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ABSTRACT

In this work, we introduce Bernst- ein linear positive operators By, , (f,x) in
the space of all continuous functions C; where I = [0,1] with some properties of
this operator so to find the strong approxi- mation of continuous functions with the
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1-Introduction

The strong approximation of function connected
with Fourier series was examined in many papers
published in last 40 years. The problem of strong
approxim- mation with power g > 0 is well known
for 2 - periodic functions and their Fourier series [1],
[2]. For example [3], if S,,(f, x) is the n-th partial sum
of trigonometric Fourier series of f | then the n-th
(C, 1) -mean of this series is defined by the formula :

an(f, %) = =32 S,(f,x), n €N,

n+1

where N, ={0,1, ...}. The n-th strong (C,1) - mean
of this series is defined as follows:

1

HA(f, %) = {5 ZhoolSu(F ) — FOOIT}T, meNg

Where q is a fixed positive number, It is clear that:
lon (£, ) = )x)| < Ha(f, %)
And  H]l(f,x) <HP(f,x),0<q<p<
00 Lottt (1.1) In[4] is
investigated the strong approxi- imation of functions
f € C; some linear operators.

Definitions and Lemmas:

In this paper we examine this problem for f €
C;(I=1[0,1]) and introduced By (f,A,x) linear
positive operators. Let C; be the space of all functions,
continuous and bounded on f:I - R with the norm:
Ifll=sup{lf(x)| :x €T} ............. (1.2) Letr € N
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be a fixed number and let ¢/ = {f € C;: f™ € C;}

and the norm C7 is defined by (1.2), where C? =C; .
Let Ae M andn € N. Where M the set of all

infinite  matrices A = [a, , (x)]. The Bernstein
k

operators [5]:Bp ik (f, A, %) = Xk An ik ()f (;)

........ (1.3)  Defined for continuous fon the interval

I =[0,1] with the matrix A = [a,x(x)] where:
A () = {(D)x*@ —0)" 7k} (1.4)
Lemma (1.1): [3]

Let A= [api(x)],n € N,k € Ny then
ank(x) <0,forx € R,n € N,k € N,.

_ [ GxFa-ork=1  if k=n
an,k(x) - {(‘Z,)xk(l_x)n_k=0 Lfk>n rees (1.5)

Lemma (1.2): [3]

LetA = [an,k(x)],n EN,k €Ny, x€[0,0) as in
(1.4) then:
1-Byr(1,Ax) =1

2-Bp i (% 1,4, x) =X

3B (A %) = (57) +5

For every matrix AEM, p€EN,
and B, x(f,A,x). Then strong deference H(f,x) is
well — defined for everyf € Cq x€I=[01],nEN

with power g >0 as follows [6]: H)](f,x)=

Let the function f be defined and bounded in the
interval [a,b] then [4]: w(f,d8) = {sup(|f(x) —

fOD:x,y€labllx —yl <tht=0.rrernne.
.7
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In [5]if f € Ry—[0, ), then:
w(f,At) < (A + Dw(f,t),for A,t ER, .... (1.8)
And if f € R, are uniformly continuous functions
then lim,,_,+ w(f, t) = 0.The k" averaged modulus
of smoothness for f e R, is defined by [7]:
Tk (f, 8)p = llw (f, 8)llp

The averaged modulus of order one defined by:
T, (f,8)p = ||w1(f, 6)||p (1.9) in [7] 1- if

f is measurable bounded function on[a,b], p =1
then

w(f,8)p = (£, 6)p
2- 1f § = §'then
wi(f,x,6) = wi(f,x,8") , and 7w (f,x,8) =
T (f,%,8") ooiinni. (1.10)

where  wg(f,x,6) = {sup|A,f(t)|: t € [x - %'x +

2] xel0,mken,s €0,

2- Main results
First we prove some properties of B, . (f,4,x) and
Lemma to using them in the proof of our theorems.
Lemma (2.1):

Let A = [a,,(x)],n € N,k € Ny asin (1.4),

x € I =[0,1] then:
Buie (G 4,%) = 2°

Proof:
From (1.3), (1.4) and lemma (1.2), we have:

B (9% 4.%) = Tico i (5)
=X Y=o (E)Z (n)xk(l — X"k
=xypct (8 ) (H)xk=1(1 -

Letj = k -1
_ xZ (1+1)2 (n;l) X1 - x)(n—l)—j

(n-1)(n-2) x
() + 3+

x)(n_l)_(k_l)

x X2

2 xzyggniz (n;l) X1 = x)=D=j 4
11 — i —1)—i

e ()0 =

xz(n )Zn Zi(an) j 1(1_ x)(n 2) J+1 4

(n 1) n— 2] 1 j=101 —
2x Z n (J 1)x (1
x)(n 1) j+1 + xﬁ

Letv=j—-1

S () -mens s
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2(71 1)Zn 21""1 (n Z)xv(l_ x)(n 2)-v 4
(n— 1)
2x?

nZ
Zg;g%l(n;Z)XV(l _ x)(n—Z)—v+ x %
= 52 n_‘lznzzi1 (n;Z)xu(l — )(n—z)—v +
1 -1 _ —
2y z(n )+ x = xznTZIL%% (nUZ)xv(l_
1 _ -
x)= v + xz—("nz Jym=z ("2)xv(1 -
1

x)=Dv 4 9 x2 _(n1;1) +x =

n2

= 53 (n;l) ZE;%% (n;Z)xv—l(l —x )(n—z)—v+1 +

(n-1) 1 (n-2)(n-1) 2(n—1)
e s
1
X
Lemma (2.2):
Let 4 = [ank(x)],n € N,k € Ny asin (1.4),

x € I =[0,1] then:

B (G)* 4,x) =
((n 1)(nn32)(n 3)) +3x 2 (n— 131(71 2)

