € S with s, —»s €S and s,, = d €S as n— oo. Then s=d.
Theorem 2.19: [13]

In algebra fuzzy metric space (S, m, ®) when DcS then deD if and only if there is (d,,) € D with d,—
d.

Definition 2.20:[13]

If (S, mg, ®) and (V, my, ®) are two algebra fuzzy metric spaces and U < S. Then a function T:S—V is
called fuzzy continuous at u€U. If for every 0 < r < 1, we can find some 0 < t < 1, with my[T(u), T(s)]
<ras s€U and mg(u, s) < t.

If T is fuzzy continuous at every point of U then T is said to be fuzzy continuous on U.

Theorem 2.21:[13]

If (S, mg, ®) and (V, my, @) are two algebra fuzzy metric spaces and U < S. Then a function T:S—V is
fuzzy continuous at ueU < whenever u, — u in U then T(u,)— T(u) in V.

Theorem 2.22:[13]
The function T:S—V is fuzzy continuous on S if and only if T~(D) is fuzzy open in S for all fuzzy open
subset D of V where (S, mg, @) and (V, my, ®) are algebra fuzzy metric spaces.

Here we will began to introduce the basic notions and some properties of these notions that will be used

later in section three.
Definition 2.23:
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Suppose that (S, m, @) is algebra fuzzy metric space then S is fuzzy compact if every fuzzy open
covering 0 of U has a finite fuzzy open sub covering that is there is a finite sub collection
{01, 03, 03,..., O} Q such that U = U}, 0;.

Definition 2.24:

Assume that (S, m, (@) is algebra fuzzy metric space and P be a subset of S. Then P is called totally
fuzzy bounded if for each 0 <r < 1, there is a finite set of points {p;, p,,...,.px} EP such that whenever
uin S, m(u, p;) <r for some p; € {pP1,Pz,-....Dk |- This set of points {py, p,,..., P} 1s called fuzzy r-
net.

Proposition 2.25:

A totally bounded algebra fuzzy metric space is fuzzy bounded.
Proof:

Suppose that (S, m, @) is totally fuzzy bounded and let 0 <r < 1 is given. Then there exists a finite
fuzzy r- net for S, say A. Since A is a finite set of points and 0 < n(A) < 1, where n(A) = sup{m(d, a): d,
a€A}. Now let ujand u, be any two points of S. There exists points d and a in A such that m(u;, d) <r
and m(u,, a) < r . Now for n(A) and r there is t, where 0 < q < 1 such that r @ n(A) @ r < q. It
follows that
m(uq, Uy) <m(u;,d) ©@ m(d,a) @ m(a, u,) <r@n(A) @r<q
So, n(S) = sup{m(uy, uy):u;, u, ES}<t . Hence S is fuzzy bounded.

Proposition 2.26:

If (S, m, (®) is a compact algebra fuzzy metric space then S is fuzzy totally bounded.
Proof:

Let 0 <r < 1 be given then {fb(p, r) :for pES} is a fuzzy open cover of S. But S is fuzzy compact this
implies that {fb(p, r) :for p€S} contains {fb(p,, 1), tb(p,, 1),..., tb(py, 1)}  such that S=U}<=1 fb(pj, r).
Hence for 0 <r < 1, { p1, p2- ..., Pr} € S is a finite fuzzy r-net for S. Hence S is fuzzy totally bounded.
Proposition 2.27:

If (S, m, (®) is a compact algebra fuzzy metric space then (S, m, @) is fuzzy complete.
Proof:

Assume that (S, m, ®©) is a fuzzy compact algebra fuzzy metric which is not fuzzy complete. Then we
can find a fuzzy Cauchy (py) in S does not has a limit in S. Let p€S, since py »p 3 0 < r < 1 such that
m(py, p) = r for k=1, 2, ... but (py) is fuzzy Cauchy 3 N€ N s. t. m(pj, pm) <tV j, m = N. Choose m =

N for which m(p,,, p) < t. So, the fuzzy open ball tb(p, t) contains { p; , p3, -..,px} Where k € N. Now

consider fuzzy { fb(py, t(p1)), fb(pz, t(pz)).... fb(px, pk))} where 0 < t(py) < I and
S=U]k=1 fb(p j,t(p j)). But each fb(pj, t(pj))} contains py for only a finite number of values so S, must

contains py for only a finite number of values of k. This is a contradiction. Hence (S, m, (&) must be
fuzzy complete.
Theorem 2.28:

If (S, m, @) is totally bounded and fuzzy complete algebra fuzzy metric space then (S, m, @) is fuzzy
compact.
Proof:

Assume that (S, m, @) is not fuzzy compact. Then we can find a fuzzy open covering {O,: AeA} of S
that does not have a finite fuzzy open sub covering. But S is fuzzy totally bounded, so it is fuzzy bounded,
hence consider fb(p, r) for some 0 < r < 1 and some p€ES, clearly fb(p, r) €S if S € fb(p, r) then we
must have S = fb(p, r).

