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Abstract:

This paper discussed anew types of sets and how to deal with them
.All these concepts depend on the concept of is*-open set. The most
important of these concepts that presented in this paper are new
types of separation axioms in topological space that called is*- sepa-
ration axioms .Additionally we investigated the relationship between
these types of separation axioms which presented in this paper.

Keywords: is*-open set, is*-separation axioms, iS* 'Go - space, iS*
'G1 - space, iS* G2 - space.
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1. Introduction

*AL - Meklafi [4] generalized the
concept of closed set to the S*- closed
, the complement of S* - closed set is
called S*- open set, Askander[2] introduce
the concept of i-open set . In this paper
we introduce a new concept of open set
namely iS*- open set , and study their
properties , also we introduce a new
types of separation axioms namely iS*
separation axioms, and study the relations
between ( standard separation axioms, i-
separation axioms, S*-separation axioms)
with iS*- separation axioms . we obtain
the definition from standard separation
properties by replacing open set by iS* -
open set in their definitions , moreover ,
we study the relation between this type of
separation axioms.”

2.Preliminaries

* Throughout this paper (X,G), (X, Tx)
and (Y, T y) mean topological spaces. For
a subset A of X, the interior and closure
of A are denoted by int (A) and cl (A)
respectively. Now we recall the following
definitions™ .

Definition 2 . 1 [3] : A subset A of a
topological space (X, T x) is called a semi-
open set (S - open for short) if AS cl (int
A). The complement of a semi-open set is
defined to be semi-closed set (S - closed
for short).

Definition 2 . 2 [4]: A subset A of a
topological space (X, T x) is called S*- open
set If FEint Awhenever FEAandF is semi
- closed in (X, Gx). The complement of a S*
- open set is defined to be S*- closed set.

The class of all S*- open set in (X, Tx) is
denoted by S* O(X, Tx) .

Definition 2.3 [2] A subset A of a
topological space (X, Tx) is called i- open
set if there exists open set (O # X,@ ) such

that A ClI (ANO). The complement of an
i - open set is called i - closed set.

The class of all i - open setin (X, T x) is
denoted to be io(X, T x).

3. iS* open set.

In this section we introduce a new
concept namely iS*- open set.

Definition3.1:Asubset Aofatopological
space (X, T x) is called is*- open set if there
exists S*- open set (O X,0) such that A<
cl (ANnO).

The complement of an is*- open set is
denoted by is*- closed set.

The class of all is*- open set in ( X, Tx)
is denoted to be is*o( X, Tx)

Definition 3.2 : Let A be a subset of a
topological). space (X, Tx) then :

1. The intersection of all is*- closed
sets containing A is called is*- closure of A,
denoted by cl is* (A).

2.The union of all is*- open sets of X
containing in A is called the is*- interior
denoted by int is* (A).

Remarks 3.3

(i) Every open (closed) set is an S*-
open (5*- closed) set respectively [ 5].

(ii) Every S*- open (S* - closed) set is an
is*_open (is*_closed) set respectively.

(iii)Every S - open (S - closed) set is an
i - open (i - closed) set respectively.[1]

(iv)Every i - open (i - closed) set is an
is*- open (is*- closed) set respectively.

(v)S{ - open set and S*- open set are
independent [ 51].

(vi)The union of two is*- open sets are
is*- open set.

(vii)The intersection of two is*- open
set does not necessary is*- open set.

Proof : (ii) let A # X,0 is, since A Scl A
,then A S cl (AN A),then A is an is*- open
set .

Proof: (iv)) let A = X,@ is an i- open set
, then there exist B is open set such that
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A < cl (AN B) since every open set is an
S*- open set [5], then B is an S*- open set,
then Ais an is*- open set .

The converse of (i), (ii), (iii) and (iv) are
not true in general consider the following
examples.

