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(Tibshirani) data,
multicollinearity, and the simulated data.

The aim of this paper is to apply the boosting technique in different estimation
methods in MLR model when multicollinearity present. We develop algorithms for
these regression estimators. Boosting needs to be stopped after a suitable number of
iterations to avoid over fitting. The computationally efficient AICC criterion is used.
We illustrate the performance of these estimators using Hoerl and Kennard data, the
data with added

the prostate cancer

1. Introduction
Schapire [14] introduced boosting as a common
method which attempts to boost the precision of any
learning algorithm. Boosting is one of the most
successful and useful methods introduced in the last
eighteen years. The goal of boosting is to improve the
performance of weak learning algorithms by
combining them in a certain way. The first algorithm
of this type was developed by Schapire [14]. The
second algorithm, developed by Freund [8], it was a
more efficient boosting algorithm. It was originally
designed for classification problems, but it can be
extended to regression. Friedman [9] developed
boosting methods for regression which are
implemented for optimization using the RSS function:
this is what we call L2Boosting. Boosting technique
can be useful to iteratively fit the current residuals.
Duffy and Helmbold [6] gave a brief overview of
boosting and contrasted the classification and
regression settings. B"uhlmann and Yu [4] proposed
an algorithm called L2Boost in linear model. They
constructed it from the L2 loss function. L2 loss is
suitable for regression. Therefore, they proposed to
use L2Boost for a regression problem and not
necessarily with Multicollinearity. Boosting of an
estimator means that the estimator is applied
iteratively to the residuals of the previous iteration.
Efron et al.[7] proposed LARS algorithm as a
combination of forward stage-wise linear regression
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(FSLR), which seems closely related to L2Boost, and
the Llpenalized Lasso (see [16]). Some results for
boosting include Jiang [13], and Zhang and Yu [18].
Except for Jiang [13] result, these authors consider
versions of boosting either with L1 loss function
constraints for the boosting coefficients or, as in
Zhang and Yu [18], with a version of boosting which
we found very difficult to use in practice. Zhang and
Yu [18] generalized this result without too much
effort to a setting with increasing dimension of the
predictor variable. B'uhlmann [3] extended L2Boost
to the special case of high-dimensional linear models,
where the number of covariates may exceed the
sample size. Boosting has been originally developed
in the machine learning community to improve
[14]. B'uhl-mann [3]

developed an algorithm for estimation and variable

classification procedures

selection in high-dimensional linear models. Tutz and
Binder [17] applied boosting to ridge regression. They
introduced a partial boosting algorithm as a
parsimonious model like Lasso. In this paper, we
apply boosting technique in different estimation
methods in MLR model when multicollinearity

present. We compare these estimators under boosting
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technique with their same estimators before boosting.
We find the improvement in these methods by
boosting. We introduce boosting of Ordinary Ridge
Regression (ORR) [10], Ordinary Jackknife Ridge
(OJR) [15], Modified Jackknife Ridge (MJR) [1] and
(r, K) class [2] estimators by computation method.
Here we propose a computationally approach for the
different estimators in boosting, that is, all these
estimator are used to fit iteratively the current
residuals vyielding an alternative to their usual
estimators under multicollinearity. We develop
algorithm for all these regression estimators. Boosting
needs to be stopped at a suitable number of iterations,
to avoid over fitting. The computationally efficient
AICC criterion (see [3]) is used in this paper. We
illustrate the performance of these estimators by the
Hoerl and Kennard [11], the prostate cancer data [16],
the prostate cancer data with multi-collinearity and
the simulated data. Results of these computations are
given in Tables (1 - 10).

2. Boosting of Various Ridge Type Estimators
We apply the boosting technigue to some estimators

mentioned in this paper.

2.1Boosted Ridge Regression

Our goal is to assign degrees of freedom for boosting.