Put t= zlk but S is fuzzy totally bounded this means that S can be covered by finite
fuzzy open balls of radius t;. By our assumption at least one of these fuzzy open balls, say fb(p;, t1)#

U}<=1O;\]. since fb(p;, ty) is itself fuzzy totally bounded. 3 p, € fb(py, t;), s. t. Tb(py, ty) )# U]k=10;\j.
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After many steps we get a sequence (pg) has the property that for each k, tb(pg, tx) )# U}‘zlo;\j and pryq

Efb(py,.tx). We next show that the sequence (py) is convergent. Since prsq Efb(Py.tx) it follows that
m(Pg, Prs1) < tg. Let 0 <t< 1 suchthatty @ty ©...... © t,, <t. Hence
M(Pk, Pm) < M(Pk, Pk+1) @-.... @ M(Pry—1, Pm) Stk @ty @...... @ ty <t
So (py) is a fuzzy Cauchy sequence in S and since S is fuzzy complete, it fuzzy converges to p€ES.
Because p€S 3 Age As. t. p€ 0. Since 0, is fuzzy open it contains fb(p, s) for some 0 <s < 1. Let N
N, m(pg, p) < s Then, for any u€S such that m(u, py) < ty . It follows that
m(u, p) < m(u, pr) © m(Py, p) <ty @s <,
for some 0 < r < 1. So that fb(py, t,) < fb(p, r). Therefore tb(py,ty) has a finite fuzzy open sub covering,
namely by the set O, . Since this contradicts fb(py, ti) )# U};lO;L].. The proof is complete.
Theorem 2.29:
Suppose that (S, m, @) is a complete algebra fuzzy metric space and assume that U € S. Then U is fuzzy
complete & U is fuzzy closed.
Proof:
Assume that U is fuzzy complete then by Theorem 2.19 for any u€ U there is (u;) €U
with u;, —u but (u) is fuzzy Cauchy and U is fuzzy complete so u€U so U SU but
UC U this implies that U=U. Hence U is fuzzy closed.
For the converse assume that U is fuzzy closed and let (wy,) be a fuzzy Cauchy in U. Then
wy, —u€s this implies that u€ U but U=Uso u€U. Hence U is fuzzy complete.
Proposition 2.30:

Suppose that (S, m, @) is algebra fuzzy metric space and let U € S. If U is fuzzy compact then U is
fuzzy closed and fuzzy bounded.

Proof:

By Theorem 2.19 for any w€ U there is (w},) €U with w, —u but U is fuzzy compact so

u€U hence U €U but UC U this implies that U=U. Thus U is fuzzy closed.

Now assume that U is fuzzy unbounded so any sequence (w;,) €U will be unbounded so

any fuzzy open cover for U could not have a finite fuzzy open sub cover for U. This contradicts our
assumption U is fuzzy compact. Hence U must be fuzzy bounded.

3.THE HAUSDORFF ALGEBRA FUZZY DISTANCE

In this section we used the definition of algebra fuzzy metric space and the basic properties of this
space after that began to define the algebra fuzzy distance between two fuzzy compact sets this will
give us the idea of the notion of Hausdorff algebra fuzzy distance between two compact sets. This
notion is the key of all results in this section.

Definition 3.1:

Suppose that (S, m, @) is a fuzzy complete algebra fuzzy metric space and let AFH(S)= {D : D + @,
D c S, D are fuzzy compact}.

Definition 3.2:

If (S, m, @) is a fuzzy complete algebra fuzzy metric space and s € S, D € AFH(S). Then m(s, D) =
inf{m(s, d) : d € D} where m(s, D) is called the algebra fuzzy distance from s to the set D.

Remark 3.3:

The set of real numbers {m(z, d) : d € D} is a subset of [0, 1] it has a infimum point and now we show
that it contains its infimum point define L: D — [0, 1] by L(d) = m(z, d) for all d € D then L is fuzzy
continuous since m is fuzzy continuous . Assume that & = inf{ L(d) : d € D} to show that there is d, €
d such that m(z, dy) = a we can find sequence (dy) in D such that L(dy) — dy < i . Now by fuzzy
compactness of D we have (dy) has a subsequence (dk].) such that dkj — dy € D. Finally we use fuzzy
continuity of L to get L(d,) = a.