Example 3.4: Let X={a, b, c}, Tx={0, X,
{a, b}}, Then SO (X) ={Q, X, {a, b}}

i0 (X) ={ 0, X, {a}, {b}.{a, b}{a, c},{b, c}}
,STO(X) ={ 0, X, {a}, {b}, {a, b}}

iS* 0 (X) ={ 0, X {a}, {b}{a, b}, {a, c},
{b, c}}

Example 3.5: Let X={a,b,c,d}, Tx=
{0, X, {a, b}, {c, d}}

SO (X) ={0, X, {a, b}, {c, d}}

i0 (X) ={0, X, {a}.{ b}, {c}, {d}, {a, b}, {c,
d}}

S* 0 (X) =P (X),iS* O (X) =P (X)

Then we have

From example 3.4{a}, {b} are S*- open
sets but Not open sets.

From example 3.4 {a, c}, {b, c} are iS*-
open sets but Not S*- open sets.

From example 3.4 {a},{b}isani-open
sets but Not S - open sets.

From example 3.5 {a, b, ¢} {a, b, d}, {a,
¢, d}, {b, ¢, d} are iS*- open sets but Not
i-open sets.

From example 3.4 {a} U {b}={a,b} is an
is*_open set.

From example 3.4 {a,c} N {b,c}={c} is
not is* _open set.

Note: Let (X,T) be a topological space.
Then the family of all iS* O(X) are supra
topology on X but Not topology on X.

The example 3 . 4 show that.

4. iS* Separation Axiom

Definition 4 .1: A topological space (X,
'G) is called an iS* 5o - space and denoted
by (iS* Go) if for any two distinct points x,y
in Xthereis aniS*-opensetin X containing
one of them but Not the other.

Example 4 . 2: Let X={1,2,3}, Gx={ 0,
X, {1,2}}

Then iS*O (X) ={ @, X, {1}, {2}, {1.2} ,
{1,3},{2,3}}

It clearly that (X ,Tx) is iS* Go - space.

Since every open (closed) set is an iS*-
open (iS*- closed) set, then we have

the following theorem.

Theorem 4 .3 : Every T0 - space is an
iS* Go - space.

Proof : It is obvious

{Considering the example (3. 2 ) show
that (X, Tx) is an iS* o - space but Not
Go - space.

Since every S*- open (closed) set is an
iS*- open (iS*- closed) set then we have the
following theorem.

Theorem 4 . 4 : Every S* Go - space is an
iS* Go - space.

Proof: It is obvious

But the converse above theorem may
not true in general consider the following
example.

Example 4 .5 : Let X={a, b, c}, Tx = {0,
X, {a, c}} then S*O(X) = { @,X, {a.}, {c}, {a,
c}}

iS* O(X)={0,x,{a}.{c}{a,c}.{a,b}.{b,c}}

Then (X, Tx) is an iS*Go - space but
Not S*TGo - space.

Since every i - open (i - closed) set is
an iS*- open (closed) set then we have the
following theorem.

Theorem 4 .6 : Every iGo - space is an
iIS*TGo - space

Proof: It is obvious

The following example show that the
converse of theorem 4.6 are not true in
general.

Example4 .7:Let X={a,b,c,} ,Tx={0Q,
X}, i0X)={0,X} ,iS*O(X) =P (X)

Then ( X, Tx) is an iS*o- space but Not
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iGo -space.

Theorem 4.8 : A topological space (X,
B) is iIS*To - space if and only if for each
pair of distance points x,y of X . CliS*{ x}
=CliS* {y}.

Proof : Foreachx,yeX x#y Cl*{X}
#cl.* {y}, let G € X Such that G € CI* {X}
but

G e Clis* {y}. Assume that x € Clis*
{y}, if x € CI.* {y} then CI.* {x} = CI* {y}
this contradict that fact that G & CI {y}
consequently x € CL_* {y} © to which y does
not belong. Necessity let (X, ) be iS*To-
space and x,y € X, x #y, €iS*- open set U.

Such that x € u or y € U then USis an
iS*- closed set such that xe U and y €U¢,
since Clis* {y}is the Smallest iS*- closed set
containing y Cl.* {y} € U and there for x &
CL.* {y}. Hence CIiS* {y} =cl * {x}.