Denote by
D, = ijzg (1) the n x n hat-
x|

matrix for the linear least squares fitting operator using

only the j-th predictor variable, X =(x},xf,<--,x;)’. Let

2 .
[x|"=x% denote the Euclidean norm for a vector x €

R". The L2Boost hat-matrix, using the step size z,

0<z <1, equals
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A =1 =(1 =D} )(1 -2Dj=*)---(1 =zD}"), (2)where
w,; €l,---, p denotes the comp-onent selected in the

component-wise least squares at the i-th boosting
iteration. Using the trace of n, as degrees of freedom,
we use a corrected AIC (AICC)(see [3], [12]) to define

a stopping rule for boosting.

1+tr(nm)/n

AICC(m)=log (5 )+1-(tr(nm)+2)/n’ @)
62=;i(vi ~(AY ), )Z,Y (Y, X,) . (4An

i=1
estimate for the number of boosting iterations is then

M =argmin AICC (m),

1<M<Mypax

(5) where

MmaxiS a large upper bound for the candidate
number of boosting iterations. For the MLR model, the

algorithm for boosted ORR is given below.

2.1.1  Algorithm 1: Boosted ORR
Step 1. (initialization).

Given data (XY, ); i =1,2,---,n, fit ORR model
yielding ORR estimates:

B, (k)=[X X +KkI, ] X ¥, ¥ =XB,(k), (6)where
B (k)is ORR estimated from the original data. Set m =
0

residuals

Step 2. Compute e=Y, Y .,

i =12,---,nand fit ORR to the current residuals
yielding the following solution.

B, (k)=[XX +kI, XY, =Y, ). (D)The fit s

denoted by Y 2** =XB, (k), which is an estimate

based on the original predictor variables and the

current residuals. The new estimator is given by

(8)

Step 3 (iteration). Increase the iteration index m by

~

Y =Y

m m-1

"~ ORR
+Y .

one and repeat 2 until a stopping iteration M from 5)
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is achieved.

2.2 Boosted Jackknifed Ridge Regression

We have described OJR introduced by Singh, et al.
[15]. We develop an algorithm for boosting OJR and
compare the result with OJR before boosting.
Similarly, for the MLR model, the algorithm for

boosted OJR is described below.

2.2.1 Algorithm 2: Boosted OJR
Step 1. (initialization).
Given data (X,;Y,); i =1,2---,n, apply OJR

yielding OJR estimates:

~ , 1 \2
B oy (J)=[I-((X X+, ) k) ]
X[XX]* XY, ¥, =XB g, (9),
where B(O)k (J)is OJR estimated from the original

data. Set m = 0.
Step 2.

A

Compute residuals € =Yi =Y (o

i =12,---,nand fit OJR to the current residuals

yielding the following solution.

Bl (J):(l-([x'xmp]1 k)zj

XXX X (YY)

The fit is denoted by QOJFj :XB(m_l)k (J), which is an

(m)
estimate based on the original predictor variables and

the current residuals. The new estimator is obtained as

10)

A~

Y(m)J

Step 3 (iteration). Increase the iteration index m by

"~ OJR
+Y(m)J.

=Y

(m-1)J

one and repeat step 2 until the stopping rule is satisfied

after M iterations.
2.3 Boosted Modified Jackknife Ridge Regression
We have described MOJR estimator introduced by

Batah, et al. [1] to deal with multicollinearity. We now
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develop an algorithm for boosting MOJR and compare
its results with MOJR before boosting. We describe
the algorithm for boosted MOJR below.

2.3.1Algorithm 3: Boosted MOJR
Step 1. (initialization).

Given data(X;Y;); i =1,2,---,n, apply MOJR

yielding MOJR estimates.

B (K ):[I-((X'X+klp ) k)zj(l-((xwmp ) k))

X[X’X]-l XY, ?(O)MJ :XB(O)MJ (k )’

where

A

B gy (K )is OJR estimated from the original data.

Setm=0.

Step 2.

A

residuals (m-m3 »

Compute €y =Y, —Y

i =1,2,---,nand fit MJR to the current residuals

yielding the following solution.

