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 In this paper, we introduce a new class of closed sets called generalized-τ*-

closed set, also introduce a new class of homeomorphisms called g-τ*-

homeomorphisms and a class of maps which is included in the class of g-τ*-

homeomorphisms, and study the relation between it and another mapping of 

homeomorphism ,and prove that the set of all g-τ*-homeomorphisms forms a group 

under the operation composition of maps.  
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1. Introduction 

In 1970, Levine [1] introduced the concept of 

generalized closed sets as a generalization of closed 

sets in topological spaces. Using generalized closed 

sets, Dunham [2] introduced the concept of the closure 

operator cl* and a new topology τ* and studied some 

of their properties. Balachandran, Sundaram and Maki 

[3] introduced and studied g-continuous maps. 

Pushpalatha, Eswaran and Rajarubi [4] introduced and 

investigated τ*-generalized closed sets. Eswaran and 

Pushpalatha [5] introduced and studied τ*-generalized 

continuous maps in a topological spaces.  

The notion homeomorphism plays a very 

important role in topology. By definition a 

homeomorphism between two topological spaces X 

and Y is a bijective map f : X →Y when both f and f 
-1

 

are continuous, so in this paper, we introduce a new 

class of sets called generalized-τ*-closed set, and 

introduce a new class of maps called generalized-τ*-

closed, generalized-τ*-continuous and generalized-τ*-

irresolute ,and study some properties about them. Also 

we introduce a new class of homeomorphisms called 

generalized-τ*-homeomorphisms (g-τ*-

homeomorphisms) and a class of maps which is 

included in the class of  g-τ*-homeomorphisms and 

study the relation among it and homeomorphism,τ*-

homeomorphism, g-homeomorphism and τ*-g- 
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homeomorphism ,and prove that the set of all g-τ*-

homeomorphism forms a group under the operation 

composition of maps. 

Throughout this paper (X, τ) and (Y, σ) are 

topological spaces on which no separation axioms are 

assumed unless otherwise explicitly stated. For a 

subset A of a topological space X, cl(A), cl*(A) and 

A
c
 denote the closure, closure* and complement of A 

respectively. 

 

2. Preliminaries 

We recall the following definitions: 

Definition 2.1. [1]. 

  A subset A of a topological space (X, τ) is 

called generalized closed (briefly g-closed) in X if cl 

(A) G whenever AG and G is open in X. 

 A subset A is called generalized open (briefly 

g-open) in X if its complement Ac is g-closed. 

Definition 2.2.[2]. 

 For a subset A of a topological space (X, τ), 

(i) The generalized closure operator cl*(A) is 

defined by the intersection of all g- closed sets 

containing A. 

(ii) The topology τ* is defined by τ* ={ G : 

cl*(Gc) = Gc } 

Theorem 2.3.[2] For any subsets A and B of a 

topological space (X, τ) 

 (i) If AB then cl*(A)  cl*(B).  

 (ii) If A is g-closed then cl*(A)=A . 

 (iii) cl*(AB) = cl*(A) cl*(B) . 

 (iv) cl*(AB)   cl*(A) cl*(B) . 
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Definition 2.4.[4].  

  A subset A of a topological space (X, τ) is 

called τ*-generalized closed set (briefly τ*-g-closed) if 

cl*(A)G whenever AG and G is τ*-open. The 

complement of τ*-generalized closed set is called the 

τ*-generalized open set (briefly τ*-g-open). 

  Now we introduce a new class of sets called 

generalized τ*-closed set (briefly g-τ*-closed) ,and 

study the relation between this type of g-τ*-closed set 

and each of closed, τ*-closed, g- closed set and τ*-g- 

closed set. 

Definition 2.5. 

 A subset A of a topological space (X,τ) is 

called generalized-τ*-closed set(briefly g-τ*-closed) if 

cl*(A)G whenever AG and G is open in X. The 

complement of g-τ*-closed set is called the 

generalized-τ*-open set (briefly g-τ*-open). 

Proposition 2.6.  

(i) Every closed (τ*-closed) set is g-τ*-closed .  

(ii) Every g-closed set is g-τ*-closed. 