“Theorem 4 .9: Let (X, Tx) be any is*
5o _ space then every relative topological
spaceisis* o

“Proof:let (y, Ty) be relative topological
space. To show that (Y,Gy) is is* Go _space
lety.,y,€yandy #y, theny,y €x.since
(X, Tx) is an is* _ o then there exists is* _
open set U<E X such that U containing one
of y,,y, but not both.

Now ,ify €U theny €ynu=U"if y2
€U theny, €yNnU =U*"therefore (Y, Ty) is
an is* Go _space.”

Definition 4.10: A topological space
(X, ©) is an is* G, _ space and denoted by
(is*G,) if

for any two distinct points x,y in X there
exists two is* _open sets U,V in X such that
x€U,y&Uandy &V, x&V.

Example4 .11 :Let X={a, b, c,d} ,&Xx
={0, X, {a, b}, {c, d}}

Then iS*O (X) = P(X)

It is clearly that (X, Tx) is an iS* G, -
space.

Since every open (closed) set is an
iS*- open (closed) set, than we have the
following theorem.

Theorem 4 .12 : Every To - space is an
iS* To - space.

Proof: It is obvious.

But the converse of above theorem
may not be true in general.

Consider the example 4.13 show that
(X, Tx) is an iS*G1 - space but Not T, -
space.

Example 4 .13 : Let X={a, b, ¢, d},

Tx={0,X,,{a,d},{b,c}}

,15*0 (X) = P (X)

Then (X, Gx) is an iS*TJ1 - space but Not
T, - space.

Since every S*- open (closed) set is an
iS*- open (closed) set then we have the
following theorem.

Theorem 4 .14 : Every S*T, - spaceis an
iS*D, - space.

Proof: It is obvious

But the converse above theorem may
not be true in general.

Consider example 4.15 which shows
that ( X, Tx) is an iS*T, - space but not $*G,
- space.

Example4 .15:Let X={a,b,c,} , Tx =
{0, X, {a,b}}

S*0 (X) ={ 0, X, {a}, {b}, {a, b} }

iS*0 (X) ={0, X, {a}, {b}, {a, b}, {a, ¢},
{b,c}}

Then (X, Gx) is an iS*TJ1 - space but Not
S*T, - space.

Since every i - open ( closed ) set is an
iS* - open ( closed ) set then we have the
following theorem

Theorem4.16:EveryiT,-spaceisaniS*Tl,
- space

Proof: It is obvious.

The following example show that the
converse of theorem 4.16 are not true in
general.
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Example 4 .17:Let X={a, b, ¢, d, e, f},
Tx={0,X} ,iO(X)={0, X}

iS*O (X) =P (X)

Then (X, Tx) is an iS*TJ1 - space but Not
i'G, - space.

Theorem 4 .18 : A topological space (
X, G) is an iS*T, if every singleton is an iS*-
closedX, G)

is an iS*D, - space. Let x and y be any
two distinct points of (

Proof: suppose that every singleton is
an iS*- closed in (X, ), to prove (X, G).
Assume that U=X/{x} and V=X/{y} since
{x} and {y} are iS*- closed set in (X, G) then
U and V are iS*- open sets in (X, T), sincey
eU,x&UandxeV,y&V then (X, G) is an
iS*G, - space.

Theorem 4 .19 : Let (X, T) be any iS*T,
- space. Then every relative topological
space (Y, Ty) of (X, D) is an iS*T,

Proof: Since a topological space (X, b)
isaniS*l, . Lety ,y,€Y,such thaty, =y,
, theny, ,y, € X, hence there exists two
iS*™-opensets U,V suchthaty €Uandy €
Ytheny eYNU=U*andy,eVandy, €Y
theny, €YNV =V*then U* V* are iS*- open
sets from definition (2.4) then (Y, Ty) is an
iS*D, - space.

Theorem 4 .20 : EveryiS* G, -space is
an iS*Go - space.