B oy (K ):(I-([X’X+klpT k)zj[l-([xwmpf k”

XX XYY,

The fit is

v (10

denoted by \?(“f)fmzxé(m_l)w(k), which is an estimate

based on the original predictor variables and the
current residuals. The new estimator is obtained as

(12)

" MJR

=Y 3 +Y(m)MJ.

(m)MJ (m-1)m
Step 3 (iteration). Increase the iteration index m by

one and repeat step 2 until the stopping rule is satisfied

after M iterations.

2.4 Boosted (r, k) Class Ridge Regression

We have described (r, k) class estimator introduced by
Baye and Parker [2] to improve PCR by ridge
regression to overcome multicollin-earity. We now

develop an algorithm for boosted (r, k) class ridge
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regression and compare the results with (r, k) class

before boosting. We describe the algorithm for

boosted (r, k) class ridge regression as follows.

2.4.1 Boosted (r, k) Class Ridge Regression

Step 1. (initialization).

Given data (XY, ); i =1,2,---,n, apply the (r, k)
class model to obtain (r, k) class estimates.

By (K)=T, [TIX'XT, +kI, ' T/X"Y,
where

~

Y,

(0)r :XB(O)r (k )

B(O)r (k )is OJR estimated from the original data. Set

m = 0.
Step 2.

A

Compute residuals € =Y =Y (e

i =1,2,---,nand fit (r, k) class to the current residuals
yielding the following solution.

- vz R Ave] 9

By (K)=T, [TXXT, kI T'TX(Y, Y, ). (13 The it

is denoted by Y(°r'na§f :Xé(m_l), (k), which is an estimate
based on the original predictor variables and the
current residuals. The new estimator is obtained as

Y iy =Y +Y e (14) Step 3

(iteration). Increase the iteration index m by one and

(m-1)r

repeat step 2 until the stopping rule is satisfied after

A~

M iterations.

1. 3 llustrative Examples

We use the examples from Hoerl and Kennard [11],
Tibshirani [16], and generate simulated data to
illustrate the performance of boosting ORR, OJR,
MOJR and (r, k) class. We also compare these results
with ORR, OJR, MOJR and (r, k) class before
boosting. Tables (1 - 10) show the SMSE estimates

used for different methods mentioned above.
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3.1 Result for HK Data

We find that the effect of boosting on OJR is better
than on other estimators. All other estimators are
comparable. The result of the example HK data (see
Hoerl and Kennard [11]) is reported in Table (1).

3.2 Result for Prostate Data
The result for the prostate cancer data (see [16]) is
reported in Table (2).

3.3 Result for Prostate Data with Multicollinearity
The result for the prostate cancer data (see [16]) with

added multicollinearity is reported in Table (3).

3.4 Result of Simulated Data
An artificial simulated data is generated using R
programming language (see Dalgaard, 2002). The
boosted versions of the estimators mentioned above
are computed for this data. In this data, there are eight
The

and explanatory variables are

explanatory  variables. true model is
Y =X f+0¢€,
generated using

1
Xij =(1_p2)2Wij + oWV,
I =12,---,n;j =12,---,p,

where W, ; are independent standard normal deviates

and p2 is the correlation between x; and x; for
j.j'<pand j=j'j,j'=12,---,p. Whenjor
j "= p ,the correlation is p .

We consider We consider four different values for p=
0.9, 0.99, 0.999 and 0.9999. These variables are then

standardized, so that X X and X 'Y are in the

correlation form. We simulate the data with sample
size n =97.