(iii) Every g-τ*-closed set is τ*-g-closed . 

Proof : Let (X, τ) be a topological space. 

(i) Let A be a closed set in X, such that AG, 

G is an open set in X. Since A is closed, cl(A) = 

AG. But cl*(A) cl(A). Thus, we have cl*(A)G 

,G is open. Therefore A is g-τ*-closed. 

(ii) Let A be a g-closed set in X. Assume that 

AG, G is an open in X. Then cl(A) G, since A is 

g-closed. But cl*(A) cl(A). Therefore cl*(A)G. 

Hence A is g-τ*-closed. 

(iii) Let A be a g-τ*-closed in X, then there exist 

an open set G in X such that cl*(A)G whenever 

AG .Since every open set is τ*-open (see[4]) , then 

cl*(A)G whenever AG and G is τ*-open in X. 

Therefore A is τ*-g-closed. 

The converse of proposition(2.6) need not be 

true in general as seen from the following example. 

Example 2.7. Consider the space X = {a, b, c} with 

topology τ = {X,  , {a}}. Then the set {a} is not 

closed and not g-closed but {a} is g- τ*-closed. 

Remark 2.8. From all the above statements ,[1] and [4] 

we have the following diagram:  

 
Diagram (1) 

 

3. The generalized τ*- Homeomorphism 

  In this section we introduce a new class of 

maps namely generalized-τ*-closed , generalized-τ*-

continuous ,generalized-τ*-irresolute, and generalized-

τ*-homeomorphisms. Also we study some of  their 

properties and relations among them and other maps .  

Definition 3.1.[6] 

  A map f : (X, τ)→(Y, σ) is called a generalized 

closed map (respectively generalized open map) if  for 

each closed set (open set) V of X , f(V) is g-closed (g-

open) in Y . 

Definition 3.2. 

  A map f : (X, τ)→(Y, σ) is called a generalized 

τ*-closed map (respectively generalized  

τ*-open map) if  for each closed set (open set) V 

of  X , ,f(V) is g- τ*-closed (g- τ*-open) in Y . 

A generalized τ*-closed map is written shortly 

as g- τ*-closed map. 

Example 3.3. Let the spaces X=Y= {a, b, c} with 

topologies τ ={X, ,{a}} and  

σ ={Y, ,{b}}.Define a map f : (X, τ)→(Y, σ) 

by : f(a) = b, f(b) = a, f(c) = c. Then f is  

g-τ*-closed since the set {b, c} is closed in X, 

and f ({b, c}) = {a, c} is g-τ*-closed in Y. 

Proposition 3.4. 

(i) Every closed (τ*-closed) map is g-τ*-closed 

map . 

(ii) Every g-closed map is g-τ*-closed map . 

(iii) Every g-τ*-closed map is τ*-g-closed map . 

Proof : Clear from Proposition(2.6) . 

Definition 3.5.[3]. 

 A map f : (X, τ)→(Y, σ) is called generalized 

continuous (g-continuous) if the inverse image of 

every closed set in Y is g-closed in X. 

Definition 3.6.[5]. 

 A map f : (X, τ)→(Y, σ) is called τ*-

generalized continuous (τ*-g-continuous) if the inverse 

image of every g-closed set in Y is τ*-g-closed in X. 
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 Definition 3.7. 

 A map f : (X, τ)→(Y, σ) is called a generalized-

τ*-continuous  map (written shortly as  

g-τ*-continuous map) if  the inverse image of 

every closed in Y is g-τ*-closed in X . 

 

Proposition 3.8. 

(i) Every continuous (τ*-continuous) map is g-

τ*-continuous map . 

(ii) Every g-continuous map is g-τ*-continuous 

map . 

(iii) Every g-τ*-continuous map is τ*-g-

continuous map . 

Proof : Clear from Proposition(2.6) . 

Theorem 3.9. Let (X, τ) and (Y, σ)  be two topological 

spaces. Then f : X→Y is g- τ*-continuous if and only 

if the inverse image of every open set in Y is g- τ*-

open in X. 