Definition 3.4:

Suppose that (S, m, ©) is a fuzzy complete algebra fuzzy metric space. Let W and D € AFH(S) define
m(D, W) = max{ m(d, W) : d € D} where m(D, W) is the algebra fuzzy metric from D to W.

1189



Engineering and Technology Journal Vol. 39, (2021), No. 07, Pages 1185-1194

Remark 3.5:
Similarly we can show that the m(D, W) is well defined. That is there exists d, € D and wy, € W
which implies that m(D, W)=m(d,, wy).
Lemma 3.6:
Suppose that (S, m, @) is a fuzzy complete algebra fuzzy metric space. If D, W € AFH(S) with D €
W then m(z, W) < m(z, D) for any z € S.
Proof:
m(z, W) =min{ m(z, w) : w € W=D} < min{ m(z, d) : d € D} = m(z, D) since m(z, w) < m(z, d) for
all w € W=D and for all d € D.
Lemma 3.7:
Suppose that (S, m, @) is a fuzzy complete algebra fuzzy metric space. If D, W, Z € AFH(S) with W
C Z then m(D, Z) < m(D, W).
Proof:
By Lemma 3.5 m(d, Z) < m(d, W) for any d € D and so m(D, Z) =max{ m(d, Z) : d € D} < max{m(d,
W): d € d} =m(M, B).
The poof of the following Lemma is clear hence is omitted.
Lemma 3.8:
Suppose that (S, m, @) is a fuzzy complete algebra fuzzy metric space.
Assume that D and W € AFH(S) then
(HIf D € W then m(D, W) =0.
(2) If D #= W then m(D, W) #0.
Lemma 3.9:
Suppose that (S, m, ®) is a fuzzy complete algebra fuzzy metric space. If
D, W, Z € AFH(S) then
(1) m(DUW, Z) =m(D, Z) v m(W, Z)
(i)ym(D, W) < m(D, Z) ® m(Z, W)
Proof :
(O)m(DUW, Z) = max{m(u, Z): u € DUW}
=max{m(u, Z): u € D} V max{m(z, Z): u € W}
=m(D,Z) vm(W, Z2)

(i)m(d, W) = min{m(d, w): w € W}
< min{ m(d, z) ©® m(z, w): w € W} forall z € Z.
< min{ m(d, z): z € z} @min{m(z, w): w € W} forall z € Z.
< min{ m(d, z): z € Z} @ max{ min{m(z, w): w € W} forallz€ Z}}
< m(d, Z) ® m(Z, W) < max{ m(d, Z):deD}(® m(Z, W)
Hence m(D, W) < m(D, Z) @ m(Z, W)

Remark 3.10:

Suppose that (S, m, @) is a fuzzy complete algebra fuzzy metric space. If D, W, € AFH(S) then in
general m(D, W) #= m(W, D) for example :

LetD={d;,d,,d; } and W= {wy,w,,ws } with m(d;, w;) =0.25, m(d;, w,) =0.5,
m(d;, wg) =0.75 m(d,, w;) = 0.3, m(d,, w,) =0.6, m(d,, w3) =0.4, m(d;, w;) = 0.16,
m(d;, wy) =0.26, m(d;, w3)=0.83.

Now
m(D, W) =max{ m(d;, W), m(d,, W), m(ds, W) }

m(d;, W) =min{ m(d;, wy), m(d;, w;), m(dq, w3) }=min{ 0.25, 0.5, 0.75} =0.25.

m(d,, W) =min{ m(d,, w;), m(d,, w,), m(d,, wz) }=min{ 0.3, 0.6, 0.4 } =0.3.
m(dz, W) =min{ m(ds, w;), m(ds, w,), m(ds, wg) }=min{0.16 , 0.26,0.83 } =0.16.
Thus m(D, W) =max {0.25,0.3,0.16 } =0.3.