The variances of the error terms are taken as 6=
0.0001, 0.01, 1, 25, and 100. The optimal k, given by



P- ISSN 1991-8941 E-ISSN 2706-6703 Journal of University of Anbar for Pure Science (JUAPS) Open Access
2013,(7), (1) :178-186

penalty, is taken as Penalty = 0, 0.01, 0.1, 1, 10, 100,

and 1000 (see Zou and Hastie, 2005). The results of Table 2: Table of SMSE for Prostate Data
these computations are reported in Tables (4 — 10). Penalty | ORR  OJR | MOJR (r:k) class
Before Boosting
Table 1: Table of SMSE for HK Data 0 ]04962 04962 04962 04962
Penalty | ORR ~ OJR | MOJR (rk) class 0.01 |0.4963 04962 | 0.4964  0.4963
Before Boosting 0.1 |05061 0.4969 | 05099  0.5061
0| 14262 14262 ) 14260 18070 106405 05480 | 07029  0.6405

001 | 14881 14381 | 15180  1.8110

01 | 10101 16439 | 20791 920333 10 | 1.1138 09212 | 1.2962  1.1138

{ lemos 2600 | 75000 61559 100 |1.3016 1.3486 | 14345 13916

10 | 510771 257171 | 73.9411  51.0791 1000 | 14325 14277 | 14372 1.4325
100 1962130 88.252 | 104.1580 96.2131 After Boosting

1000 | 103.994 103.078 | 104.91  103.994 0 104962 049621 04962  0.4962

After Boosting 001 04962 04962 | 0.4962  0.4962

0 | L4281 14280 | 14280 18072 01 [04962 04962 | 0.4962  0.4962

001 | 14281 14280 | 14280  1.8072

01 | 1481 14950 | 14080 18079 104962 04962 | 0.4962  0.4962

Um0 %0 | 14 1807 10 |04962 04962 | 05153  0.4962
10| 16117 15%6 | 22790 18078 100 | 05341 05085 | 12747 05341
100 | 24852 20735 | 758310  2.517 1000 |0.8831 0.7060 | 1.4353  0.8831

1000 | 19419 57028 | 104.543  19.4224

Table 3: Table of SMSE for Prostate Data With Multicollinearity
Penalty | ORR  OJR \MOJR (rk) class
Before Boosting

0 05076 05076 | 05076  0.5076
0.01 05077 05076 | 0.5077 05077
0.0 |05131 05078 | 0.5150  0.5131
1106024 05409 0.6426  0.604
10 1.0242 08111 | 12170 1.0242
100 | 1.3082 13323 | 14639  1.3082
1000 | 14626 14550 | 14702  1.4626
After Boosting

0 0492 0495204952 0.5076
001 105076 05076 | 0.5076  0.5076
0.1 05076 05076 | 0.5076  0.5076
1 105076 05076 | 0.5076 05076
10105076 05076 | 0.5195  0.5076
100 | 05315 05131 12211 0.5315
1000 | 0.7606 0.6316 | 1.4672  0.7606
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Table 4: Table of SMSE for Simlated Data with Penalty =

ORR

OR MO (K)ds

ORR

OIR  MOJR

(r] clss

Before Boosting

After Boosting

0| 08
09
05
0509
0| 09
09
05
05099
1] 09
09
059
09000
5|09
09
05
0509
00
09
0
0909

000013
oot
00000115
00000115
0
0
0012345
00123
(0.008589
00084316
000042
0004245
0010246
000273
002
002
00mse2
00103849
00mse8
00103846

0000013
00t

0000t
00001
00T
000
00012345
0158
0008389
00516
00004263
000443
00102748

(1000013
T oot
5 00000115
5 00000115
I E
0o 0
002 0
000z 0
000958
0004316
00004263
00004249
00106
0010780
00102784
0010274
0008822 00108822
000884 0011233
(006848 D01
00108846 001123

00103038
(01032
(0010364
000
At
002
0oz

(1000013
00000ty
00000115
00000115
0oni4rd
000
0001254
00012528
000958
0004316
00004263
00004249
00102rde
0010780
0010279
001027
0010822
(00108849
00108848
(0108848

1% 0000%
T 00t
50000015
500000115
4 0004
T4 0002
00012348
001253
0.008589
00034316
00034293
00004245
i 0010
9 010
000274
001024
00108822
00103849
0010888
00103846