Proof: Let U be any open set in Y. Then Uc is closed 

in Y. Since f is g- τ*-continuous, f -1(Uc) is g- τ*-

closed in X. But f -1(Uc)= (f -1(U))c. This implies that 

f -1(U) is g- τ*-open in X. 

Conversely, let V be any closed set in Y. Then 

Vc is open in Y. By assumption, f -1(Vc) is g- τ*-open 

in X. But f -1(Vc) = (f -1(V))c ,this implies that f -

1(V) is g- τ*-closed in X. Hence f is g- τ*-continuous. 

Proposition 3.10. For any bijective f : (X, τ)→(Y, σ) 

the following statements are equivalent: 

(i) f -1 is g-τ*-continuous, f -1 : (Y, σ) → (X, τ) 

(ii) f  is a g-τ*-open map and 

(iii) f  is a g-τ*-closed map. 

Proof : (i)→ (ii): Clear from Theorem (3.9) .. 

(ii) → (iii): Let V be a closed set in X. Then Vc 

is open in X. By assumption, f (Vc) is g- τ*-open in Y. 

But f (Vc) = (f (V))c ,this implies that f (V) is g- τ*-

closed in Y. Hence f  is a g-τ*-closed .   

(iii) → (i): Let V be a closed set in X. By 

assumption, f (V) is g- τ*-closed in Y.  

But f (V) = f -1(f -1(V)) ,and therefore f -1 is g- 

τ*-continuous on Y.  

Definition 3.11.[7]. 

 A map f : (X, τ)→(Y, σ) is called a generalized 

irresolute (g-irresolute) if f -1 (V) is g-closed set in X 

for every g-closed set V in Y . 

Definition 3.12. 

 A map f : (X, τ)→(Y, σ) is called a generalized 

τ*-irresolute (g-τ*-irresolute) if f -1 (V) is g-τ*-closed 

set in X for every g-τ*-closed set V in Y . 

Theorem 3.13. A map f : (X, τ)→(Y, σ) is g-τ*-

irresolute  if  and only if  f is  g-τ*-continuous .  

Proof : Assume that f is g-τ*-irresolute. Let V be any 

closed set in Y. By Prop.(2.6)(i), V is  g-τ*-closed in 

Y. Since f is g-τ*-irresolute, f -1(V) is τ*-g-closed in 

X. Therefore f is 

g-τ*-continuous. 

Conversely, assume that f is g-τ*-continuous. 

Let F be any closed set in Y. By Prop.(2.6)(i), F is g-

τ*-closed in Y. Since f is τ*-g-continuous, f -1(F) is g-

τ*-closed in X. Therefore f is  

g-τ*-irresolute. 

 

Definition 3.14. 

 A bijection f : (X,τ) → (Y,σ) is called a 

generalized τ*-homeomorphism (abbreviated g-τ*-

homeomorphism) if  f  is both g-τ*-continuous and g- 

τ*-open .  

Proposition 3.15.  

(i) Every homeomorphism (τ*-

homeomorphism) is g-τ*-homeomorphism. 

(ii) Every g-homeomorphism is g-τ*-

homeomorphism. 

(iii) Every g-τ*-homeomorphism is τ*-g-

homeomorphism. 

Proof : Clear by Proposition (3.4) and Proposition 

(3.8) . 

  The converse of the above Proposition need 

not be true in general, as seen from the following 

example. 

Example 3.16. Let X =Y = {a, b, c} with topologies  

τ1 = {X,  , {a},{a, b}, {a, c}} , σ1= {Y,  , 

{b},{a, b}},. τ2 = {X,  , {a}} and  

σ2= {Y,  , {a},{b, c}}. The mapping  f1 : 

(X,τ1) → (Y,σ1) which is defined by: f1(a) = b, f1(b) 

= a, f1(c) = c  is g-τ*-homeomorphism but not g-

homeomorphism since the set {a, c} is open in X while 

f1 ({a, c}) = {b, c} is not g-open in Y .And the identity 

map f2 : (X,τ2) → (Y,σ2) is τ*-g-homeomorphism but 

not  g-τ*-homeomorphism since the set {b} is not 

closed in Y while  f2 -1 ({b}) = {b} is g-τ*-closed in 

X . 