Proof: Let (X, G) be an iS”"G1 - space
andletx,yeX x#y.

Then there exists two iS*- open sets U,
V such that

XeUandy€&U,YeV andx&V

This mean there exists iS*- open set
contain one point and not contain another
, then (X, T) is an iS*To - space.

The following example show that the
converse of theorem (4.20) are not true
in general .

Example 4.21 :let X={a, b} , Gx={0Q,
X.{a}}

iS*O(X)={0@,X,{a}},then (X, Tx)isan
iS*To - space but not iS*T, - space .

Definition 4.22: A topological space
(X, ) is called an iS"TJ2 - space if for any
distinct points x and y in X there exists
two disjoint iS*- open sets U, Vin X such
thatxeUandyeV.

Example 4 .23 :Let X={a,b,c,d}, Tx=
{0, X {a, b}, {c d}}

iS*0 (X) =P (X)

then (X, Tx) is an iS*T, - space.

Since every open (closed) set is an
iS*- open (closed) set, then we have the
following theorem.

Theorem 4.24: Every b, - space is an
iS*T, - space.

Proof: It is obvious.

The converse of theorem 4.24 may not
be true in general.

The following example shows that

Example 4 .25 :Let X={a, b, c,d} , Gx
={0, X {a, b}, {c,d}}

i5*0 (X) = P (X) ,Then (X, Tx) is an iS*T,
- space but Not G, - space.

Since every S* - open (closed) set is an
iS*- open (closed) set then we have the
following theorem.

Theorem 4 .26 : Every S*t2 - spaceis an
iS*t2 - space

Proof : Itis obvious

The following example show that the
converse of theorem (4.26) are not true
in general .

Example 4 .27
={0, X, {a, b} }

S*0(X) ={ @, X, {a}, {b}, {a, b}}

iS*O(X) ={ 0, X, {a}, {b}, {a, b}, {a, c}, {b,
ct}

Then (X, Tx) is aniS*G, - space but Not
S*T, - space.

Since every i - open (closed) set is an
iS*- open (closed) set then we have the
following theorem.

Theorem 4.28 : Every i'G, - space is an

:Let X={a, b, c} , bx
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iS*G, - space.

Proof: It is obvious.

The following example show that the
converse of theorem 4.28 are not true in
general.

Example 4.29 : Let X={a, b, ¢, d, e, f} ,
Tx={0,X} ,i0(X)={0Q,X},iS'O(X)=P
(X)

then (X, Tx) is an iS*T, - space but Not
i'G, - space.

Theorem 4.30 Let (X, Gx) be any iS*
T, - space then every relative topological
space (Y, Ty) of (X, G)isaniS*'L, .

Proof: Let(Y, Gy) be relative topological
space of (X, Tx) and lety,,y, €y such that
Y2y, .sinceYEXsoy,y, &SX.

But (X, Tx) is an is* G, _space , then
there exists tow disjoint is* _ open set U,V
in X, such thaty €Uandy,eVand UNV=
@ theny €YNnU=U"and y,eYNV=V*and
U*NV* =0 then (Y, TGy) is an iS*- space.

Theorem 4.31 Every iS*T, - space is an
i5* T,- space.

Proof: Let (X, G) be an iS’ﬂ}2 - space and
let x, y be two distinct points in X since (X,
L) is an iS"TJ2 - space then there exists two
iS*-opensets U,Vin XsuchthatxeU,ye
VandUNV=0.Sincey&Uand x&V then
(X, T) is an iS*T, - space.

The following example show that the
converse of theorem 4.31 are not true in
general.

Example 4. 32Let X ={a,b,c.d}, Tx ={
?.X,{a,b,} }

Then iS* O(X)={ 0,X,{a},{b}.{a.b}.,{a,c}
J{a.d},{b,c},{b,d},{a,b,c}.,{a,b,d},{a,c.d}.{b,c
,d}}

Then (X, Gx) is aniS* T11- space but not
iS*G, - space.
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