0000013
00000125
0000012
00000123
0004
000402
000137
00013776
0005389
00103638
00103683
001034
00102746
e
00112219
oouz
00108822
00
0011234
00112348

Table 3: Table of SMSE for Simulated Data with Penalty = (.01

o | p | ORR

R MOR (ks

ORR

0IR  MOIR

(rk) cass

Before Boosting

After Boosting

0| 09
0%
0999
.9%9
0|0
0%
199
.95

00000137
00000118
00000121
0.0000123
00014733
0.0012%81
00013521
0003743
0005522
0.009%57%
00100851
00z
0010
f0m3r
0.0100%5
00T
0.0108837
0010012
000148
000123

0%
0999
9909

09
099
.95

0%
199
(9009

00000136
000t
00000718
000022
I
0012185
(0013308
0.0013r0
(0085801
0008411
00098933
00102916
ey
0010913
(010696
(0111388
00108822
00108554
oauarr
001t

L.0000137
0000119
(0000122
00000122
(0014724
0003ty
0.003m
00013773
0.0095%26
(0096263
(0102704
0103624
Q0102774
0010425
0.01110%
00112199
(0108839
0010715
(00112063
0012843

0.0000137
0.0000123
0.0000123
0.0000123
0004re3
0004002
000139
00013776
0.0095522
00103538
00103693
0010364
0010
00112214
0001219
001122
0.0108837
0011283
0011234
001348

00000136
0.0000rte
0.0000115
0.0000115
LS
00012734
00012345
000123
0.009589
00084316
0.0094208
000e43m
0010246
00108
0010
00102807
0010822
00108848
00108848
0.010866

0000013
00000117
00000113
0.00001L3
1001474
000274
1001234
000123
0009580
0.0094316
0009423
00094243
001024
Q0102789
Q0102794
Q010274
00108822
Q0108849
00108848
00108846

00000136
00000t
0.0000115
0.0000116
DL
0001274
0012343
001283
0.009589
0.0094316
0004263
(0095608
0010246
Q010288
0010754
nai03m?
00108822
00108848
0.0108848
0010346

0000013
00000125
0000023
00000123
044
0004002
1003
0003778
0.008589
0010338
001039
0010364
001074
00r12214
0011219
00z
00108822
000123
0001234
001238
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Table 6: Table of SMSE for Simulated Data with Penalty = 0.1

P

ORR  OJR

MOIR  (tk)ces

ORR

OIR  MOIR (rk)chs

Before Boosting

Atter Boosting

001

0l

10

03
0%
0999
0.9%9
03
0%
0.99
09999
09
0%
0.99
09909
09
0%
0.9
0.9%9
03
09
0.9
0.9%9

0.0000161
0.000014
0.000014
0.000014
0.0015034
00013738
0001378
0.0013788
00097137
0.01010%
0.010334
0.0103608
0.010383
(.0109083
0.00117%
0.011217%
0.0109387
00042
002
0.01128%

0.0000136
0.0000121
0.0000122
0.0000123
0.0014804
0.0013500
0.0013733
0.0013769
0.0096093
0.0099168
0.0102969
00103364
0.01028%2
0.010703
0.0111383
00112132
0.0103921
0012
0018
0001234

(.0000163
00000142
0.0000241
0.000014
Q0015215
0.001303
0.0013813
Q.01
.0097812
0.0102934
00103678
00103641
(0104376
Q0111062
Qs
001122
00109891
00112035
0001234
0011248

0.0000161
0000142
000004
000004
0.0015034
00014017
0013814
0.0013791
0.0007137
0.010339
0.01036%4
0.0103642
0.010383
00121
00112219
002
0.0109387
0001232
0011234
001288

0.0000136
Qooonir
Q.0000115
Q0000119
Q001474
Q00123
00012555
(0013259
0009389
00034516
00094325
0.00857
00102746
00102789
00102808
00106311
00108822
0.0103849
(0103867
00110681