Theorem 3.17. Let f : (X, τ) → (Y, σ ) and  h : (Y, σ ) 

→(Z,  ) be two maps ,then  

(i) hof is g-τ*-continuous if  f  is g-τ*-irresolute 

and  h  is g-τ*-continuous. 

(ii) hof is g-τ*-continuous if  f  is g-τ*-

continuous and  h  is continuous. 
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(iii) hof is g-τ*-irresolute if  f  and  h  are both  

g-τ*-irresolute . 

Proof : (i) Let V be a closed set in Z. Since h is g-τ*-

continuous, then h-1(V) is g-τ*-closed in Y. Since f is 

g-τ*-irresolute, then (hof)-1 (V) = f -1(h-1(V)) is g-τ*-

closed in X .Therefore  hof  is  

g-τ*-irresolute. 

(ii) Let V be a g-τ*-closed set in Z. Since h is 

continuous, then h-1(V) is closed in Y. Since f is  

g-τ*-continuous, then (hof)-1 (V) = f -1(h-1(V)) 

is g-τ*-closed in X .Therefore  hof  is  

g-τ*-continuous. 

(iii) Let V be a closed set in Z. Since h is g-τ*-

irresolute, then h-1(V) is g-τ*-closed in Y. Since f is g-

τ*-irresolute, then (hof)-1 (V) = f -1(h-1(V)) is g-τ*-

closed in X .Therefore hof is  g-τ*-irresolute. 

Remark 3.18. The composition of two g-τ*-

homeomorphism is not alway g-τ*-homeomorphism as 

seen from the following example. 

Example 3.19. Let  X =Y = Z ={a, b, c} with 

topologies τ = {X,  , {b},{a, b}} , σ = {Y,  , {a}} 

and  = {Z ,  , {b}, {a, b}}. 

Let f : (X, τ) → (Y, σ ) be a map defined by f(a) 

=b ,f(b) =a ,f(c) =c ,and a map  h : (Y, σ ) →(Z,  ) 

defined by h(a) =a , h(b) =c ,h(c) =b . Then f and h are 

g-τ*-homeomorphism but hof : X → Z is not  g-τ*-

homeomorphism since the set {a, b} is open in X 

while f ({a, b}) = {a, c} is not g-τ*-open in Z .  

 

4. The class of g-τ*-Homeomorphism 

  Biswas in [8] define the class of generalized 

homeomorphism (gc-homeomorphism) when f and f -

1 are g-irresolute .In this section we introduce a class 

of maps which is included in the class of  g-τ*-

homeomorphism and denoted it by (g- τ*c- 

homeomorphism) ,and study the relation between it 

and another homeomorphism . 

Definition 4.1. 

  A bijection f : (X, τ) → (Y, σ ) is said to be g-

τ*c-homeomorphism if  both f and f -1 are g-τ*-

irresolute.  

 We say that X and Y are g-τ*c-homeomorphic 

if there exists a g-τ*c-homeomorphism from X onto Y 

.  

Proposition 4.2. 

(i) Every homeomorphism (τ*-

homeomorphism) is g-τ*c-homeomorphism. 

(ii) Every g-homeomorphism is g-τ*c-

homeomorphism. 

(iii) Every g-τ*c-homeomorphism is g-τ*-

homeomorphism. 

Proof : (i) Let f : (X, τ) → (Y, σ ) be a 

homeomorphism . 

Let V be a closed set in Y. Since f is 

homeomorphism, then f -1(V) closed in X. By 

Prop.(2.6.(i)) V is g-τ*-closed in Y, and f -1(V) is g-

τ*-closed in X. Therefore f is g-τ*-irresolute. 

And ,let U be a closed set in X. Since f is 

homeomorphism, then f (U) closed in Y. By 

Prop.(2.6.(i)) U is g-τ*-closed in X, and f (U) is g-τ*-

closed in Y. Therefore f -1 is g-τ*-irresolute. Hence f  

is g-τ*c-homeomorphism . 

 (ii) Let f : (X, τ) → (Y, σ ) be a g-

homeomorphism . 