2x2w+ 7x2@+x —
n n

TL3
Proof:
By (1.3), (1.4) and lemma (1.2) we get

Bn,k ((%)4"4’ x) = Z;‘lzo n,k (x) (%)4
= x ¥ (5)3 ()xk@—xn~

3
=x3pd(5) Gpxk-(—  x@nolen
As in the proof of the lemma (1.2) and (2.1) we have
the following

((n 1) (n-2)(n— 3)) 4 3x2 @ 1)(n 2

n3
(n-1)(n-2) (-1
X+ TXP T X
Lemma (2.3):

Letk,n,x € [0,b],and € A = 0 then |f(§) —

f@ﬂsa+6_@ﬁqng)
Proof:

If | — x| < 2, by (1.10) we have w(f, |= — x|) <
w(f, 1) 2

If |§ - xl > A then w(f, |§ - x|) < w(f’E_Tx|
Let =,x € [0,b], from (1.10), (1.8) we have
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() —r@| ot [i-xp < w02 <
1+ (5- x) Yo (f, 1)
Theorem (2.1):
For every matrix A € M, and s € N there exists a

positive constant M, (4, x, 2s) independent on
x € [0,1]and n € N such that : B, (4, x, 2s) =

it i (). (5 —

x)zs ........................................ 2.1)
Then
|Bri (4,2, 25)|| < 214222 ne N . (2.2)
Proof:

By (2.2) and (2.1), we get
Kk 2s
B4, 2, 29)]| = | Zhoo @i o): (& - )

k 2s _
n_ |; _ x| (Z)xk(l — x)nk
If s = 1 from lemma (2.1), (2.3) and (1.2), weget

Bre(A,%,25) = Tj o — )2 () (1 — 1)
= Thoo((®)? = 2x 5+ xA) (k1 - )" =
P02 (D)xk (1 — 0™ — 2x Tf_o = (1) x4 (1 —

x)n—k + xZ Zn (n) xk(l _ x)n—k
Iy (2 1) —2x%+x
= —MI(A:Z'ZS) 0<x<1

Now we prove the strong approximation of the
functions by using the linear positive
operatorsB,, . (f, A, x).

Theorem (2.2):

Suppose that A € M, thenfor n € N,x € [0,1],p >
0 we have:

|Br(f, 4,2) = f ()| < Ha(f,x)... (2.3)
And

HE(f,x) <H!(f,x) f0<p<q<0
.............................................. (2.4)
Proof:

By using (1.3) and (1.6) we get
B2 4,2) = ()] < | B anic GO (5) =

FG)| < Zicoani@ |f (5) = F) |
For0 < x < 1andlemma (1.2) (B, x(1,4,x) — 1=

0), which by (1.6) yield (2.3) let g (%) - f(E) _

n

f(x). Applying by the holder inequality and lemma
(1.1), we get
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Foreveryg € C;,0 < p < q < oo and from (1.6),
(2.5) immediately follows (2.4).
Theorem (2.3):

Let A€M, f € C} andp > 0, then there exists
M, (4, x,2s) such that:

[H20F, 4] < =AW ON gor a4 e 0,1y

andn € N.
Proof:
For f € C} and t, x € [0,1] we have

() = fFEI < If COlllt — x|

From this we get
|HE(f, 4,0 <

(Zrso aneC |£ (&) - oo }

< 1F GOl Gui|f (£) = £60|
Forall x € [0,1] andn € N.
Which by (2.2), (2.1) and from inequality:

1
k p p k
(il ) < ftaclea
x€[01,neEN,0<p<s<m
Then obtain p < 2s we have

€[0,1],n € N.

1

S,A, x}g

|HR(f, 4,0 <
[0,1,n € N

(Zres e @|f () - ro| ) xe

<lIF @l <Bn,k (r®-re| 4 x)>_
: (5)

2s 2s
<@l (Bn,k ( 4x))
By (2.3), (2.5) and (2.2) we get
5,40 < ==l
n ] ) —_

nZS
Theorem (2.4):
Let Ae M, f € C;andp > 0, then there exists
M3 (A,p,2) > 0 forall x € [0,1]and
n € N such that :

IHx (A0l < = 77=

Proof:
Forall f € C;and n € N,p > 0 we get from (1.5)

Ms(A p,2)

o(f, )
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lH2 (4,0 < {Sheo anc@ |f (£) - rGo| )

by (1.6), (1.7), lemma (2.3) we get
() -reo|s w0 fi=xh < o+

1
1) < w(f, \/—ﬁ)
forall x € [0,1],n € N. Consequently

[#2¢ 4.0 < 00, {EReo @ns)

+

-
1
2 Pyp
x| + 1‘ }
Applying the Minkowski inequality for sum we get
1 k
12 A0l < 0132 {Bino ani) Vi |-
2 p ;
x| + 1‘ }
p 2
K 217y
<o (i) {Zho ane [Vali - o |1 +1
From (1.10) and theorems (2.3), (2.1) we have:
M;(Ap,2)
|2 A < o (f,5) v aed

n
M3(A p,2)

< HEPD (£, 1)

M3(Ap2)
<=2, )
Corollary (D):
Forall f € C;and n € N,p > 0 we have
Lim,o ||HE(f.A, )| =0
Implies that lim,,_,., HE (f,A,x) = 0 at everyx €
[0,1].
Corollary (2):
Let A€ M,n € N andp > 0, then there exists
M, (A4, x,2) such that for every f € C;

1B (f,4,) = O < IH(F, A DI <

My(A,) 1
= (. 5)
Conclusions:

A 4G (e
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1-We prove lemma (2.1), (2.2) about the linear

positive operate.

2- We fined the strong approximations by using the

linear positive operators in terms of the averaged
modulus of order one.
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