Similarly we can calculate
m(W, D) =max{ m(w,, D), m(w,, D), m(w3, D) }
m(wq, D) =min{ m(w, d;), m(wy, d;), m(wy, d3) }=min{0.25, 0.3, 0.16 }=0.16.

m(w,, D) = min{ m(w,, d;), m(w,, d,), m(w,, d3) }=min{0.5, 0.6, 0.26 } == 0.26.
m(ws, D) = min{ m(ws, d;), m(ws, d), m(ws, d3) }=min{0.75, 0.4, 0.83 } =0.4.
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m(W, D) =max{0.16, 0.26, 0.4 } = 0.4.
Hence m(D, W) =0.3 # 0.4 =m(W, D).
Definition 3.11:
Let (S, m, ®) be a fuzzy complete fuzzy metric space. If D, W,€ AFH(S) then we define h(D, W) =
[m(D, W) v m(W, D)], to be the Hausdorff algebra fuzzy distance between D and W in AFH(S).
Remark 3.12:
It is clear that [(p@r)V(t@q]<[(pVt) @(rvq)] for all p, r, t, q € (0, 1).
Theorem 3.13:
If (S, m, ©) is a fuzzy complete algebra fuzzy metric space then (AFH(S), h, @) is algebra fuzzy
metric space.
Proof:
1-Since m(D, W) > 0 and m(W, D) > 0 for all D, W, € AFH(S) so h(D, W) >0
2-h(D, W) = 0 if and only if [m(D,W) Vv m(W, D)]=0 if and only if m(D,W) = 0 and m(W, D) =0 if
andonly if W E Dand D € W ifand only if D =W.
3-It is clear that h(D, W) = h(W, D)
4-By Lemma 3.9 we have
m(D, W) < m(D, Z) ® m(Z, W) and
m(W, D) < m(W, Z) ® m(Z, D). Now
h(W, D) = [m(W, D) Vv m(D, W)]
< [m(W, Z) ® m(Z,D)] vV [m(D, Z) ® m(Z, W)]
< [m(W, Z) vm(Z, W)] ® [m(Z, D) V m(D, Z)] [by Remark 3.12]
=h(W, Z) ® h(Z, D)
Hence (AFH(S), h, @) is algebra fuzzy metric space.
Definition 3.14:
Let (S, m, ®) be a fuzzy complete algebra fuzzy metric space and assume that W € AFH(S) then we
define W@r = { s € S: m(w, s) < r for some w € W, r€(0, 1)}.
Theorem 3.15:
Let (S, m, ®) be a fuzzy complete algebra fuzzy metric space and assume that W, D € AFH(S) and ,
r€(0, 1). Then h(W, D) <r ifand only if W € D@rand D € WQ@r.
Proof:
To prove that m(W, D) < r if and only if W € D@r. Suppose that m(W, D) < r then max{m(w, D): w
€ W}<r implies m(w, D) < r for all w € WC S. Hence for each w € W we have w € D@r.
Thus W c D@r.
Now suppose that W € D@r let w € W so there is d € D with m(w, d) < r for all w € W. Hence m(w,
D) <r this is true for all w € W thus m(W, D) <r.
In Similar way we can show that m(D, W) < rif and only if D € W(Q©@r.
Now h(W, D) < r if and only if [m(W, D) v m(D, W)] < r if and only if m(W, D)< r and m(D,
W) <r ifand only if W € D@rand D € W(@r.
The next result is clear by using Theorem 3.15
Proposition 3.16:
Suppose that (Wy) is a fuzzy Cauchy sequence in AFH(S) then for any r€(0, 1) there is N€ N such that
h(Wy,, Wi )< ror Wy, € W @r and W, € W, @r for all m, k > N.
Theorem 3.17:
Suppose that (S, m, @) is a fuzzy complete algebra fuzzy metric space and assume that (wy) is a fuzzy
Cauchy sequence in (AFH(S), h, ®). Let (k) be an increasing sequence with 0< k; < k, < ...< k,
<...
Assume that (wk].) € Wy, is a fuzzy Cauchy in S then there is a fuzzy Cauchy (Wy)€ Wy with \Tvk]. =

Wy for each j € N.

Proof:

The sequence (Wy) € Wy is constructed as follows fork € {1, 2, ..., k;} choose Wy € { w € Wy.: m(w,
Wi) = m(wy,, Wy) } then Wy is exists since Wy is fuzzy compact. Similarly for j € {2, 3, ... } and
eachk € { kj+1, kj+2, ..., kjy1 } choose Wy € { w € Wy: m(w, Wk].) = m(wk]., W)}
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Clearly Vvk]. = W by our construction. Since (Wk].) € Wi is a fuzzy Cauchy sequence in S let t€(0, 1)
be given then there is kj, k, = N, with m(Wy, Wi, ) < t. Also since (Wy) is a fuzzy Cauchy sequence
in AFH(S) there is N; such that h(Wj, W) < t for all k, n = N,.