Let U be a closed set in X. Since f is g-

homeomorphism, then f (U) is g-closed in Y. By 

Prop.(2.6.(ii)) U is g-τ*-closed in X, and f (U) is g-τ*-

closed in Y. Therefore f -1 is g-τ*-irresolute  

And ,let V be a closed set in Y. Since f is g-

homeomorphism, then f -1(V) is g-closed in X. By 

Prop.(2.6.(ii)) V is g-τ*-closed in Y, and f -1(V) is g-

τ*-closed in X. Therefore f is g-τ*-irresolute. Hence f 

is g-τ*c-homeomorphism. 

(iii) Let f : (X, τ) → (Y, σ ) be a g-τ*c-

homeomorphism . 

Since f is g-τ*c-homeomorphism, then f is g-τ*-

irresolute and by Theorem (3.13), f is  

g-τ*-continuous . 

Let U be an open set in X, then Uc is closed in 

X.By Prop.(2.6.(i)) Uc is g-τ*-closed in X. Since f is 

g-τ*c-homeomorphism, then f -1 is g-τ*-irresolute, 

then f (Uc) is g-τ*-closed in Y.But  f (Uc) = (f (U))c  

that mean f(U) is g-τ*-open in Y. Therefore f is g-τ*-

open .Hence f is g-τ*-homeomorphism. 

Remark 4.3. The following example show that the 

converse of Prop. (4.2) is not true in general. 

Example 4.4. Let X =Y = {a, b, c} with topologies   

τ 1= {X,  , {a, b}},σ 1= {Y,  , {b},{a, b}}, τ 

2= {X,  , {a}}, σ 2= {Y,  , {b, c},{a}},  

τ 3= {X,  , {b},{a, b}}and σ 3= {Y,  , {a}}.  

The identity mapping f 1: (X, τ1) → (Y, σ1) is 

g-τ*c-homeomorphism but it is not homeomorphism 

since f1 -1({b}) = {b} is not open set in X, while {b} 

is open in Y. 
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The identity mapping f 2: (X, τ2) → (Y, σ2) is 

g-τ*c-homeomorphism but it is not  g-

homeomorphism since f2 -1({a}) = {a} is not g-closed 

set in X, while {a} is closed set in Y. 

And the mapping f 3: (X, τ3) → (Y, σ3) which 

is defined by : f3(a) = b, f3(b) = a, f3(c) = c, is  

g-τ*-homeomorphism but it is not g- τ*c-

homeomorphism since f3 -1({c}) = {c} is not g-τ*-

open sets in X, while {c} is g-τ*-open sets in Y. 

Proposition 4.5. The composition of two g-τ*c-

homeomorphism is g-τ*c-homeomorphism. 

Proof : Let f : (X, τ) → (Y, σ ) and  h : (Y, σ ) 

→(Z,  ) be two g-τ*c-homeomorphism .To prove  h o 

f : (X, τ) →(Z,  )  is also g-τ*c-homeomorphism . 

Since f and h are g-τ*c-homeomorphism, then f, 

f -1, h and h -1 are g-τ*-irresolute, then by Theorem 

(3.17(iii)), (h o f) is g-τ*-irresolute and (f -1o h-1) = (h 

o f)-1 is g-τ*-irresolute .Hence h o f  is g-τ*c-

homeomorphism. 

Remark 4.6. From Proposition(3.15) 

,Example(3.16) ,Proposition(4.2) and Examples(4.4) 

,we have the following diagram . 

 

 
Diagram (2) 

Now we will denote to the family of all g-τ*c-

homeomorphism of (X, τ) onto itself by g-τ*c-h(X, τ) 

,where g-τ*c-h(X, τ) = {f | f : X→X is a g-τ*c-

homeomorphism }. 

Theorem 4.7. The set g-τ*c-h(X, τ) is a group under 

the composition of maps. 