0.0000136
00001ty
0.000113
0.0000L17
000074
00012734
0.0012543
0.0012063
0.00%:89
0.0004516
0.0004293
0.0006:44
00102746
0.0102789
0.01027%
0.0104403
0.0108822
0.0108349
0.0108348
(.0109868

0.0000136
0.000gt1r
0000116
Q000121
0001474
0001234
00012863
(0013618
0.009589
0.0034516
(0.0093674
0010181
00102746
00102789
00103745
00110266
0.0108822
0.0103849
00108536
00111808

0.0000136
0.0000125
0.0000123
0.0000123
00004744
0.0004002
0.00137%9
0001376
0003589
0.0103938
0.0103633
0010364
00102746
02y
0012219
Doz
0.0108822
00112332
Dom234
00112348

Table T Table of SMSE for Simulated Data wth Penalty = 1

f

ORR  OR

HOR () s

ORR

O MORR ok s

Before Boosting

After Boosting

o

0l

09
09
9%
05009
09
0%
09
09009
09
0%
199
09009
09
0%
19
05009
09
0%
19
05009

000001 00000172
0001331 Q0000142
00001313 0.000014
00001309 0.000014
00017486 - 0015671
0000529 oI
00013015 00013g0r
000499 0001379
oomzn - 0noom?
00375 00103215
0003762 00103618
00034 0010334
000342 0010746
00111802 00111406
oou Qo
ooz ognan
00111385 00710746
00uzIs 00z
%R oo
00UBT 0011245

00002435 000001
Q00IE3L 0001331
00001801 00001513
(0001796 0.0001309
00013108 0017486
001354 00013230
00t 000019
(0015246 00014993
(10104635 0000275
0004081 00104045
(0032 00103
0003 0010348
(0LLLITS (010042
001297 0112216
0o oo
00 0o
(0I09 O11138
(0128 0112320
001244 00112345
001248 (0112348

0000013
oot
00000118
0002
0001474

00z 0

00013282
000139
(1009359
00084548
(003617
00102905
001024
0010280
0010654
0013
00105622
00105869
00110681
oo

0000136

] 00000136
17 D0y
1"

!

0000125
00mi3
003
000144
0001400
000139
001316
0005389
00103938
(0103683
0010354
001024
001y
001
00
00103822
0011283
0012y
0011238

00000122
0000123
00014
0030
00013636
(001371
01009389
00096116
01013

00012088
(0013647
(009589
00084517
0.00%448
00
(010246
00102
001me1
00110609
(10108822
(010885
10109368
00111905




P- ISSN 1991-8941 E-ISSN 2706-6703

2013,(7), (1) :178-186

Table &: Table of SMSE for Simulated Data with Penalty = 10

vf

ORR

0IR  MOIR

(k) class

ORR

0IR  MOIR

() s

Before Boosting

Atter Boosting

00 08
099

0599

09999
01| 09
09

09999

0%
0599
0.9999

09
0.9%
09999

0%
0599
0.99%

0004019
0003s3r
00034814
00034769
00050424
00044798
00044262
00044207
00107351
00106337
0.0106368
00106331
00111862
0012217
00112238
00112263
0011219
00129
00112348
00112831

00014392 0.0061685
0001113 0.0054728
00010846 0.0034057
00010818 0005309
00028333 0.0068932
0002364 0.0061853
00023214 0.0061161
000817 0.006109
00105619 0010924
00104688 0.0108035
00104313 00107838
001047 0.0107825
D01MET 00112261
00112143 00112385
00124 0012
00112232 00112
00112063 00112314
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Conclusions

Boosting of ORR, OJR, MJR and (r,k) class estimators
are used to estimate regression coefficients iteratively
using residuals, yielding an alternative to usual
estimators under the problem of multicollinearity. We
show that these are useful and work better than the
estimators before boosting by using the SMSE

criterion.
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