Now put N=N; AN, and for i, n = N we have

m(W;, Wy,) < m(Ww;, wkj)@m(wkj, wy )@m(wy , W) where i € { Kj_+1, Kj_;+2, ..., kj }and n € {
Kp_1 L Ko +2, .. kg )

But h(Wy,, Wy;) < t the there exists Wy, € Wi, N[(Wy;)@t] so that m(Wy,, wy,) < t.

Similarly we can show that m(wy_, Wy ) < t.

Hence m(W;, W) <t @t @ t. So we can find r€(0, 1) suchthatt @ t @t <r.

Hence m(W,,, Wy,) < r for all m, n = N. Thus (W) € Wy is a fuzzy Cauchy sequence.

We will need the following Lemmas in the next main result.

Lemma 3.18:

Suppose that (S, m, @) is a fuzzy complete fuzzy metric space and assume that (Wy) is a fuzzy
Cauchy sequence in (AFH(S), h, ® ) with W, = W € AFH(S) where W = {s € S: there is a Cauchy
sequence (wy) € Wy such that wy, —s }. Then W # @.

Proof:

Suppose that (Ny) is a sequence where Ny € N with Ny <N, < ...< Ny, < ... such that h(W;, W) <

(zik) for all j, n = Ny. Choose wy, € Wy, but h(Wy , Wy, )< (%) so we can find wy, € Wy, such that

m(wy,, Wy,)< (%). In this way we can select a finite sequence wy; € Wy; with j=1, 2, ..., k such that
1 . 1

m(wN]._ 1 WN].)S (F)' Then since h(Wy, , Wy, _,) < (z_k) and wy, € Wy, we can find wy,,, € Wy, ,,

such that m(wy,, wy,_,)< (Zik). For example let wy, | be the point in Wy, , , that closest to wy, . By

. . 1
induction we can find a sequence (wNj) € WN]. such that m(wNj, WN;_ DS (5). Now we show that

(Wy;) is a Fuzzy Cauchy sequence in S let 0< <1 and choose Ng such that
PO HOGNO .0 (ZN]_;_NH) < B. Then for j,n > Ng we have
m(wy;, Wy, ) < m(wy;, wy;, JOm(wy;, ,, Wy, ,)® ... @m(wy, _,,Wy,)
<QOHO GO .0 Gy <B.
Hence by Theorem 3.17 there exists a convergent subsequence (d;) € W; for which dy; = wy;. Then

lim d; exists and is in W. Thus W # Q.

Lemma 3.19:

Suppose that (S, m, @) is a fuzzy complete fuzzy metric space and assume that (W,) is a fuzzy
Cauchy sequence in (AFH(S), h, ®) with W, = W € AFH(S) where W = {s € S: there is a fuzzy
Cauchy sequence (wy)€ Wy such that wi =s }. Then W is fuzzy complete.

Proof:

Suppose (w;) € W; with w; - w we show that w € W. For each i there exists a sequence (wjy) € Wy

. . . . . 1

with w;y — wj. There exists an increasing sequence (N;) with N; € N such that m(wy;, w)< (?).
. . 1

Moreover there is a sequence (n;) with such n; € N that m(wy, ,,,, wy,) < (7). Thus

MW, ;s W) < MW, W) © m(Way, W) < (D) © (7). Put y, = Wiy,

we see thaty,, € Wy, and y,, > w.

Now by Theorem 3.16 (yy,) can be extended to a convergent sequence (z;) € W; so w € W thus W is
fuzzy closed. Hence W is fuzzy complete since S is fuzzy complete.

Lemma 3.20:

Suppose that (S, m, ®) is a fuzzy complete algebra fuzzy metric space and assume that (wy) is a fuzzy
Cauchy sequence in (AFH(S), h, ®) with W, = W € AFH(S) where W = {s € S: there is a Cauchy
sequence (wy)€ Wy such that wy —s }. Then for every r€(0, 1) there is NE N such that WE W, @r
for all k > N.
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Proof:

Let r€(0, 1) then there is N € N such that h(Wy,, W) < r for all k, n > N. Now fork >n > N, Wy ©
W, @r. To prove that WE W, @r let w € W then there is a sequence (w;)€ W; such that w; = w.
Now for k = N, m(wy, w) <r. Then w € W,, @r by using fuzzy compactness of W, we can show that
W, ©r is fuzzy closed. Then wy € W, @r for all k > N so w must be in W,, @r. This shows that W<
W, @r foralln > N.