Proof: Define a binary operation *: g-τ*c-h(X, τ) ×g-

τ*c-h(X, τ) → g-τ*c-h(X, τ) by 

 f * g= h o f , for all f,h ϵ  g-τ*c-h(X, τ) , 

and o is the usual operation of composition of 

maps.Then by Proposition (4.6), hof is  

g-τ*c-homeomorphism .Therefor hof ϵ  g-τ*c-

h(X, τ) .Let I: (X, τ) → (X, τ) be the identity map 

belonging to g-τ*c-h(X, τ) servers as the identity 

element ,and we know that the composition of 

maps is associative . If f ϵ  g-τ*c-h(X, τ) ,then f-

1 ϵ  g-τ*c-h(X, τ) such that f o f -1= f -1of =I and so 

inverse exists for each element belonging to g-τ*c-

h(X, τ). Therefore g-τ*c-h(X, τ) is a group under the 

operation of composition of maps.  

Theorem 4.8. Let f : (X, τ) → (Y, σ ) be a g-τ*c-

homeomorphism. Then f  induces an 

isomorphism from the group g-τ*c-h(X, τ) onto 

the group g-τ*c-h(Y, σ ). 

Proof :  Let we define a map θ: g-τ*c-h(X, τ) →g-τ*c-

h(Y, σ ) by  

θ (h) = f o h o f -1 , for every h ϵ  g-τ*c-h(X, τ). 

Then θ is a bijection. Further, for all  

h1, h2 ϵ  g-τ*c-h(X, τ) , θ(h1o h2)= f o (h1oh2) 

of -1 =(f o h1 o f -1) o (f o h2 o f -1) = θ(h1) o θ(h2) 

.Therefore, θ is a homeomorphism and so it is an 

isomorphism induced by f. 

Remark 4.9. By using theorem (4.8.) the space (X, τ) 

where X = {a, b, c} and τ = {X,  , {b}, 

{a ,b}}is not g-τ*c-homeomorphic to the space 

(Y, σ ) where Y= {a, b, c}and σ = {Y,  , {a}},since f: 

X → Y which defined by f(a) =b ,f(b) =a ,f(c) =c is not 

g-τ*c-homeomorphism.  

Remark 4.10. The following example show that the 

converse of theorem (4.8.) is not always true, that is 

there exist a map not g-τ*c-homeomorphism induces 

as isomorphism. 

Example 4.11. Let X =Y = {a, b, c} with topologies τ 

= {X,  , {a, b}} and 

 σ = {Y,  , {b},{c},{b, c }}. Let  f : X → Y be 

an identity map. The g-τ*-closed sets in X are 

{{c},{a,c},{b,c}} ,and the g-τ*-closed sets in Y are 

{{a,c},{a},{a,b}}.Then f is not  

g-τ*c-homeomorphism. 

Let hx : X → X defined by hx(a)=b ,hx(b)=a 

,hx(c)=c ,and hy : Y → Y defined by hy(a)=a ,hy(b)=c 

,hy(c)=b ,then g-τ*c-h(X,τ) = {1x ,hx} and g-τ*c-h(Y, 

σ) ={1y,hy} .The induced homeomorphism f* : g-τ*c-

h(X, τ) →g-τ*c-h(Y, σ) is an isomorphism since 

f*(hx) =fo (hx) of -1 = hy ,and  

f*(1x) =1y  is the identity on Y.  

Theorem 4.12. The g-τ*c-homeomorphism is an 

equivalence relation in the collection of all 

topological spaces. 

Proof:  Reflexivity and symmetry are immediate and 

transitivity follows from Proposition(4.5). 
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 :الخلاصة
احعالم  و و يا  وعا  انو    ايد     ول  وا ع  ن اح       ت  t*-ي ه   ا احث   ث ا  وعا  ايد     ول  وا ع  ن احع عيد   ت احعالم  و ا   علا ة ث حع عيد  و احع عع  وف   

. مع   و ور  ا  اح  ا و قلا ب ي  لن       ت ا  ر   t*-و يص   ع ن اح يقنم  ت اح  و نم ين ع و عن ف ي ص   اح     ل احع ع م t*-ا علا ة اح    ل احع عم
   مل زعرة   ت دعلنو  رملب احويال.  t*-قرها  ان ع عيدو مل اح     ت احع ععو
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