Lemma 3.21:

Suppose that (S, m, ®) is a fuzzy complete algebra fuzzy metric space and assume that (W) is a
fuzzy Cauchy sequence in (AFH(S), h, @) with W, - W € AFH(S) where W = {s € S: there is a
fuzzy Cauchy sequence (wy )€ Wy such that wy —s }. Then W is fuzzy compact.

Proof:

We will prove that W is totally fuzzy bounded. Assume that W is not totally fuzzy bounded so for r €
(0, 1) does not exists a finite r-fuzzy net. Then there is (w;) in W has the property m(w;, wj) = r for i
#j. This Will gives a contradiction. Hence there is n = N so that W ¢ W, @r by Lemma 3.20. For
these w; there exists y; € W,, with the property m(w;, y;) <  where 0 < < 1 with f <r. But W, is
fuzzy compact some (yy,) of (y;) fuzzy converges. Thus there exists points in (yy,) are close together
as we want. In special cases there are two points yp,, and Yn; has the property m(yy,, yn].)S o where 0
< a <1 witha <r. Now

M(Wn,, W, )< m(Wny, Yn;) @m(Yn;, Yn;,) ©@m(yn, Wy) < B@a@B<r.

Thus W is totally fuzzy bounded this implies that W is fuzzy compact by Theorem 2.28.

Here we reached to the position to give the main result in this section

Theorem 3.22:

Suppose that (S, m, ®) is a complete fuzzy metric space. Then (AFH(S), h, ® ) is a complete algebra
fuzzy metric space.

Proof:

Assume that (Wy) is a fuzzy Cauchy sequence in (AFH(S), h, @ ) with W, = W € AFH(S) where

W = {s € S: there is a fuzzy Cauchy sequence (wy)€ Wj such that wy —s }. Now by Lemma 3.17

W # @ and by Lemma 3.18 and W is fuzzy complete. Also for every re(0, 1) there is NE€ N such that
W € Wy @r for all k = N by Lemma 3.18 finally W is fuzzy compact by Lemma 3.19. Now we will
show that Wi, = W it is enough to show that for 0 < r < 1 there exists N such that W, € W©r for all
k = N. But (Wy) is a fuzzy Cauchy so for given 0 < r < 1 there exists NE N with h(W), W,,) < r for
all k, n = N. Thus for k, n = N, Wy, € W, @r. Suppose that n = N to prove that W;, € WEr. Assume
that y € W, so it can be found (N;) withn < N; <N, <... <Ny <..and fork, n = N;, W, € W,, ©

2].—1_1 note that W, € Wy, © % . Since y € W,, there is wy; € Wy, with m(y, wy;) < (% ). Since wy, €

. . 1
Wy, there is wy, € Wy, with m(wy,, wy,) < (53).
1

Similarly by induction there exists (WN].) with wy; € WN]. and m(wN]., W;_ ) S(Zj )

). Using the
fuzzy triangle inequality a number of times we can get m(y, WN].) < (% )for all j and also show that
(WN].) is a fuzzy Cauchy sequence. Now each WN]_ cW,© % and (WN].) converges to a point a
and since W, © % is fuzzy closed a € W, @ % Moreover m(y, dN].) < (%) implies
1 1 1 1

m(y, x) < m(y, wy;) @ m(wy;, X) < () @ (7). Let ) © (7)<t
for somer, 0 <r<1so m(y, x) < (1-r).
Thus W, € W @r for all n > N. Hence W,, = W consequently (AFH(S), h, ®) is a fuzzy complete
algebra fuzzy metric space.

4. CONCLUSIONS

The definition of algebra fuzzy metric space is used in this study to introduce the notion of the
algebra fuzzy distance from a point in the universal set S to a fuzzy compact set in S also the algebra
fuzzymetric between two fuzzy compact sets is introduced. As in the ordinary case here the algebra
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fuzzy metric from a fuzzy compact set A to a fuzzy compact set B is not equal to algebra fuzzy metric
from a fuzzy compact set B to a fuzzy compact set A this make us to introduce the notion of the
Hausdorff algebra fuzzy metric between two fuzzy compact sets. The basic results of the algebra fuzzy
metric are investigated. Finally the main result in this paper is proved that is if (S, m, @) is a fuzzy
complete algebra fuzzy metric space then (AFH(S), h, @ ) is a fuzzy complete algebra fuzzy metric
space. Here we may suggest for future work to study this space (AFH(S), h, @ ).
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